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PREFACE 


This book introduces the basic concepts of algebraic topology using homoto- 
py-theoretical methods. We believe that this approach allows us to cover 
the material more efficiently than the more usual method using homological 
algebra. After an introduction to the basic concepts of homotopy theory, 
using homotopy groups, quasifibrations, and infinite symmetric products, 
we define homology groups. Furthermore, with the same tools, Eilenberg— 
Mac Lane spaces are constructed. These, in turn, are used to define the 
ordinary cohomology groups. In order to facilitate the computation, cellular 
homology and cohomology are defined. 


In the second half of the book, vector bundles are presented and then used 
to define K-theory. We prove the classification theorems for vector bundles, 
which provide a homotopy approach to K-theory. Later on, A-theory is used 
to solve the Hopf invariant problem and to analyze the existence of multi- 
plicative structures in spheres. The relationship between cohomology and 


vector bundles is established introducing characteristic classes and related 
topics. To finish the book, we unify the presentation of cohomology and 
K-theory by proving the Brown representation theorem and giving a short 
account of spectra. 


In two appendices at the end of the book the proof of the Dold~Thom 
theorem on quasifibrations and infinite symmetric products is given in detail, 
and a new proof of the complex Bott periodicity theorem, using quasifibra- 
tions, is presented. 


It is expected that the reader has a basic knowledge of general topology 
and algebra. In any case, the book is mainly aimed at advanced undergrad- 
uates and at graduate students and researchers for whose work algebraic- 
topological concepts are needed. 


This text originated in a preliminary version in Spanish, which was a joint 
edition of the Mathematics Institute of the National University of Mexico and 
McGraw-Hill Interamericana Editores. To both institutions the authors are 
grateful. The translation of the main body of the text was the excellent 
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job of Stephen Bruce Sontz, to whom we express our deep thanks. Our 
gratitude goes also to Springer-Verlag, particularly to Ms. Ina Lindemann 
or her interest in our work, and to the referees for their valuable comments 
which certainly helped to improve the English version of the book. Its title 
is, of course, a tribute to John Milnor, from whose books and papers we have 
earnt many important concepts, which are included in this text. 


Last, but not least, we wish to acknowledge the support of Professor 
Albrecht Dold, who after reading the Spanish manuscript gave various im- 
portant comments to make some parts better. 


Mexico City, Mexico Marcelo Aguilar 
Autumn 2001 Samuel Gitler 
Carlos Prieto! 


1This author was supported by CONACYT grants 25406-E and 32223-E. 
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INTRODUCTION 


The fundamental idea of algebraic topology is to associate to each topologi- 
cal space X a group A(X) and to each map f : X —+ Y a homomorphism 
h(f) : h(X) —+ ACY) with the property that whenever X and Y are ho- 
motopy equivalent (in particular, if they are homeomorphic), then h(X) is 
isomorphic to h(Y). In other words, we consider functors hk (both covariant 
and contravariant) from the category of (pointed) topological spaces to the 
category of (abelian) groups such that h({f) = h(g) ifthe maps f,g: X —> Y 
are homotopic. The easiest way to construct such a covariant functor is to 
consider a fixed space Xp and then to define the functor (on objects) by 
RY) = [Xo,Y], where the brackets denote the set of (pointed) homotopy 
classes of maps from Xo to Y. Similarly, we define such a contravariant func- 
tor by considering a fixed space Yo and setting A(X) = [X, Yo]. In order to 
have a group structure on these sets of homotopy classes the spaces Xp an 
Yo must have certain properties (see Sections 2.7 and 2.9), which are satisfie 
if Xp = S” or if Yo is an H-group. When Xo = S” we obtain the homotopy 
groups m,(Y) = [S”, Y]. However the homotopy groups of an arbitrary space 
Y are extremely difficult to calculate due to the fact that they do not satisfy 
the excision axiom (see statement 5.3.15 and Section 6.2). But one coul 
try to associate to Y another space whose homotopy groups are easier to 
calculate. It is known (see 6.4.15) that a topological abelian monoid has 
a simple homotopical structure. So we associate to Y the free topologica. 
abelian monoid generated by its points (with the base point of Y acting as 
the zero element). This monoid is the same as the infinite symmetric prod- 
u 

c 


ct SPY. Furthermore, since a topological abelian monoid is completely 
haracterized by its homotopy groups (see 6.4.16), we are led to associate 
to Y the groups H,(Y) = 7,(SPY). These groups turn out to satisfy the 
excision axiom and thus are easier to calculate. Similarly, when we study the 
contravariant functors [—, Yo] with Yo an H-group, we shall consider spaces 
Yo with a simple homotopical structure, namely spaces K(Z,n) with only 


one nonzero homotopy group, which is Z in dimension n. These are called 
Eilenberg—Mac Lane spaces. To construct these spaces we shall also use a 
suitable symmetric product. Then we set H"(X) = [X, K(Z,n)]. 


xiv INTRODUCTION 


The purpose of this book is to introduce algebraic topology from the 
homotopical point of view. The basic concepts of homotopy theory, such 
as fibrations and cofibrations, are used to construct singular homology and 
cohomology, as well as K-theory. 


In particular, the presentation of homology, using the homotopy groups 
of an infinite symmetric product, is nowadays adequate for the purposes 
of algebraic geometry, specifically for the definition of the Lawson homology 
heory (see [42, 43]). On the other hand, Voevodsky [79] and others, using the 
homotopical point of view of this book, translated many concepts of algebraic 
opology into algebraic geometry. This is the foundation for Voevodsky’s 
proof of the Milnor conjecture, concerning a certain relationship between 
ilnor’s K-theory groups of a field F’ and the Galois cohomology groups of 
F. More specifically, Voevodsky constructed a stable homotopy category of 
schemes in algebraic geometry, analogous to the stable homotopy category 
in algebraic topology. He defines spectra and the associated cohomology and 
homology theories. To construct the Eilenberg-Mac Lane spectrum he uses 
a suitable analogue of the symmetric products. He also constructed spectra 


or K-theory and cobordism in this setting. 


A leitmotif of this book is to pursue the proof of one of the most remark- 
able results of algebraic topology: J. Frank Adams’ theorem solving the Hopf 
invariant problem, implying that the only spheres that admit a multiplicative 
structure, converting them into H-spaces, are precisely S°, S', S®, and S” or, 


equivalently, that the only real division algebras are the reals, the complex 
numbers, the quaternions, and the Cayley numbers. Throughout the text 
many other fundamental concepts are introduced, including the construc- 
tion of the characteristic classes of vector bundles, to which a full chapter is 
devoted. 


The book is adequate for use in a two-semester course, either at the end o: 
an undergraduate program or at the graduate level. In order to understand 
its contents, a basic knowledge of point set topology as well as group theory 
is required. Although functors appear constantly throughout the text, no 
knowledge about category theory is expected from the reader; on the con- 
trary, every time categorical or functorial properties appear, the categorical 
ideas are stressed in order to obtain the functorial properties of the intro- 
duced invariants. 


The design of the text is as follows. We start with a chapter devoted to 


basic concepts and notation, followed by twelve substantial chapters, each o 


which is divided into several sections that are distinguished by their double 
numbering (1.1, 1.2, 2.1, ...). Definitions, propositions, theorems, remarks, 
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formulas, exercises, etc., are designated with triple numbering (1.1.1, 1.1.2, 
...). Exercises are an important part of the text, since many of them are 
intended to carry the reader further along the lines already developed in order 
to prove results that are either important by themselves or relevant for future 
topics. Most of these are numbered, but occasionally they are identified inside 
the text by italics (exercise). On the other hand, two important theorems, 
whose proof somehow goes beyond the horizons of this book (the Dold-Thom 
theorem on quasifibrations and infinite symmetric products and the complex 
Bott periodicity theorem) are proved in two appendices. In the appropriate 
chapters these results are then freely used after some explanation to let the 
reader understand the scope and meaning of the results and to give their 
applications. 


he chapter on basic concepts and notation, as its name suggests, presents 
most of the notation used throughout the text as well as some concepts that 
are not necessarily standard in the regular basic courses on point set topology 
or algebra. 


Chapter 1 deals with the elements of the topology of function spaces, 
emphasizing the compact-open topology, and discusses the exponential law. 
Chapter 2 introduces the basic notions of homotopy theory, such as path 
connectedness and homotopy of maps. The former is, in a way, the basic 
concept on which all ideas in the book are built. We study the degree o 
maps of the circle into itself, and introduce the fundamental group. Finally, 


we define the concepts of topological groups and H-spaces, and the dual 
concept of H-cospace. As examples of H-spaces and H-cospaces, loop spaces 
and suspensions are carefully studied. 


Chapter 3 contains a study of homotopy groups including the proof o 
the Seifert-van Kampen theorem. Special emphasis is put on the long exact 
sequences of homotopy groups. Then in Chapter 4, homotopy extension an 
lifting properties are analyzed, particularly the concepts of cofibration and 
fibration. 


In order to prepare for the study of cohomology groups, CW-complexes 
are introduced in Chapter 5, and their homotopy properties are analyzed. 
The concepts of quasifibrations and infinite symmetric products are also re- 
viewed. These are used to introduce the homology groups. Further homotopy 
topics are studied in Chapter 6, among which is the proof of the Blakers— 
Massey homotopy excision theorem. This is an invaluable tool in the study 


of homotopy aspects of the Moore and the Eilenberg—Mac Lane spaces. 


Cohomology groups are introduced in Chapter 7, and their multiplica- 
tive structure is defined. After cellular homology and cohomology are intro- 
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duced, some specific groups are computed. Further on in the same chapter 
we construct the exact sequences of Kiinneth, of universal coefficients, and 
of Mayer-Vietoris among others. Later on, in Chapter 8, vector bundles 
are studied in detail, building up to their classification. For that purpose, 
Grassmann manifolds and universal vector bundles over them are defined, 
and some classification results are proved. 


Complex K-theory is introduced in Chapter 9 starting from complex vec- 
tor bundles. Using their classification, various theorems are proved, which 
allow us to realize the K-theory of a space as a set of homotopy classes of 
mappings from the space into a classifying space, much in the same spirit as 
the cohomology groups were defined earlier. In order to exploit A’-theory as 
much as possible the Bott periodicity theorem in the complex case is pre- 


sented, but not yet proved. Later on, in Chapter 10, the Adams operations 
in complex K-theory are introduced to solve the Hopf invariant problem and 
thereby to study the existence of the structures of normed and division alge- 
bras in R” as well as to prove Adams’ theorem on multiplicative structures 
on the spheres S’-!. 


In Chapter 11 the relationship between line bundles and cohomology is 
given, using the fact that the classifying spaces of real and complex line 
bundles, namely RP and CP, are Eilenberg—Mac Lane spaces. A simple 
proof of the existence of the Thom class of an oriented vector bundle and of 
Thom’s isomorphism theorem is given to be used later on to define the Stiefel- 
Whitney classes of real vector bundles and the Chern classes of complex 
vector bundles. We finish the main part of the book with Chapter 12, where 
we present a short account of generalized cohomology and homology and 
prove the Brown representability theorem. Some remarks on the theory of 
spectra end the chapter. 


The proof of the Dold-Thom theorem on quasifibrations and infinite sym- 
metric products is postponed to Appendix A, and a topological proof of the 
complex Bott periodicity theorem is given in Appendix B. In the appendices 
the sections are doubly numbered (X.1, X.2, ...), and the items are triply 
numbered (X.1.1, X.1.2, ... where X is either A or B). 


An effort was made to include a very complete alphabetical index; the 
reader should feel free to use it, even to look for simple concepts. A list of 
symbols containing much of the notation used in the book is also included. 


BASIC CONCEPTS AND NOTATION 


In this section we present some of the basic concepts and notations that will 
be used in the text. 


BASIC SYMBOLS 


Throughout the text we shall use the following basic symbols, among others. 
The symbol ~ between two topological spaces means that they are homeo- 
morphic, ~ between continuous functions or topological spaces means that 
they are homotopic or homotopy equivalent, and = between groups (abelian 
or nonabelian) means they are isomorphic. The symbol o denotes composi- 
tion of functions (maps, homomorphisms) and will be omitted ocasionally, 
if doing so does not lead to confusion. The term mep invariably means a 
continuous function between topological spaces, and the term function is re- 
served either for functions between sets or for those maps whose codomain 
is Ror C. 


And now a final note about some additional notation that will be used 
in the text. If X is a topological space and A C X, in agreement with the 
special cases mentioned below we shall use the notation A to denote the 
topological interior of A in X, and the notation 0A to denote its boundary. 
X UY denotes the topological sum of X and Y. On the other hand, if 
V is a vector space provided with a scalar product (or Hermitian product, 
if the space is complex), which we usually denote by (—,—), then we use 
the notation || - || or |- | to denote the norms in V associated to the inner 
product, that is, ||x|! or |x| = ./(x,x). Likewise, if A C V is a subspace, 
we use At = {x € V | (x,a) = 0 for alla € A} to denote the orthogonal 
complement of A in V with respect to the inner product. 


SOME BAsIc TOPOLOGICAL SPACES 


Euclidean spaces, various of its subspaces, and spaces derived from these will 
all play an important role for us. 


R will represent the set (as well as the topological space and the real 
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vector space) of real numbers. R° will denote the singleton set (of only one 
point) {0} C R. Frequently, we shall use the notation + for an (arbitrary) 
singleton set. R” will be the notation for Fuclidean space of dimension n, or 
FBuclidean n-space, such that 


R” = {x = (x1,...,%)| a7 ER, 1<i<n}. 


Using the equality 


(C81, 6665 Pm)s 1,6 Yn) = (@1y +++ Bm Y1y +++ Yn) 


we identify the Cartesian product R™ x R” with R™”. Likewise, we identify 
R” with the closed subspace R” x 0 C R™*!. We give UR” = R® the 
topology of the union (which is the colimit topology, as we shall see shortly). 
R® consists, therefore, of infinite sequences of real numbers (21,22, %3,...) 
almost all of which are zero, that is to say, such that 2, = 0 for k sufficiently 


large. R” is identified with the subspace of sequences (x1,...,%,,0,0,...). 
The topology of R® is such that a set A C R® is closed if and only if AMR” 
is closed in R” for all n. 


Topologically we identify the set (as well as the topological space and 


the complex vector space) C of compler numbers with R? using the equality 
x +iy = (x,y), where i represents the imaginary unit, that is i = /—I. 
Analogously with the real case, we have the complex space of dimension n, 


C= {z=(“,...,%) | % EC, 1<t<n}, or complex n-space. 
In R” we define for every x = (21,...,2,) its norm by 
je] = Yrite +a 


likewise, in C” we define the norm by 
l2]= Vat +--- + enka y 


where Z denotes the compler conjugate x —iy of z = x+iy. Up to the 
natural identification between C” and R®”, it is an exercise to show that the 
two norms coincide. 


For n > 0 we shall use from now on the following subspaces of Euclidean 
space: 


D” = {x € R”| |x| < 1}, the wnzt disk of dimension n. 
Sv! = {x € R” | |x| = 1}, the unit sphere of dimension n — 1. 


Db” = {x €R”| |z| < 1}, the unit cell of dimension n. 
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I={reR"|0<2;,<1,1<i<n}, the unit cube of dimension n. 
OI" = {x € I” | x; =0 or 1 for some ¢}, the boundary of J” in R®. 


I=f'=(0,1] CR, the unit interval. 


Briefly, we usually call D” the unit n-disk, S°~! the unit (n — 1)-sphere, Db” 
the unit n-cell, and I” the unit n-cube. It is worth mentioning that all of 
the spaces just defined are connected (in fact, pathwise connected), except 
for S° and OJ, these being homeomorphic, of course. The disks, the spheres, 
the cubes, and their boundaries also are compact (but not the cells, except 


for the O-cell D’ = *). 


The group of two elements Z/2 = Zy = {—1,1} (which can also be seen 
as the quotient of the group of the integers Z modulo 2Z) acts on S” by the 
antipodal action, that is, (—l)x = —x € S”. The orbzt space of the action, 
which is the result of identifying each x € S” with its antipode —z, is denoted 
by RP” and is called real projective space of dimension n. 


The infinite-dimensional sphere S° = (J~.,S", where the inclusion 


S’-! ¢ S” is defined by the inclusion R® C R®t!, is a subspace of R®. 
The action of Z. in S” induces an action in S*®, whose orbit space is de- 


noted by RP* and is called infinite-dimensional real projective space. In 
fact, the inclusion S’-! C S® induces an inclusion RP*-! C RP” and the 
union ||, RP” coincides topologically with RP*. 


On the other hand, the circle group S' = {¢ € C | ||¢|| = 1} acts on 
s?e+! c C+! by multiplication on each coordinate, namely, ¢(21,...,%n41) = 
(G21,...,¢2n41). The orbit space of this action, which is the result of iden- 
tifying z € S?-+! with ¢z € S?’+!, for all ¢ € S', is denoted by CP” and is 
called complex projective space of dimension n (in fact, its real dimension is 
2n). The action of S' on S*”+! induces an action on S®, whose orbit space is 
denoted by CP and is called infinite-dimensional complex projective space. 
In analogy with the real case, the inclusion S?’-! c S?"+!, defined by the 
inclusion C” C C*!, induces an inclusion CP”! C CP” and the union 
Ur.g CP” coincides topologically with CP®. 


The group of n x n invertible matrices with real (complex) coefficients is 
denoted by GL,,(R) (GL,,(C)) and consists of the matrices whose determi- 
nants are not zero. The subgroup O,, C GL,,(R) (U,, C GL, (C)) consisting 
of the orthogonal matrices (unitary matrices), that is, such that the matrix 
sends orthonormal bases to orthonormal bases with respect to the canonical 
scalar product in R” (the canonical Hermitian product in C”) or, equiva- 
lently, such that its column vectors form an orthonormal basis, is called the 
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orthogonal group (unitary group) of n x n matrices. In particular, O; = Zy 
and U, =S!. 


SOME GENERAL BASIC CONCEPTS 


If f : G —> H is a homomorphism of groups, then ker(f) = {g € G | 
f(g) = 1} C G represents the kernel of f and im(f) = {f(g) | g € G} c 
HT its image. An arrow of the form <—~ represents an inclusion or an 
embedding of topological spaces, while one of the form ~—— indicates a 
group monomorphism, and finally, one of the form -—» represents an 
epimorphism or, possibly, a surjective (quotient) map between topological 
spaces. 


A sequence of homomorphisms (of groups, rings, modules, etc.) 
A+;B-30 


is called exact at B if im(f) = ker(g). 


As we have already done in the case of R” or C” for defining R® and C™, 
we shall make frequent use of the general concept of infinte unzon or colimit. 
n the case of topological spaces let 


X1C Xp C XB C--- 


ea chain of closed inclusions of topological spaces. We define its union 
U;s; X; as the union of the sets X;, and we define its topology by declaring 
a subset CC Us Xi to be closed if and only if its intersection CM X; 
is closed in X; for alli > 1. This topology is called the union topology; 
requently it is also called the weak topology with respect to the subspaces. 
t is an exercise to show that the union has the following universal property. 
f we have a family {f' : X; —> Y | i > 0} of continuous maps such that 
fit |X, = fi: X; — Y, then there exists a unique map f : (JX; — Y 
such that f|X;= f': X; > Y. In a commutative diagram we write this as 


XU 


: ye 
No 


¥. 


i> 


It is an exercise to prove that the spaces S* = JS", RP? = U2, RP”, 
CP? = J, CP” defined above have the union topology. 
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LIMITS AND COLIMITS 


In a slightly more general context, given a sequence of closed embeddings, 
that is, of maps that are homeomorphisms onto their range, which itself is 
closed, 

Xi 


Xx; Xx sae 


its colémit is a topological space denoted by colim X;, provided with maps 
ji: X; —> colim X; such that j* o jj = j* : X; —> colim X;, where jj = 
jk} os. 0 gi, : X; —+ Xz, k > i, and which has the following universal 
property. If {f': X;—+ Y |i > 1} is a family of maps such that f't!oji,) = 
fi: X;—> Y for all i > 1 or, equivalently, f* o jj = fi: X; — Y for all 
k >%> 1, then there exists a unique map f : colim X; —+ Y such that 
foj = f*. Diagrammatically this says 


The space colim X; can be defined by taking the quotient of the topolog- 


colim X; = (I X:) [ow 


by the relation X; 5 x ~ ji,,(v) € Xi41 for all 2. The maps j* : X; —> 
colim X; are defined as the composition of the canonical inclusion into the 


ical sum 


topological sum and the quotient map, namely, 


ji: X;—+ || X: —= colim Xj. 


It is an evercise to prove that this definition of colimit actually has the 
universal property. In the book [27] there is a general treatment of the 
topic of colimits of topological spaces, these being called (as by many other 
authors) direct limits (see further below). 


In the algebraic case we have an analogous situation, namely, given a 
chain or direct system of abelian groups (or rings, vector spaces, etc.) and 
homomorphisms 


hg 3 


At Ag 


As oae 3 


we define its colimit as 
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where A’ is the subgroup of <A; generated by the differences hi,(a;) — 
a; € A-@ A, C BA, k > i, where hi = hE ohnp Tp o---o hi. In 
other words, we identify each group A; with its image in A,. For each 7 we 
have homomorphisms h* : A; —+ colim A; given by the composition of the 
canonical inclusion in the direct sum and the epimorphism in the colimit 


hi: A>—> @ A; —> colim A;. 
We have, as in the topological case, that 
h® oh =h': A; —> colim A;. 
The algebraic colimit also has the following universal property. If { f* : 
A; —+ B |i > 1} is a family of homomorphisms such that ft! o hi,, = 
fi: A; — B for alli > 1 or, equivalently, f* o hi = fi: A; — B for all 


k >i > 1, then there exists a unique homomorphism f : colim A; —+ B 
such that foh’ = f*. Diagrammatically we have the following: 


A; is colim A; 


Dually, for an inverse system of abelian groups and homomorphisms 


4 3 2 
Ag A ud AL ust A 


we have a homomorphism 
d:[[4 > ]]4’ 
such that 
A(ay,a9,43,...) = (a, — Ai(ag), a2 — A3(az), a2 — h3(a4),..-) « 
We define its émzt as the kernel of d, 
lim A‘ = ker(d), 
and its derived limtt as the cokernel of d, 
lim! A‘ = coker(d) = onl 4‘) /im(d). 
In this way we obtain an exact sequence 


0 — lim A’ — [| 4’ — [] 4° lim 4’ 0. 


Basic CONCEPTS AND NOTATION xxiii 


Dually, in the case of the colimit, for each i we have homomorphisms 
hs: lim At —+ A® given by the composite 


lim Ai — [] 42’, 


The limit also has a universal property dual to that of the colimit. It is 
the following. 

If {f;: B —> A’ |i > 1} is a family of maps such that Ait! o fiz = fy: 
B —+ A’ for all i > 1 or, equivalently (defining h} = hyt!oAitto---ohb_,), 
such that héo f, = f;: B —> A’ for all k > 2 > 1, then there exists a unique 
homomorphism f : B —>+ lim A‘ such that h; 0 f = f;. Diagrammatically, 
this is expressed as 


mi , 
lim A* hi A’. 
As we have already mentioned above, frequently one refers to the colimit 
as the direct limit, and one denotes it by the symbol lim_, or dirlim. Like- 
wise, one often says inverse limit instead of limit, and one denotes it by the 
symbol lim. or invlim. In order to avoid confusion between these, we pre- 
fer the nomenclature of colimit and limit, which is more in agreement with 
the dual categorical character of both concepts. A systematic treatment of 
colimits and limits can be found in the book by Mac Lane [46], which is, 
moreover, an excellent general reference for the categorical concepts (func- 
tors, natural transformations, etc.) that will be mentioned in this text and 
briefly described below. 


CATEGORIES, FUNCTORS, AND NATURAL TRANSFORMATIONS 


Throughout the text we use the concept of functor. This is inherent to the 
concept of a category, whose definition we now give. 


A category C consists of a class of objects and, for each pair of objects A, B, 
aset of morphisms C(A, B) with domain A and codomain B. If f € C(A, B), 


one usually writes f : A —> Bor A +s B. For every triple of objects 
A, B, C, there is a function 


C(A, B) x C(B,C) — C(A,C) 
associating to a pair of morphisms f : A —+ B, g: B —> C their composite 


gof: AGC. 
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Two axioms are satisfied: 


Associativity. If f: A—+ B,g: B—+C,andh: C —> D, then 


ho(gof)=(hog)of: AC. 


Identity. For every object B there is a morphism lp : B —> B such that 
if f: A—> B, then lpof =f, andifg: B—+C, then golp=g. 


Some examples of categories that will be useful in this text are the fol- 
lowing: 


1. The category Set of sets and functions, that is, the category whose 
objects are all sets, and for sets A, B, Set(A, B) is the set of functions 
from A to B. 


2. The category Top of topological spaces and continuous maps. 
3. The category G of groups and homomorphisms. 


4. Given a partial order < in aset X, there is a category Y whose objects 
are the elements of X and such that the set V(z,y) is either the empty 
set or the set consisting of one element, according to whether x £ y or 
ge<y. 


There are many other examples, such as the category of pointed sets 
(.e., nonempty sets each with a distinguished point called a base point) and 
pointed functions (ie., functions preserving base points) Set,; of pointed 
topological spaces and pointed maps Jop,; of abelian groups and homomor- 
phisms .4d; of modules over a ring R and module homomorphisms Mod g; of 
vector spaces and linear transformations Vect; etc. 


A morphism f : A —+ B in a category C is called an isomorphism if 
there is another morphism g : B —> A in C such that fog = lz and 
go f = 1,4. For example, isomorphisms in Set are set equivalences, in Top 
are homeomorphisms, and in G are group isomorphisms. 


Given two categories C and D, a covariant functor (or contravariant func- 
tor) T : C —+ D assigns to every object A of C an object T(A) of D and to 
every morphism f : A —+ B of C a morphism f, = T(f) : T(A) —> T(B) 
(or f* = T(f) : T(B) — T(A)) in such a way that 


(a) T(1a) = lrcay, 
(b) Tigo f) = Tig) o TF) (or Tigo f) = T(f) oT(g)). 
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Some examples are the following: 


1. There is a covariant functor from the category of topological spaces and 
continuous maps to the category of sets and functions that assigns to 
every topological space its underlying set. This functor is usually called 
the forgetful functor because it “forgets” the structure of a topological 
space. 


2. There is a covariant functor from the category of sets and functions to 
the category of topological spaces and continuous maps that assigns to 
every set the discrete topological space having it as an underlying set. 


3. There is a covariant functor from the category of sets and functions to 
the category of (abelian) groups and homomorphisms that assigns to 
every set the free (abelian) group generated by the set. 


4. There is a contravariant functor from the category of topological spaces 
and continuous maps to the category of rings and homomorphisms that 
assigns to every topological space the ring of its continuous real-valued 
functions. 


5. A direct system (or inverse system) in a category C is a covariant func- 
tor (or contravariant functor) from the category N determined by the 
ordered set of the natural numbers (cf. example 4 on xxiv). 


One can compare functors with each other. This is done by means of a 


suitable definition of a morphism between functors. Let T,,7>:C —>D 


functors of the same variance (either both covariant or both contravariant). 
A natural transformation p from T; to Tz, in symbols y : T; —+ Th, assig 
to every object A of C a morphism (A) : T;(A) —> 72(A) of D in such a 
way that for every morphism f : A —+ B of C the appropriate one of t. 


following diagrams is commutative 


Ti(f Tif 
7,(A) 2 7,(B) 7,(A) 2 7B) 
ota| |e vta)| |e 
RA) a TB), THA) $5 TAB), 


according to whether 7, Tj are covariant or contravariant. 


e 


ns 


If y : T, —+ Tp is a natural transformation such that y(A) is an isomor- 


phism in PD for each object A in C, then ¢ is called a natural equivalence. 
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SMOOTH APPROXIMATION AND DEFORMATION OF MAPS 


We shall need to approximate continuous maps with homotopic smooth maps, 
that is, maps with continuous derivatives of all orders. We present two results 
on this. First we approximate functions. This is done using the notion of 
a smooth bump function. Namely, given A C V C R” where A is closed 
and V is open in R”, a bump function of A in V is a continuous function 
h: R® —> I such that f/A=1 and f|R”-— V =0. 


Let a: R —+R be given by 


et? jy 
“= {5 ift>0, 


ift <0. 


This function is smooth and can be used to produce a second smooth function 


_  a(l—t) 
PO = 50+ alt)’ 
which is such that 
Bi) =1 ift <0, 
0<f)<1 if0<t<1, 
A(t) =0 ift>1. 


Let A = D,(a) be the closed ball with center a <€ R” and radius r > 0, 
and let V = D,(a) be a larger open ball; that is, s > r. Then for x € R” the 


function P 5 
z—al*—r 
ne) = 6 (Po) 


is a smooth bump function of A in V, as one may easily check. 


Let now U C R” be open and bounded, and let V C R” be such that 
V > U. Then there exists a smooth bump function h : R” —> R of U in V 
defined as follows. Since U is compact, it can be covered with a finite number 


of open balls D,,. 2 Di such that their closures D;,...,D, are contained in 
V. Let Dj,..., Di be balls such that D; C D! Cc V and let h; be a smooth 
bump function of D; in Dj. Define h by 


A(z) = 1—(1— hy(z)) +++ (1— hy(a)). 


We have now the desired smooth approximation theorem, which shows 
how one can smoothly approximate continuous functions. 


Smooth approximation theorem. Let U C R” be open, and let f : U — 
R be a continuous map that is smooth in an open set W CU. Let moreover 
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W',W" be open sets such that W CW" and W" is bounded and contained 
in U. Finally, take ¢ > 0. Then there exists a function g: U —> R that is 
smooth in W UW’! and satisfies 


\g(x) — f(a)| <€ for alla EU and g(x) = f(x) for alae W—W". 


To obtain such a map g apply the Weierstrass approximation theorem 
(see [65]) to find a polynomial function p(x) such that 


|p(x) — f(x)| < € for alla ec U 
and take a smooth bump function h of W' in W". Then define 
g(x) = A(x)p(x) + (1 — A(x)) f(x) for x € UL 


Then g is smooth in W UW’, g|W! = p|W', g|U —W" = f|U — W", and 
\g(z) — f(x)| <¢ for allan ec W". 


We now state the smooth deformation theorem, which shows how one can 
find smooth maps homotopic to given continuous maps. 


Smooth deformation theorem. Let U C R™ and V C R” be bounded 
open sets and let ip: U —+ V be a continuous map. Take W,W' C R™ open 
such that W CW! CW CU. Then there exists amapw:U —+V such 
that: 


(1) ~|W: W — V is smooth. 


(2) YU -W' = 9|U —-W' andy x vrel(U —-W’). 


The proof is as follows. Cover the compact set (WwW) by a finite number 
of open balls contained in V, and let ¢ > 0 be smaller than one-half the 
smallest radius of the balls. Then use the smooth approximation theorem 
for each component of y to obtain % : U —+ R” such that it is smooth in 
W, o|U —W' = 9|U — W’, and |\b(x) — y(2)|| < ¢ for alla ¢ U. Then the 
linear deformation 

H(2,t) = (1 —ty(2) - (2) 
is a homotopy H : U x I —> V from ¢ to w that coincides with y on U—W’'; 
ie., it is relative to U — W’. In particular, Y(U) CV. 


Given a smooth map y : U —+ R”, where U C R™ is open, we say that 
x €U isa regular point if the derivative Dy(x) : R™ —+ R” is nonsingular. 
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In particular, if m <n, then no point x € U is regular. A point y € R” isa 
regular value if all points in y~'(y) are regular. 


The following result holds (see [57]). 


Theorem 1. /f y € R” is a regular value of a smooth map yp : U —> R”, 
where U C R™ is open, then p-!(y) C U is a smooth manifold of dimension 
m—n. If, in particular, m <n, then p(y) = 0. 


Another theorem that will be useful for us in this text is due to A. B. 
Brown, and in a sharper form to A. Sard. It states the following (see [57]). 


Brown-Sard theorem. Let y : U —> R” be a smooth map, where U C R™ 
ts open. Then the set of regular values of yp is dense in R”. 


Combining the smooth deformation theorem with the two previous re- 
sults, one has the following theorem. 


Theorem 2. Let U C R™ and V C R” be bounded open sets and let yp : 
U —> V be a continuous map. Take W,W' Cc R™ open such that WC W'c 
W' CU. Then there exists a map wy :U —+V such that: 


(1) Y|W : W — V is smooth. 
QQ) YU —-W = 9U —-W' andy ~ prel (U-W). 


(3) There is a point y € V such that y!(y) ts a smooth (m—n)-manifold, 
and in particular, ifm <n, then yy) = 9. 


PARTITIONS OF UNITY 


We shall now continue with a brief description of a notion that we will find 
useful, namely, the notion of a partition of unity subordinate to an open 
cover UL = {U,} of a topological space X. This consists of a family of 
functions {7, : X —+ I}, indexed with the same index set that the cover 
U has, such that |X — U, = 0 for all A, and moreover, each ¢ € X has a 
neighborhood V such that |V = 0, except for a finite number of indices A, 
and finally, }>, 9,(a) = 1 for all x € X. (Note that the sum is always a finite 
sum.) A partition of unity subordinate to a given open cover is a useful tool, 
for example, for sets of functions or maps only partially defined and with 
values in R, C, or in some vector space. For example, it is an exercise to 
prove that if {f, : U, —> R} is a family of continuous functions, then the 
function f : X —+ R such that f(x) = 53, 9,(x) fx(z) is well defined and is 


continuous. 


A fundamental theorem concerning the topology of paracompact spaces 
is the following: 
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Theorem 3. A topological space X is paracompact if and only if every open 
cover U of X admits a partition of unity subordinate to tt. 


The books [60], [27], and [83] can be consulted in order to review this 
theorem and for general considerations about paracompact spaces. 


For subspaces of R” one can construct smooth partitions of unity making 
use of the smooth bump functions constructed in the previous paragraph. 
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CHAPTER 1 


FUNCTION SPACES 


Function spaces will be the foundation of many of the constructions that 
will be made in this text. The aim of this chapter is to review the most 
important aspects of the topology of function spaces. We shall assume a 
knowledge of the concepts of point set topology such as those found in the 
texts [27, 34, 60, 83], for example. 


1.1 ADMISSIBLE TOPOLOGIES 


There are various ways to endow a set of maps with topologies that have dif- 
ferent properties. In this section we shall study the most convenient topolo- 
gies on the set of (continuous) maps between two topological spaces, namely 
those topologies that allow us to realize the necessary constructions and that 
have useful properties. 


1.1.1 DEFINITION. Let X,Y be sets. We denote by Y~ the set of functions 
fi: x—Y. 


We can interpret Y* as the Cartesian product Tleex Y,, where Y, = Y 
for all 2 € X. 


We now suppose that Y is a topological space. Then a canonical topology 
for Y* is the product topology in [| Y.. A subbase for this topology is that 
formed by the family of sets U* = {f ¢ Y* | f(x) € U}, where © X and 
U is an open set in Y. 


1.1.2 EXERCISE. Let p, : Y* —+ Y be the projection defined by p,(f) = 
f(z). Show that the product topology is the smallest that makes all of the 
projections p,, z € X, continuous. 
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If we now also suppose that X is a topological space, we can consider 
the subset M(X,Y) of Y* that consists of all the continuous maps. In the 
following we shall introduce a canonical topology in M(X,Y). We consider 
the evaluation map 

ef: ¥* x XY 


such that e/(f,x) = f(x), and its restriction 


e:M(X,Y)xX SY. 


1.1.3 DEFINITION. We say that a topology in M(X,Y) is admissible if the 
evaluation e is continuous with respect to it. 


It is possible that M(X,Y) does not have any admissible topology. 


1.2 COMPACT-OPEN TOPOLOGY 


The compact-open topology is a topology on M(X, Y) that takes into account 
both the topology of X and the topology of Y and that generalizes the 
product topology. 


1.2.1 DEFINITION. The compact-open topology in M(X,Y) has as subbase 
the family of sets 


UK = {fe M(X,Y)| f(K) CU}, 


where K C X is compact and U is an open set in Y. 


If J is a topology in M(X,Y), we shall denote by M7(X,Y) the corre- 
sponding topological space. We shall denote it by M..(X,Y) if J = co is 
the compact-open topology. 


1.2.2 Proposition. The compact-open topology (co) is coarser than any ad- 
missible topology in M(X,Y). (That is, co C T for every admissible topology 
T.) 


Proof: We have to show that every open set in M.(X,Y) is open in M7(X,Y) 
if 7 is admissible. For this it suffices to show that U* is in 7. We have that 


e:M7(X,Y)x X > Y 
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is continuous. Take k €¢ K and f € U*, that is, f(K) C U. Since e is 
continuous and e(f,k) = f(k) < U, there exist neighborhoods V, of f in 
My(X,Y), and W, of k in X, such that e(V, x Wi.) CU. 


The family {W,} forms an open cover of AK, which is compact, so that 
there exists a finite subfamily W,,...,W, such that K C W,U---UW,,. Let 
Vi,...,V, be the corresponding V; such that e(V; x W;) C U,i=1,...,n. 
Put V=Vin---AVy. Then f €V and V CUS, since if g eV andke K, 
then k € W; for some %. So, g(k) = e(g,k) € eV x Wi) C e(Vi x Wi) CU, 
which implies that g(K) C U. And this shows that U* is open in M7(X,Y). 

o 


From now on we shall denote M..(X,Y) simply by M(X,Y). 


1.2.3 Proposition. [f X is a locally compact Hausdorff space, then the 
compact-open topology co is admissible. 


Proof: We have to show that e : M(X,Y) x X —+ Y is continuous. 


Let U CY be open and take (f,x) < e(U). Since e(f,z) = f(z) ¢U 
and f is continuous, there exists a neighborhood W of x in X such that 
f(W) c U. Since X is locally compact and Hausdorff, there exists V open 
with compact closure V such that zr ©V CV CW. 


Then (f,2) € UY x V, which is open in M(X,Y)x X. It suffices to show 
that UY x V C e“(U). Indeed, if f/ ¢ UY and 2’ € V, then fi(2') € U, that 
is, e(f',2') €U. ia 


1.2.4 Corollary. [f X is a locally compact Hausdorff space, then the topol- 
ogy co is the smallest admissible in M(X,Y). o 


1.2.5 EXERCISE. Let X be a set endowed with the discrete topology and 
let Y be any topological space. Show that M(X,Y) with the co topology is 
(homeomorphic to) the topological product [],,-. Y, Yx = Y, as described 
above. 


wEX 


1.3. THE EXPONENTIAL LAW 


If X,Y, Z are sets, the exponential law establishes an equivalence of sets 


ZRXY 2 (ZY) 
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To realize this, it suffices to define 

pi BY 3 (BY by v(F(a)(u) = f@,9) 
and, as its inverse, 

(ZY — ZO by b(g)(x,u) = g(a)(y). 


We now would like an analogous result for M(X,Y). 


1.3.1 Proposition. Let X,Y, Z be topological spaces with Y Hausdorff and 
locally compact. Then we have an equivalence of sets 


yp: M(X x Y,Z) — M(X, M(Y, 2). 


Proof: In order to define y as above, we must show that if f: X x Y —> Zis 
continuous, then y(f)(x) : Y —+ Z is continuous and y(f) : X —> M(Y,Z) 
is continuous. 


For the first statement, let us note that y{f)(x) is the composite 
ysxxy5z, 


where 2.(y) = (2,y), which clearly is continuous. (Note that if X = @, the 
proposition is trivial.) 

For the second assertion, let U* be a subbasic open set in M(Y, Z). It 
suffices to show that y(f)~!(U*) is open in X. So take x € y(f)—1(U*). 
Then f(z,k) € U for all k © K and there exist neighborhoods W, of 2, Vi 
of k, with f(W, x Vi) C U. Since K is compact, the family {V,} contains a 
finite subfamily Vi,...,V,, that covers K. Put W = W,M---1W», where 
W; is such that f(W; x V;) C U. Then W is a neighborhood of x in X. 
We claim that W Cc y(f)-!(U*). Indeed, if x’! ¢ W and k € K, then 
el f\(a)(k) = f(a", k), but k € V; for some i, and a! € W;, so f(a',k) EU. 


Thus we have proved that ¢ is well defined. 


We claim now that with the above definition 
wy: M(X, M(Y, Z)) — M(X x Y,Z) 


is well defined. Let g : X —+ M(Y,Z) be continuous. It suffices to show 
that %(g) is continuous. 


Let U C Z be open. We claim that u(g)~!(U) is open. Take (x,y) € 
w(g)\(U), that is, g(x)(y) < U. Since g(x) is continuous, there exists a 
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neighborhood W of y with g(x)(W) C U. Because Y is locally compact 
and Hausdorff, there exists an open set V with compact closure V such that 
yeVCVCW. Therefore, g(x)(V) CU, and so g(x) € UY, which is open 
in M(Y,Z). 

Since g is continuous, there exists a neighborhood T of x in X such that 
GT) Cc UY. Take an element (x',y’) in T x V, which is a neighborhood of 
(x,y)in XxY. Then Y(g)(2',y') = g(2')(y') € U, andsoT xV Cc ¥(g)(U). 

o 


With an additional condition, the equivalence of sets in the previous 
proposition is a homeomorphism, namely, we have the next result. 


1.3.2 Theorem. /f X, Y, Z are topological spaces such that X and Y are 
Hausdorff and Y is locally compact, then 


yp: M(X x ¥, Z) — M(X, M(Y, Z)) 


is a homeomorphism. 


Proof: Let us show that y and ~ are continuous. 


First, it is an erercise to show that (U%)* is a subbasic open set in 
M(X, M(Y, Z)) if U is open in Z, and K and L are compact in X and Y, 
respectively (cf. [27, XII.5] or 1.3.4 below). Then K x L is compact, and 
if fe U®*E c M(X x Y,Z), then y(f)(K)(L) = f(K x L) € U; that is, 
eUE) c (UY), 

Now let UY be a subbasic open set in M(X x Y,Z), with J compact in 
X x Y. Put K = projy(J) and L = projy(J). Then K and L are compact 
and J C K x L. Let us show that o((U%)*) C UY. Indeed, take g < (U")* 
and (2,y) € J. Then #(g)(x,y) = g(2)(y) € U, provided that 2 € K and 
yel. Oo 


We have the function 
(1.3.3) T: M(X,Y) x M(Y,Z) — M(X, Z) 


given by composition. 


1.3.4 EXERCISE. Prove that if X and Y are locally compact Hausdorff 
spaces, then the function T of (1.3.3) is continuous. In particular, if f : 
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X —+ Y is continuous, then it induces (by restriction of T) a continuous 
map 

f* : M(Y,Z) —> M(X, 2) 
such that f#(g) = go f. Similarly, if g : Y —+ Z is continuous, then it 
induces (again by restriction of T) a continuous map 


g4#: M(X,Y) — M(X, Z) 


such that gx(f) = go f. Prove, moreover, that for any general X and Y, fi 
and gy are, in fact, continuous. 


1.3.5 DEFINITION. Let A be a subspace of X and let B be a subspace of 
Y. We denote by M(X,A;Y,B) the subspace of M(X,Y) that consists of 
the maps f : X —+Y such that f(A) C B. An important example of these 
subspaces is M(X,20; Y, yo), which consists of those maps f : X —+Y such 
that f(vo) = yo, with zo € X and yo €< Y being specified points. Such maps 
are called pointed (or based) maps, since they send the base point xo of X to 


the base point yo of Y. 


1.3.6 EXAMPLE. Let J = [0,1] be the unit interval and OJ = {0,1} its 
oundary. We can consider then the spaces 


M(I,X) > M(,0;X,20) > MU, 01; X, 20) 


‘or a pointed space (X,x0). These spaces are known as the space of free 
paths in X, the space of paths in X based on x9 (or path space of X), and 
the space of loops in X based on xo (or loop space of X), respectively. We 
usually denote M(I,0I;X,29) by Q(X,z9) or, if the base point is obvious 
rom context, by 2X (cf. 1.3.9 further on). 


.3.7 DEFINITION. Let us consider the pairs of spaces (X, A) and (Y, B). 
We define their product to be the pair 


(X, A) x (VB) =(X x ¥,X x BUAxY). 


So (1,02) x (1,01) = (7, 01"), where I? is the unit square in the plane and 
OF? its boundary, which is homeomorphic to the circle S! (see Figure 1.1). 


Inductively, (2”,0I") x (1,01) = (1"*!,0I"*1), where I+ is the unit 
cube in R®+! and O7°*' is its boundary, which is homeomorphic to the sphere 


8? = {(1)... ned) RO a? 4-402, = 1}. 
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Figure 1.1 


By the exponential law (which is also true for pairs: exercise) we have 
(1.3.8) M(I™*! ar): X20) ~ M(I,0I; M(I”, OI”; X, 20), 0) , 


where % € M(I",0I"; X, xo) is such that %(J”) = ao. 


1.3.9 DEFINITION. The space M(I”,8I”; X, 20) is called the n-loop space of 
X and is denoted by 
2°(X, x0). 


If the base point is obvious from context, then we abuse notation and write 
Ox. 


By (1.3.8) we have 
O(N" X, x0), H) & OAC, x0). 
1.3.10 EXERCISE. Let X be a pointed space. Prove that we have a homeo- 


morphism 
2°(X, x0) & M(S”, + X, 20). 
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CHAPTER 2 


CONNECTEDNESS AND 
ALGEBRAIC INVARIANTS 


In this chapter we shall introduce the concepts of path connectedness and 
of homotopy of continuous maps between two spaces. We shall study the 
sets of homotopy classes of maps and relate this with path connectedness. 
Finally, we shall define the homotopy groups of a topological space, which 
are important algebraic invariants for such spaces. 


2.1. PATH CONNECTEDNESS 


Path connectedness is a stronger concept than topological connectedness and 
is better suited for studying homotopy properties. It is based on the concept 
of a path in a topological space X. 


2.1.1 DEFINITION. Let X be a topological space. We define the following 
relation on it: « © y in X if there exists a € M(I,X) such that a(0) = 
and a(1) = y. We say that x is connected with y by the path a (see 2.5.1 
below). The space X is path connected or, also, 0-connected, if x ~ y for 
each pair of points z,y € X. 


2.1.2 EXERCISE. Prove that ~ is an equivalence relation on X. 


2.1.3 DEFINITION. The equivalence classes, denoted by [2], divide X into 
disjoint subsets called path components of X. Let mo(X) be the set of equiv- 
alence classes. 


This is an important topological invariant, which we shall study later 
on. This invariant “measures” the “disjoint” pieces into which X can be 
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decomposed, as the illustration in Figure 2.1 (where |- | denotes cardinality) 
shows for a space X in the plane. In particular, X is path connected if and 
only if X has only one path component. 


.9 @ 


\ro(X)| = 3 


Figure 2.1 


Let f : X —>+Y be continuous. Then f induces a function 
fe: Wo X) — mY) 
such that f,[z] = [f(x)]. This function is well defined (exercise). 


The construction 7 has the following functorial properties, whose proof 
is a simple evercise for the reader. 


2.1.4 Proposition. The construction 1 is functorial, that is, the following 
assertions hold. 


(a) If f:X —+X is the identity, then 
fat To(X) — mo(X) 
ts also the identity. 
(b) If f:X —Y andg:Y — > Z are continuous, then 
(9° fs = 94° fe: mo(X) — m10(Z). 


In particular, if f : X —+ Y is a homeomorphism, then fy : ™o(X) — 
mo(Y) is an equivalence of sets (isomorphism). im 


2.2 HOMOTOPY CLASSES 


The relation of homotopy of maps generalizes path connectedness of points. 
It is the fundamental concept of homotopy theory. In this section we give 
the basic ideas that underlie it. 


2.2 HOMOTOPY CLASSES 11 


2.2.1 DEFINITION. Let f,g: X —+ Y be continuous maps. We say that f 
is homotopic to g (in symbols f ~ g) if there exists a homotopy of f to g, 
that is, amap H : X x J —> Y such that H(x,0) = f(x) and H(a,1) = g(z). 


Analogously, we define the concept of homotopy between maps of pairs 
of spaces; namely, if f,g : (X,A) —> (Y, B) are maps of pairs, then f ~ g if 
there exists a homotopy of pairs of f to g, H : (X,A) x I —+ (Y,B), such 
that H(x,0) = f(x) and H(z, 1) = g(z). 


2.2.2 EXERCISE. Prove that the relation ~ is an equivalence relation. 


2.2.3 EXERCISE. Prove that x,y € X are connected by a path if and only if 
the maps c,,¢y : * —> X, such that c,(*) = x and c,(*) = y, are homotopic. 
That is, x ~ y if and only if c, ~ cy. 


2.2.4 DEFINITION. Given X,Y, we denote by [X,Y] the set of homotopy 
classes of maps X —+ Y, that is, of equivalence classes of maps X —> 
Y modulo the relation ~. Analogously, we define the set [X,A;Y,B]. In 
particular, if X = (X,20), Y = (Y, yo) are pointed spaces, then we denote by 
[X, Y], the set of pointed homotopy classes of pointed maps between X and 
Y. 


2.2.5 NOTE. If the space X is Hausdorff and locally compact and if the space 
Y is Hausdorff, then [X,Y] = mo(M(X,Y)). Analogously, [X,A;Y,B] = 
mo(M(X, AY, B)). 


2.2.6 Proposition. Let X and Y be locaiiy compact Hausdorff spaces. Then, 
identifying 
mwo(M(X,Y) x M(Y,Z)) with mo(M(X,Y)) x mo(M(Y, Z)), 
the function T in (1.3.3) determines a function 
[X, Y] x [Y, Z] — [X, Z] 

(given by composition). In particular, f : X —+ Y induces 

f:[¥, Z] — [X, Z] 
and g: Y —+ Z induces 

ge : [X,Y] — [X, Z]. 


(For these last two statements we do not need any assumptions on X and 


Y.) qo 
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Obviously, an analogous result holds for pairs of spaces. 


The concept of a homeomorphism of topological spaces can be general- 
ized; namely, a map f : X —> Y is a homotopy equivalence if it has a 
homotopy inverse, that is, a map g : Y —+ X such that the homotopy 
classes [g o f] € [X,X] and [f 0 g] € [Y,Y] coincide with [idx] and [idy], 
respectively. 


2.2.7 Proposition. /f f : X —> Y its a homotopy equivalence, then f in- 
duces bijections (equivalences of sets) 


f:[Y,Z] — [X, Z] 


and 
fe: (Z,X] — [Z,Y] 


for any space Z. 


Proof: If g is the homotopy inverse of f, then g* and g, are the inverses of 
f* and f,, respectively. oO 


2.2.8 DEFINITION. Let {X,, | @ € A} be a family of topological spaces. We 
denote their coproduct or topological sum by [],-, X.. If {(X., A.) | a € A} 
is a family of pairs of spaces, then we define its coproduct or topological sum 


I], 4.) = (11 [4] 


ack eA ach 


as 


If {X. | a € A} is a family of pointed spaces, we define its coproduct or wedge 
sum (shortly called wedge) as the quotient space 


VV Xe = [[ Xe/{aa | ae A}, 
ack ack 


where for each a, x, € Xq is the base point. One may check that there is an 
embedding VisK Xe [neq Xe such that each component X,, maps into 


the “axis” X, = {(ug) € Tleca Xp | ¥e = te if BF ay}. 


2.2.9 Proposition. If (X,A) = [[.2\(Xa, Aa), then 


ach 
[X, AY, B] = [][X., Aus ¥, B]. 
acA 


In particular, if X., a € A, are pointed spaces, then 


V Xa] = TX. ¥). 


ae acl 
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Proof: Given an element [f] € [X,A;Y,B], let f. = fot, where i, : 
(Xq, Ac) @ (X, A) is the inclusion. Then [f] +> ([f.]) determines 


[X, AY, B] — [][X2, 4a ¥, B]. 


acl 


Now, given ([fal) € [oeqlXe, Aoi ¥, B], the maps fa : (Xa,Aa) —> (Y,B) 
determine a map f : (X, A) —> (Y,B) such that foi, = fy. So, ([fal) i 
is the desired inverse. 


2.3. TOPOLOGICAL GROUPS 


With the aim of introducing algebraic structures in [X,Y] we have to recall 
the notion of a topological group as well as some other related notions. 


2.3.1 DEFINITION. A topological space G is a topological group if it is sup- 
plied with a continuous map 


BiGxXxG—>G, 


called multiplication, that gives G the structure of a group in such a way 
that the map from G to G given by z + 27! is continuous. If we simply 
write zy = u(2,y), then the conditions on jf and x ++ x7! are equivalent to 
requiring that the function 


wi GxG—oG 


given by ji(z,y) = ay! be continuous. 


2.3.2 EXAMPLES. The following are examples of topological groups: 


(i) G=R, the real numbers with the usual topology and sum. 


(ii) G = R", the Euclidean space of dimension n with the usual topology 
and the usual sum of vectors. 


(iii) G =S! = {e'* eC | x € R}, the complex numbers of norm 1 with the 
topology induced by that of C and multiplication of complex numbers, 
that is, 

eiteiy — giltty). 
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(iv) If Minxn(R) denotes the set of matrices that have m rows and n columns 
and have real entries, with the topology given by the bijection 


Minxn(R) = R”™” 
that places the rows “one after the other,” we have a continuous map 
Myxn(R) X Mnxi(R) — Mmxi(R) 


given by matrix multiplication. 


In particular, if m =n, then M,.n(R) has a multiplicative structure. 
Nonetheless, inverses do not always exist. 


The determinant 
det : Mnxn(R) —> R 


is a continuous function. Therefore, det~'(R —0) is an open subset, of 
M,.xn(R), and this subset is indeed a group under matrix multiplica- 
tion. We denote this subset by GL,,(R) and call it the real general linear 
group of dimension n. Note that det is a continuous homomorphism 


of this group to the multiplicative (topological) group R — 0. 


Let G be a topological group. It is an exercise to show (cf. 1.3.4) that 
M(X,G) is a topological group with the following multiplication: 


M(X,G) x M(X,@) — M(X,G), 


(ha) neha) = fa; 
that is, (fg)(x) = f(x)g(zx). Similarly, 79(G) also acquires a group structure, 
which is defined by 
Bi GxG—G 


as follows. Let 

Hi: m(G) x mo(G) — mo(G) 
be such that, 

H(z}, [y]) = (u(x, y)] = [zy]. 


In the same way, we obtain the following general statement. 


2.3.3 Proposition. Let G be a topological group. Then for every space X, 
the set [X,G] has an induced group structure. If f : X —+Y is continuous, 
then 

P36] 16] 
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is a homomorphism of groups, and if, on the other hand, g: G —> H is a 
continuous homomorphism of topological groups, then 


gx : [X,G] — [X,H] 


is a homomorphism. Finally, if G is abelian, then [X,G] is also abelian. 


2.4 HOMOTOPY OF MAPPINGS OF THE 
CIRCLE INTO ITSELF 


In this section we shall analyze from the homotopical viewpoint the maps 
of the circle into itself. These maps will provide us with an example of 
mappings that are not homotopically trivial, and furthermore, in a sense 
they will provide us with a fundamental example of these. We follow closely 
the very convenient approach of [71]. 


Recall that the points of the circle S' C C have the form e*™*. Let 
q: 1 —+S! be the identification such that g(t) = e?™*. 


Let » : f —+ R be a continuous pointed function, that is, such that 
y(0) = 0, that also satisfies p(1) =n € Z. The map J —> S! such that 
t + e?¥() is compatible with the identification g. Hence it determines a 
pointed map 

g:S'—> Ss, 


that is, @(1) = 1, such that G(e?"*) = ec?" Therefore, one has a commu- 
tative diagram 


I—“=R 


1 | 


S'- s!. 


We might say, in plain words, that the values of the map y run along 
the interval [0,n] (since we start from 0 and arrive at m) in one time unit, 
that is, while letting the argument of the function run along the interval 
[0,1]. Consequently, the map @ is such that while its argument runs about 
S! once, starting at 1 and returning to 1, its value runs around S! n times, 
also starting at 1 and returning to 1. In other words, after one turn of the 
argument, there are 7 turns of the value of @. More precisely, this number n 
counts n counterclockwise turns ifn > 0, and —n clockwise turns if n < 0. 
We shall prove in what follows that any mapping f : S! —+ S! coincides 
with @ for some y: J —> R, that is, that one can “unwind” the mapping. 
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2.4.1 Proposition. Given any pointed map f : S' —> S!, that is, such that 
f(1) = 1, there exists a unique pointed function y : I —> R, that is, with 
io(0) = 0, such that f(C) = G0), Ce St. 


Proof: The function is unique, since if vy, : (1,0) —> (R,0) are such that 
G=%:S! — S|, that is, if they are such that 2") = 24) then 
w(t) — y(t) € Z for allt € I. Therefore, since the function J —+ Z given 
by ¢ + w(t) — y(t) is continuous, and since J is connected and Z discrete, it 
follows that this function is constant. Moreover, since 7(0)—(0) = 0-0 = 0, 
then = y. 

Let us see now that y exists. We need a mapping y such that y(0) = 0 
and such that f(e?"*) = e’). To that end, let us take the main branch, 
log, of the complex logarithm; namely, if z = re'* € C,r > 0, -7 << a< rn, 
then log(z) = In(r) + ia, where In is the natural logarithm function. Let 
h: I —+S! be such that h(t) = f(e?™). Since I is compact, h is uniformly 
continuous, and so there exists a partition 0 =tp <t; <---<t,=lofl 
such that 


Jn) At) | <2 if te [tty and 7=0,1,...,4—1. 


Hence h(t) A —A(t;), that is, h(t)-A(t;)~! A —1. Therefore, log(h(t)- A(t;)~') 
is well defined. The desired function is thus the following. If¢ € [t;,¢;41], 
take 


ora (te) +--+ (i) (88). 


Then ¢ is well defined, continuous, and has real values. Using the exponential 
law e*+? = e%e?, and e!8(*) = z, since A(to) = h(0) = 1, one gets 


miptt) — Pt) ary gra 
eetivlt) — Ftto) = A(t) = Ge ty : 


As a consequence of this last proposition, we obtain the fundamental 
result of this section. 


2.4.2 Theorem. Given any mapping f : S! —> S', there exists a unique 
pointed function yp: I —+ R such that f(¢) = f(1)- @(¢), ¢ € S! (where the 
dot here means the complex product). 
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Proof: Let g : St —+ S! be given by g(¢) = f(1)~!- f(d). Then g(1) = 1, 
and therefore by 2.4.1, there exists a unique pointed function y : 1 —> R 
such that g(¢) = @(¢). Therefore, f(¢) = f(1) - @{¢). oO 


Given a function y : J —> R such that y(0) = 0 and y(1) =n © Z, then 
Y & Hn rel {0,1} for y, : J —> R given by y,(s) = ns, since H : IxI —>R 
defined by 
H(s,t) = (1—t)y(s) + nst 
is a homotopy relative to {0,1}. Applying the exponential mapping to both 
y and y, we obtain the following result. 


2.4.3 Lemma. Let y : I —> R satisfy y(0) = 0 and y(1) =n € Z. Then 
@x & rel {1}. o 


Given a mapping f : S' —+ S!, we have by Theorem 2.4.2 that f = 
f(1)-@, that is, f is the result of composing a mapping of the type @ with a 
rotation given by multiplying by a constant unit complex number. It is easy 
to verify (erercise) that any rotation is homotopic to the identity map idg:; 
therefore, f ~ G for some y : I —> R such that y(0) = 0 and y(1) =ne Z. 
By 2.4.3, we have the following. 


2.4.4 Proposition. Given f : S' —> S! there exists a unique n € Z such 
that f ~ Gy: S'— St. a 


We have the following definition. 


2.4.5 DEFINITION. Let f : S! —+ S! be continuous and let y: J —> R be 
the unique function that by 2.4.2 exists and is such that f(¢) = f(1)- @(¢). 
Since the integer (1) = n is well defined, we define the degree of f as this 
integer n and denote it by deg(f). 


It is geometrically clear what is meant by deg(f), since by 2.4.2 this 
integer indicates how many times f(¢) turns around S! when ¢ turns once 
around S'. This motion of f(¢) is counterclockwise if n > 0 and clockwise 
if n < 0, while if m = 0, it means that f ~ co, that is, the total number of 
turns is 0. 


We observe that deg( f) depends only on the homotopy class of f; namely, 
one has the following. 


2.4.6 Lemma. /f f ~ g:S'—+S!, then deg(f) = deg(g). 
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Proof: Let H : S' x I —+ S! be a homotopy such that H(¢,0) = f(), 
and H(¢,1) = g(¢), and let f, : S' —> S! be given by f,(¢) = H(C,s). 
By 2.4.2, there exists a unique continuous function y, : J —> R such that 
ys(0) = 0, w(1) € Z, and f.(¢) = f.(1)- G3(¢). We shall see that the 
mapping I x I —>+ R given by (¢,s) + y,(t) is a homotopy; that is, it is 
continuous. As in the proof of Proposition 2.4.1, the map h: I x I —> S$! 
given by (s,t) ++ h(s,t) = f,(e’"*) is uniformly continuous, and hence one 
can choose the partition of J in the proof of that proposition in such a way 
that 
|A(s,t) — h(s,t;)| < 2 


ifs el, t € [t;,t;41], and j = 0,1,...,4—1. As before, one can now define 
ys with the same formula, but inserting in it the map hk, : t —+ A(s,t) 
instead of h; that is, if s ¢ I and¢ € [t;,t;4.], then 


#0 ar (ee ia) + #** Gea) *8(Reay)) 


Hence y,(t) is continuous as a function of s and of ¢; in particular, the 


function s ++ y,(1) is continuous, and since (1) € Z, it has to be constant. 
Since f(¢) = f(1)- Go(¢) and g(¢) = g(1) - Gi(¢), we obtain that deg(f) = 
poll) = ill) = desig). dq 


Hence the degree determines a function [S!,S'] —+ Z. The fundamental 
result in this section, which shows us how an invariant is used for classification 
problems, is the following. 


2.4.7 Theorem. The function 
[S',S'] + Z_ given by [f] + deg(f) 


ts well defined and bijective. More precisely, one has the following. 


(a) Ifn € Z, then the map g, :S' —+S! given by gn(¢) = ¢” is such that 
deg(gn) =n. 


(b) Take f,g:S'—+S!. Then f ~ g if and only #f deg(f) = deg(g). 


Proof: (a) Since g,,(e?"*) = et 
Gn(1) =n. 

(b) By 2.4.6, if f ~ g, then deg( f) = deg(g). 

Conversely, if deg( f) = deg(g) = , then we have that f(¢) = f(1)- @(¢) 
and 9(¢) = 9(1)- H(¢), where y(0) = (0) = 0 and y(1) = (1) = 2. 


, we have that g, = @,; hence deg(f) = 
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Since multiplication by f(1) and by g(1) yields rotations, and so maps that 
are homotopic to idgi, and since by the considerations before 2.4.3 we have 
YL Yn & Y, it follows that f~ Pr Girverg. im 


2.4.8 EXAMPLES. 


(a) The map idg: : S' —+ S! has degree 1, since idgi = gy. 


(b) If f : S! —> S! is nullhomotopic, i.e., if it is homotopic to the constant 
map, then deg(f) = 0, since then f ~ go. 


(c) The reflection g: S' —+ S! on the z-axis, that is, the map p such that 
p(¢) = €, has degree —1, since p= g-1. 


2.4.9 Proposition. Given f,g:S' —>S!, then 


deg(f -g) = deg(f) + deg(g), 


where f-g:S' —+S! denotes the mapping C++ f(0)g(C), using the complex 
multiplication in S'. 


Proof: If f © gm and g © Gn, then f- 9X Gm-> Gn = Gm+n- q 


2.4.10 Proposition. Given f,g:S' —> S!, then 


deg(f og) = deg(f) deg(g) . 


Proof: lf f © gm and g & gn, then fog Y Gm © Gn = Gmn- oO 


2.4.11 Corollary. If f :S! —+ S! is a homeomorphism, then deg(f) = +1. 
Consequently, f ~ idg: or f ~ p, where p is the reflection given by taking 
complex conjugates. 


Proof: Since f o f~! = id, then deg(f) deg( f-!) = 1; this is possible only if 
deg(f) = deg( f-!) = +1. In particular, we have that deg(f) = deg(f-!). 0 


2.4.12 DEFINITION. We say that a map f : S” —> S” is odd if for every 
x <€S™, f(—2) = —f(x); we say that the map is even if for every x € S™, 


F(-2) = f(z). 
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2.4.13 Theorem. 


(a) If f :S! —+S! is odd, then deg(f) is odd. 


(b) If f :S' —> S! as even, then deg(f) is even. 


Proof: (a) By 2.4.2, there is a map y: J —> R such that (0) = 0, y(1) = 
deg(f), and 

FCM) = FL) 2M, 
From —e2# = e2ti+4) and —f(erit) = f(—ePtit) = f(eerit+4)) it follows 


that 
e2ti(vtt)+4) = —eetiv(t) — e2tivlt+}) , 


and therefore 1 i 
t+=)=(t)+i+k 
v(t+5)=e@ +5 +h 


where k is an integer that does not depend on ¢, since J is connected and y is 


continuous. For t = 0 one has that y(#) = (0+ 4) =y(0)+44+h= 54h. 


For ¢ = 7 one then has 


dees 1 1 1 1 
dee(s)=v)=0(5+5)=w(5) +5 tea gthtg tha 1428, 


and therefore deg(f) is odd. 


The even case is proved analogously. o 
2.4.14 EXERCISE. Prove (b) in the theorem above. 


2.4.15 EXERCISE. The set [S',S!] has an additive structure (that is, of an 
abelian group), given by [f] + [g] = [f - g] (see 2.4.9) and a multiplicative 
structure given by [f][g] = [f og] (see 2.4.10). Prove that [S!,S!] is a com- 
mutative ring with 0 = [go] (go(¢) = 1 for all ¢ € S') and 1 = [gi] (gi(€) =¢ 
for all ¢ € S') with respect to these structures. Conclude that the function 
[S!,S'] —> Z given by [f] + deg(f) is a ring isomorphism. 


2.4.16 REMARK. For any space X, one may consider the set of homotopy 
classes [X,S*]. Using the (abelian) multiplicative structure of S! C C given 
by complex multiplication, this set becomes an abelian group. Later on, we 
shall see that for a nice space X this group is the so-called first cohomology 
group of X and is denoted by H!(X). According to Exercise 2.4.15, we have 
now proved that H1(S') © Z. 
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2.4.17 Proposition. The inclusions i,j : S' G T? = S! x S! given by 
i(z) = (2,1), j(2) = (1,2) are not nullhomotopic and are not homotopic to 
each other; that is, 0 F [#] 4 [7] 40. 


Proof: If ¢ and 7 were nullhomotopic, then the composites proj, 02 = idg: 
and proj, °j = idg: would also be nullhomotopic, thus contradicting 2.4.8(a). 
Similarly, if 2 and 7 were homotopic, then the composites proj, 0% = idgt = g1 
and proj, © 7 = go would also be homotopic, a result that would contradict 
2.4.8(a) and (b). q 


Figure 2.2 


Proposition 2.4.17 above, showing that the maps i are 7 not homotopic, 
poses the idea that each of the two maps “surrounds” a certain “hole.” In 
fact, ¢ surrounds the “exterior hole” of the tube forming the torus, and 7 the 
“interior hole,” and these two holes are essentially different (see Figure 2.2). 


The next example is probably more eloquent. If we bore a hole into the 
complex plane C, let us say, to obtain the complement of the origin C — 0, 
then the inclusion 7: S' 4 C — 0 is not nullhomotopic, since if it were, then 
the map 

idgs : S! +C-—0—+8! 
would also be nullhomotopic, where r(z) = z/|z|. What this shows is that 
the map i: S' —s C —0 detects the hole. It is in this sense that we 
shall systematize in the next section the study of maps S' —+ X for any 
topological space X in order to detect holes or, in other words, to measure 
certain kinds of complications in the structure of the space X. 


2.4.18 REMARK. Let f : S! —+ C be continuous and z ¢ f(S!). A reason- 
able question is the following: How many times does the curve described by 


f turn around z9? The answer is not always intuitively clear, as is shown in 
Figure 2.3. 
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Figure 2.3 


The answer is as follows. First, if r : C 0 —+S! is the retraction given 
by r(z) = 2/|z|, then the map 


f teo r 


C—2 C—O 


Fig S! Ss}, 

where t,,(z) = z— 2, is well defined. Then the answer to the question posed 
is that the curve described by f surrounds the point 29 precisely deg(f,.) 
times. This number is called the winding number of the curve f(S'), and we 
denote it by W(f, 20). In other words, 


£(Q) = % 


(2.4.19) W(f,20) =deg(f..), where f.,(¢) = 1) = 201 


For example, see [25] for a systematic and more general study of the degree, 
the winding number, and other related concepts. 


As a matter of fact, when f is differentiable, then the winding number 
around zo corresponds to the number obtained by the Cauchy formula; that 
is, 

1 £@ 
2mi Js: F(C) — 20 


W(f,%) = deg( feo) 


(See [30] or [8].) 


dé. 


2.4.20 DEFINITION. A topological space X is contractible if there exists a 
homotopy equivalence between it and a one-point space, or equivalently, if 
there exists a homotopy fF: X x J —> X that starts with the identity and 
ends with the constant map c(x) = zo, namely, if idx is nullhomotopic. We 
call such a homotopy F' a contraction. 
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Having been able to classify maps S' —> S! up to homotopy brings many 
nice consequences. From the fact that deg(idg:) = 1 one has that idgi is not 
nullhomotopic, and from this we obtain the following. 


2.4.21 Theorem. The circle S! is not contractible. 
Proof: If it were contractible, then idg: would be nullhomotopic. oO 


In the example of i : S' —> C —0, we saw that r: C—0 —> S! is 
a retraction of the punctured plane C — 0 to the subspace S!; this way of 
thinking allows us to prove an interesting fact, which is the following. 


2.4.22 Proposition. There is no retraction r : D? —> S', that is, there is 
no map r such that r|gi = idgi 


Proof: Since D* is contractible, any map defined on D? is nullhomotopic, and 
in particular r would be so too. But this would be a contradiction, since the 
composition of r with the inclusion S'! <> D?, which is idg:, would also be 
nullhomotopic. Such an 7 cannot exist. o 


The proposition above allows us to prove a very important result in topol- 
ogy with many applications. It is known as Brouwer’s fixed point theorem. 


2.4.23 Theorem. Every map f : D? —+ D* has a fixed point, that is, a 
point to € D such that f(xo) = 20. 


Proof: If there were no such xo, then we would have f(x) 4 x for all x < D?. 
Hence the points x and f(x) would determine a ray that starts at f(x) and 
intersects S! in exactly one point r(x). (See Figure 2.4.) The map r: D? > S! 
is well defined, continuous, and is also a retraction. However, the existence 
of such a retraction contradicts Proposition 2.4.22. oO 


2.4.24 EXERCISE. For a given map f, find an explicit formula for the retrac- 
tion r : D? —+ S! described in the proof of Brouwer’s fixed point theorem 
2.4.23. 


2.4.25 EXERCISE. Take X = {(2,y,z) € R® | |x| < 1, |y| < 2,|z| < 3}, and 
consider the map f : X —+ R® given by 
Cee One yeti e+e ta | rty+9 
oY; 14 oY 14 ’ 14 


Prove that the equation f(x,y,z) = 0 has a solution (in X). (Hint: Use 
Brouwer’s fixed point theorem 2.4.23.) 
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r(z) 


Figure 2.4 


The concept of degree is so useful that it has applications outside of 
topology. A nice example of this is the following proof of the fundamental 
theorem of algebra. 


2.4.26 Theorem. (Fundamental theorem of algebra) Every nonconstant 
polynomial with complex coefficients has a root. That is, if 

FQ) Hat ate tay ae +2", 
n> 0, a0,a1,...,@n-1 € C, then there evists 29 € C such that f(zo) =90. 
Proof: Assuming that f does not have a root, the mapping z +> f(z) would 


determine a map f : C —+ C—O. If we take px = |ag|+|a,|+---+]a,_1|)+1 
and z €S!, then 


|f(uz) — wP2”|S|ao| + ular] +--+ + earn] 
SH '(ao| + ar] +--+ Janal) GD 
<p" = |pP2"| (ue > lao + lar] +--+ + |an—i)). 


Therefore, f(j:z) lies in the interior of a circle with center at ”z” and radius 
|2”|, and so the line segment connecting f(j:z) with ”z” does not contain 
the origin. Hence H(z,t) = (1 — t)f(uz) + tu"2” determines a homotopy 
H:S'x I —+C—0, starting with the map z +> f(z) and ending with the 
map z+ #2”. Since the first map is nullhomotopic using the nullhomotopy 
(z,t) 4 f((1—1t)yuz), so also is the second map. Therefore, by composing it 
with the known retraction r : C — 0 —+ S! given by r(z) = z/|z|, we obtain 
that the map S' —+ S! given by z +> 2” would be nullhomotopic. But this 
last map is g,, and so we have contradicted 2.4.7. im 


Another application of the degree, or more precisely of the winding num- 
ber W(f, z) defined above in 2.4.18, is to prove a version of the Jordan curve 
theorem. This assertion will be based on the following proposition. 
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2.4.27 Proposition. Let f : S' —+ C be continuous, and let 29 and 2 be 
points in the same path component of C— f(S'). Then W(f, 20) = W(f, 21). 
Proof: If A: 29 ~ 2; is a path, then fig) given by 


LQ =AH 
lf) — AW 


(see 2.4.19) is a homotopy from f,, to f,,; consequently, 


fae (Q) = 
W(f, 20) = deg( fan) = deg( fz.) = W(f, 21). 


The following is a weak version of the famous Jordan curve theorem. 


2.4.28 Theorem. Given any map f : S' —> C, the complement of its image 
C— f(S') contains only one unbounded path component. For z inside this 
component, one has that W(f,z) =0. 


Proof: Since f(S') is compact, being the continuous image of a compact set, 
the Heine—Borel theorem guarantees that it is bounded. So its complement 
C — f(S') contains an unbounded component V. If » > 0 is large enough, 
then f(S') C D= {z EC | |z| < zp}, C- Dc C~— f(S'), and, since 
D is bounded, (C— D) NV ¥ 9. Hence, since C — D is path connected, 
C—DCYV and V is the only unbounded component of C — f(S!). Ifz eV 
and 2’ € C—D, then by 2.4.27, W(f,z) = W(f, 2’). Moreover, the homotopy 


(l=) f(Q) - 2 
I= FQ — 2'| 


starts with f,, and ends with a constant map, and so one has that W(f, z') = 
deg(f.) = 0. a 


A(é,t) = 


The classical Jordan curve theorem states that given an embedding e : 
S! G R?, then the complement R? — e(S!) has exactly two components, one 
bounded and one unbounded. The latter is the one given by 2.4.28. One can 
prove that W(e,z) = +1 if z lies in the bounded component. 


Another beautiful result in algebraic topology is the Borsuk—Ulam the- 
orem, which we shall now prove only in its two-dimensional version. This 
result implies the nonexistence of an embedding S*? <> R?. 
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2.4.29 Theorem. (Borsuk-Ulam) Given a continuous map 
f:8 —R’, 
there is a point x € S* such that f(x) = f(—2). 


Proof: If we assume that f(x) 4 f(—2) for every point x € S*, then one can 
define two maps, namely, 


f(x) = f(=2) 
|f(x) — f(—a)I? 


fo:D? +S! given by fa(1,22) = fi (e122, 1-2} - 4) : 


fi: S?’—>S8! given by f(x) = 


If we define g = fa|gi : S! —+ S!, then we have, on the one hand, that g is 
nullhomotopic, since the homotopy 


H:S'ixI—s', H(¢,t) = A((—24), 


is a nullhomotopy. On the other hand, g is odd, that is, g(—¢) = —g(¢), 
since f; is odd. By 2.4.13(a) one has that deg(g) is odd, thus contradicting 
that g is nullhomotopic. oO 


2.4.30 NOTE. The Borsuk—Ulam theorem is often described in meteorolog- 
ical terms as follows. If we assume that temperature JT and atmospheric 
pressure P are continuous functions of location on the surface of the Earth, 
then both determine a map f = (T, P) : S? —+ R?. The theorem asserts that 
in this case there exists a pair of antipodal points with the same temperature 
and atmospheric pressure. 


f g : S? — S! is continuous, then it cannot be odd; that is, it cannot 
happen that g(—x) = —g(z), since the composite 


Ss? —5g1C_+ R? 


would be a counterexample to the Borsuk—Ulam theorem 2.4.29. In the 
proof of this theorem, by assuming the contrary of its assertion, that is, the 
existence of f : S? —> R? such that for every x € S*, f(x) # f(—ax), we could 
construct an odd map g : S? —+ S!. We have hence that the Borsuk-Ulam 
theorem is equivalent to the following. 


2.4.31 Theorem. There are no continuous odd maps f : S? —>S'. oO 
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2.4.32 REMARK. There is a general version of the Borsuk—Ulam theorem 
stating that given a continuous map f : S* —> R®, there is a point « € S? 
such that f(x) = f(—2x). As before, this assertion is equivalent to saying that 
there are no continuous odd maps f : S* —+ S°-!. In order to prove these 
facts, more sophisticated machinery is needed. One possibility is given by 
using the cohomology groups of the projective spaces, as will be seen later 
on in Chapter 11 (see 11.8.28 and 11.8.29). 


2.4.33 EXERCISE. Let f : D* —> R? be an odd map on the boundary, that 
is, such that if 2 € S!, then f(—r) = —f(x). Prove that there exists 2) € D* 
such that f(2o) = 0. 


2.4.34 EXERCISE. Consider the following system of equations: 


zcosy = 2#+y’-1, 


yoosz = tan2a(2*+y°). 


Using the last exercise, prove that the system has a solution (xg, ¥9) such 
that 23 +43 <1. 


One last result in this section, whose proof is an application of the Borsuk— 
Ulam theorem, is the so-called ham sandwich theorem. In order to state 
it, we need the following preparatory considerations. For each point a = 
(a1, a2,a3) € S* and each element d€ R, let E(a,d) C R® be the plane given 
by the equation 


a(t) = a2; + ant + agzz-—d=0, 


and let E+(a,d) and E~(a,d) be the half-spaces of R® such that y,(x) > 
0 and y(x) < 0, respectively. Obviously, E+(—a,—d) = E-(a,d). Let 
A, Ao, A; C R® be subsets such that the maps f* : S* x R —+ R, where 
f#(a,d) is the volume of A, M E*(a,d) for v = 1,2,3, are well defined and 
continuous. Moreover, for each a € S* there exists a unique d, € R depending 
continuously on a and such that fi'(a,d.) = fj (a,d.). This last condition 
means that given any family of parallel planes, there exists only one that 
divides the set A; in two portions of equal volume. Clearly, d_, = —d). 
Under these conditions, one has the following result. 


2.4.35 Theorem. (Ham sandwich theorem) There evists a plane in R® di- 
viding each of the subsets A,, A, Az in portions of equal volume. 
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Proof: If f : S? —> R? is the map given by 
F(a) = (FF (4,40), FF (a, da) , 


then, by the assumptions, f is well defined and continuous. By the Borsuk— 
Ulam theorem 2.4.29 there exists b € S* such that f(b) = f(—b). By the prop- 
erties of d, and E*(a,d), one has for this b that f+(b,d,) = f+(—b,d_») = 
fi(—b, —dy) = f7(b, ds), as was required. o 


2.4.36 NOTE. As indicated by its name, a gastronomic interpretation of the 
ham sandwich theorem can be given if we assume that A, is the bread, A» 
the butter and A; the ham that will be used to prepare a sandwich. The 
theorem guarantees that it is possible to cut the sandwich with a flat knife, 
independent of the distribution of the ingredients, in such a way that each of 
the two pieces contains exactly the same amount of bread, butter, and ham. 


2.4.37 EXERCISE. Prove the Borsuk—Ulam theorem in dimension 1; that 
is, prove that given a map f : S! —+ R, there exists 2 € S! such that 
f(z) = f(—a). (Hint: Apply the intermediate value theorem to the map 


g: S' —+ R given by g(x) = f(x) — f(—2).) 


2.4.38 EXERCISE. State the ham sandwich theorem in R? and apply the 
former exercise to prove it. 


2.4.39 EXERCISE. Indicate which of the following maps f are nullhomotopic 
and which are not. 


(a) f:S*—+8"*!, f(x) = (2,0). 

(b) fF: S'S xs', (O=@,0°). 

(c) f:S'x S'S! x S!, fn) = En). 

(d) f :R? — {0} — R? — {0}, f(z,y) = (2? — 9°, 22y). 
(e) f :R? — {0} —+ R? — {0}, f(x,y) = (2, y). 


2.5 HE FUNDAMENTAL GROUP 


Historically, the first important concept of algebraic topology was the funda- 
mental group. This is also the first properly algebraic invariant of a topologi- 
cal space to be studied in this book. We shall associate to a topological space 
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this group, which in general is not abelian and whose structure provides us 
with valuable information about the space. 


We shall start by giving the definition of the fundamental group, which 
in the beginning depends on the basic concept of a path inside a topological 
space. Although we have already given the definition of path in 2.1.1 and 
have used the concept in the preceding chapter, for the sake of completeness 
of this chapter we shall recall it. 


2.5.1 DEFINITION. Let X be a topological space and take points xp,41 € X. 
A path from x9 to 2; isamapw: I —> X such that w(0) = ap and w(1) = 2; 
(see Figure 2.5). As before, we denote it by w : xg © x1. The point x will be 
called the origin (or beginning) of w, and x the destination (or end point) of 
w, and both will be called extreme points of the path. If both extreme points 
coincide, that is, if 9 = 2, we say that the path is closed or simply that it 
is a loop based at xo. 


Figure 2.5 


2.5.2 EXAMPLES. 


(a) Ife € X, then c, : J —+ X given by c,(t) = x for every t € I is the 
constant path or constant loop. 


(b) Take n € Z. The path w, : I —+ S! given by w,(t) = e?” is the 
loop of degree n in the circle. It has the effect of wrapping around S! 
n times (counterclockwise if n > 0, clockwise if n < 0, and if n = 0, it 
does not wrap around) as ¢ runs along J; w, is the associated loop of 
the map g, : S! —+ S! defined in 2.4.7(a). 
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(c) In the torus T? = S! x S!, the paths wi,w? : I —> T? given by 
wi(t) = (2",1) = (ex(t),1) and wX(t) = (Le%*) = (1ux(t)) are 
loops, which will be called the unitary equatorial loop and the unitary 
meridional loop. (See 2.4.17.) More generally, we have in T? the loops 
wi, ,w2: I —> T? given by wi,(t) = (w(t), 1) and w(t) = (1,w,(t)). 


Figure 2.6 shows the generators w} and w? in the torus. 


Figure 2.6 


In general, as one can see in the preceding examples, as well as in Figure 
2.5, as the parameter t varies from 0 to 1, the point w(t) describes a curve 
or path in X connecting the points zp and x;. Two paths w,a: I —+ X are 
equal if as maps they are equal, that is, if for every t < I, w(t) = off). It is 
not enough that they have the same images. For instance, the loops w,, in 
S! defined in 2.5.2(b) are all different from each other. Given any numbers 
a <b €R and any map y: [a,b] —> X, the canonical homeomorphism 
I —+ [a,d] given byt + (1—t)a+tb transforms ¥ into a new path ¥: J —> X 
such that 4(¢) = y((1 — t)a + tb), so that in principle, any such map 7¥ is 
canonically a path. For technical reasons, it is convenient always to assume 


a=Oandb=1. 


2.5.3 EXERCISE. Prove that giving a path o : x ~ 2 in X is equivalent 
to giving a homotopy H : Cx) Y cy, : * —> X, where c, represents the map 
from the one-point space + into X with value z. 


As in the case of loops, as we saw in the last chapter, it is sometimes 
possible to multiply paths by each other as well as to define inverses, as we 
shall now see. 


2.5.4 DEFINITION. Given a path w: 1 —> X, we define the inverse path as 
@: I —> X, where (t) = w(1—-t). Ifw:a2o © 2, then @: x; Y a. Two 
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paths w,0 : IJ —+ X are connectable if w(1) = o(0); in this case one can 
define the product of w and a as the path wo : J —+ X given by 


w(2t) if 0 
wo)(t) = 
(wot) ae i 
Ifw:ao Ya, and o: 2; ~ 2, then wo: 29 © 2p. In particular, the pairs 
W,W; W,W; Cx.,W; and w,c,, are always connectable, and their products wa, 
Dw, C..W, and we,, are defined. Nonetheless, in general, w F Cx,, Cow Aw, 
etc. This bad behavior is corrected with the following definition. 


2.5.5 DEFINITION. Two paths wo,w; : J —> X are said to be homotopic if 
they have the same extreme points zg and 2; and there exists a homotopy 
H:IxI—+X such that H(s,0) = wo(s), H(s,1) = wi(s), H(0,t) = 2, 
H(1,t) = 24, for every s,t < I; that is, H is a homotopy relative to {0, 1}. 
This we denote, as usual, by H : wo © w rel OJ; if it is not necessary to 
emphasize the homotopy, then the fact that wo and w, are homotopic is 
simply denoted by wp ~ w,. Figure 2.7 illustrates this concept. If a loop w 
is homotopic to the constant loop c,,, that is, w ~ c,., one says that it is 
nullhomotopic or contractible. 


Figure 2.7 


In relation to the comments following Definition 2.5.4, we have the fol- 
lowing lemma. 


2.5.6 Lemma. Letw:2o © %1, 0:21; Yt andy: 22 ~ x3 be paths in X. 
Then one has the following facts. 


(a) w(o7) & (wo)r. 


(b) cqw a, dit © oi 


32 2 CONNECTEDNESS AND ALGEBRAIC INVARIANTS 


(C) WY Cey, Ww XY Coy. 


Proof: 
(a) The homotopy H : I x I —+ X given by 
w( As, f0<s< 3, 
H(s,t) = § o(4s +t — 2) if *<s< Ht, 
rece if <s<l, 


is well defined and is such that H : w(ay) © (wo)y. 
(b) The homotopies H, K : I x I —+ X given by 


if0< 
H(s,t) = i ifO< 


s 
w(2stt) if 1-t & 


“| 


2 zl 14t 

K(o,t)— JG) HOS 8 SF, 
2s we Ltt 

zy if <s<1, 


are well defined and are such that H :¢,.w “wand K : we,, Yw. 


(c) The homotopies H, K : I x I —+ X given by 


_ fw(2s(1 —)) if0<s<i, 
Has ve —s\(1-d) ifi<s<1, 
— foQQ1—s)\4-d) if0<s <i, 
Aen oe —2) ifi<s<l, 


are well defined and are such that H: wo ~c,, and K :Gw~e 


In what follows, we shall frequently write the expresion 
Wwe: Wk, 
without parentheses, which, if it is not stated otherwise, means the path 
wi (kt) if0<t<i 
ween if j Sts i 
wx(kt —k-+1) ffl <e< 1, 
that is, all paths in the product are uniformly traveled. 
One has the following. 
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2.5.7 Lemma. The relation w ~ o is an equivalence relation. 


Proof: The homotopy H(s,t) = w(s) proves that w ~w. 


If H: wo, then H: Ix I —+ X, given by H(s,t) = H(s,1—12), is 
such that H: 0 ~w. 


Finally, if H:w ~o and K:0~%7, then the homotopy L: I x [ + X 
defined by 


is a homotopy relative to {0,1}, is well defined, and satisfies Liw~y. O 


In what follows we shall denote the equivalence class of w by [w] and we 
shall call it the homotopy class of w. We are especially interested in homotopy 
classes of loops based at a specific point x and in particular, in the class [c,], 
which will be denoted by 1. or, if there is no danger of confusion, by 1. 


If H : wo ~w, and K : 09 ~ 04, then the homotopy HK : [ —> X given 
by 


is well defined and is such that HK : wooo ~ w10,. Hence we may define the 
product of the homotopy classes of two connectable paths w and o by the 
formula 


[ello] = [wo]. 


Using this and 2.5.6 we have the following result. 


2.5.8 Proposition. Letw:wer,o:r2y, andy: yz be paths in X. 
Then the following identities hold: 


(a) {#\(lelly) = (elle). 


(¢) [4][] = lu, lle] = b. 
(For this reason, [@| is denoted by [w|~'.) d 


Thanks to (a), we have that the product of homotopy classes of paths 
is associative. Hence there shall not be any confusion if one writes simply 


b[elhl. 
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2.5.9 EXERCISE. Prove that if w, : J —> S!,n € Z, is as in 2.5.2(b), then 
[wn] = [wi]”. (Hint: w? = w; proceed by induction over n.) 


The concept of fundamental group depends on a base point zp € X. 


If we restrict 2.5.8 to loops (closed paths), we have the following result. 


2.5.10 Theorem and DEFINITION. Let (X,29) be a pointed space. Then 
the set 

m(X, 0) = {[A] | A is a loop based at xo} 

is a group with respect to the multiplication [A]|u] = [Au] with neutral element 
1 = lay = [Cx] and with [A]~! as the inverse of each [\|. This group is called 
the fundamental group of X based at the point zp. Oo 


2.5.11 EXERCISE. Prove that the definition of the fundamental group 
mi(X, 29) is consistent with the definition of the first homotopy group (n = 1) 
given in 2.10.9. (Hint: A loop X: J —+ X based at xo determines a pointed 
map S' —+ X, and conversely.) 


Let f : (X,20) —> (Y,yo) be a pointed map. If A: I —> X is a loop 
based at xo, then the composite fod: [ —+ Y isa loop based at yo. Besides, 
if c,, is the constant loop in X, then f oc¢,. = Cy is the constant loop in Y, 
and given loops 4 and yu in X, one has 


foQu)=(forAfou). 


2.5.12 EXERCISE. Prove the last assertion in its general form, that is, if 
f : X —> Y is continuous and 4 and yp are connectable paths in X, then 
foXand fo yp are connectable in Y and fo (Au) =(f oA)(fop). 


2.5.13 Theorem. A pointed map f : (X,20) —> (Y,yo) induces a group 
homomorphism 
fc 2 m(X, 20) — m1(¥, 40), 


given by f,([A]) = [f° A). 


Proof: If H : Ag & A; rel OF is a homotopy of loops in X based at x, that, 
is, H(s,0) = Ao(s), H(s,1) = Ai(s), H(0,t) = xo = H(1,t), then clearly 
foH: fors x fox, rel OI, so that the function f,({A]) = [f o A] is well 
defined. 


The remarks before the statement of the theorem prove that f,([Au]) = 
[fo Aw] = [Cf oA o w)] = ACA) (lH), which shows that f, is a group 


homomorphism. oO 
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The construction of the fundamental group is functorial; that is, it be- 
haves well with respect to maps, as the following immediate result shows. 


2.5.14 Theorem. Let (X,z0), (Y,yo), and (Z, 20) be pointed spaces and let 
ff :(X,2x0) — (Y,y0) and g: (Y,y0) — (Z, 20) be pointed maps. Then one 
has the following properties: 


(a) idxy = Lay(x,n0) ? T1(X, #0) —> m(X, xo). 
(b) (go fe = go fe mi(X, 20) —+ mi(Z, 20). dg 
Because of the conditions (a) and (b) above, the correspondence 
Xx m(X, x0) 
i 
Y 7(Y, Yo) 


is said to be a functor. 
2.5.15 EXAMPLES. 


(a) If A : I —+ R® is a loop based at 0, then the homotopy H(s,t) = 
(1 — 2)A(s) is a nullhomotopy. Hence [A] = 1 € m(R",0). Therefore, 
m,(R”,0) = 1; that is, the fundamental group of R” is the trivial group. 


(b) As in the previous example, one can prove that 7;(D”,0) = 1. 


(c) Recall that a subset X C R” is convex if given two points z,y © X, 
then for every ¢ € I, (1—t)x+ty € X; that is, the straight line segment 
joining x and y lies inside X. Given any point zo € X and any loop 
A: I —+ X based at xo, the homotopy H(s,t) = (1 — t)A(s) + tao is 
a nullhomotopy relative to OF. Therefore, [A] = 1 € m(X, 20). Hence 
the fundamental group of any convex set is trivial. 


(d) Recall that a topological space X is contractible to ro € X if the 
identity map idy is nullhomotopic, that is, if there exists a contraction 
D:XxI—> X given by D(x,0) = 2, D(z,1) = a, t € I; X is 
strongly contractible if moreover, the homotopy D satisfies D(axo,t) = 
xo for allt € J. (Cf. 2.4.20.) If X is (strongly) contractible to 9 € X, 
then every loop A : 1 —+ X based at zg is nullhomotopic, as the 
nullhomotopy H(s,t) = D(A(s),t) shows, where D : X x I —> X 
is a contraction, that is, D(z,0) = x, D(x,1) = ap = D(ao,t), t € 
I. Therefore, 7(X,2o) = 1; that is, the fundamental group of every 
contractible space is trivial. 
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2.5.16 Proposition. Let (X,20) and (Y,yo) be pointed spaces. Then the 
function 


yp = (proj xy, projy,) : m(X x Y,(xo,4o)) —> m(X, x0) x m1(Y, 40) 


ts a group tsomorphism. 


Proof: The function is clearly a homomorphism. If A: J —> X x Y isa 
loop satisfying ({A]) = (1,1), then the loops Ay = projy oA: J —+ X and 
Ag = projy oA: J — Y are nullhomotopic, say through the nullhomotopies 
Hy: Ix I — X and Hp: Ix I —+ Y. Therefore, H = (Hi,H2) : 
I —+ X x Y is a nullhomotopy of the loop (A;,42) = A: f —+ Xx Y. 
Consequently, [A] = 1, and y is a monomorphism. 


On the other hand, if ([Ai], [A2]) € m1(X,x0) x m1(Y, yo) is an arbitrary 
element, then the loop A = (A;,42) : J —> X x Y is such that y((A]) = 
([Ai], [Ag]). So y is an epimorphism. o 


Up to now, we have only had explicit examples of trivial fundament. 
groups. In the next section we shall see examples of nontrivial fundament. 
groups. 


In what follows we shall analyze the relationship between the fundament. 


groups of a space X with respect to two different base points xp and 21. 


If zo € X lies in the path component Xp of X and 4 is a loop in X base 
at vo, then, since J is path connected, the image of 4 lies in Xp. Moreover, 
if H: X~ pw is a homotopy in X, then the image of the homotopy also lies 
inside Xp. These remarks establish the truth of the following statement. 


2.5.17 Proposition. Let X be a pointed space with base point xo. If Xo 
ts the path component of X containing xo € X, then the inclusion map 
i: Xo X induces an isomorphism i, : (Xo, 2%) —> 71(X, 2). ia 


Proposition 2.5.17 allows us to restrict the analysis of the fundamental 
group to path-connected spaces. Indeed for such spaces the fundamental 
group is well defined, up to isomorphism, independent of the base point. 
More precisely, we have the following result. 

2.5.18 Theorem. Let w: 2x9 ~ x; be a path in X. There is an isomorphism 


Gu? 1X, 21) —> m(X, 20) 


given by v.([A]) = [A] fe}. 
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Proof: Since 4 is a loop based at x;, w and A are connectable, and so also are 
wad and w; therefore, the function y,, is well defined, and indeed it depends 
only on the class [w]. 


To see that it is a homomorphism, we have by 2.5.8 that 


gol All) = IA] = WIA] el el] = (Deu (L4)) « 
Hence y,, is a homomorphism. 


Moreover, the homomorphism yz : ™(X,29) —+ 7(X, 21) is clearly the 
inverse of (p,. ia 


2.5.19 EXERCISE. Check that in fact, po Ya = lay(xX,20) and Yao Yu = 
Lis( X24): 


If in Theorem 2.5.18 we take in particular w to be a loop based at 29, that 
is, such that [w] € 7,(X,29), then y,, is precisely the nner automorphism of 
m(X, 29) given by conjugation with the element [w]. 


2.5.20 REMARK. Theorem 2.5.18 allows us to write 7(X) for a path con- 
nected space X without reference to the base point. Notice, however, that in 
general there is no canonical isomorphism between the fundamental group at 
two different base points. Therefore, 7;(X) is really a family of isomorphic 
groups. 


The concept introduced in what follows will be an important concept in 
this textbook, as it also is in general. 


2.5.21 DEFINITION. A topological space X is said to be simply connected 
if it is path connected (0-connected) and for some base point ro € X the 
fundamental group 7(X, 20) is trivial. Frequently, a simply connected space 
is also called 1-connected. 


The spaces given in 2.5.15 are all simply connected spaces. We have the 
following characterization of this concept. 


2.5.22 Proposition. Let X be a path-connected space. The following are 
equivalent. 


(a) X is simply connected. 
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(b) (X,2x) = 1 for every point x € X. 
(c) Every loop X: I —+ X is nullhomotopic. 


(d) w ~o rel OF for any two paths with the same extreme points x and y. 


Proof: (a) <> (b) follows from Theorem 2.5.18, since, because X is path 
connected, there is always a path w: a9 ~xz in X. 


(b) = (c), for if A: J —+ X is a loop based at x, then [A] € m(X,2) = 1. 
Hence [A] = 1; that is, \ is nullhomotopic. 


(c) = (d), since wo is a loop based at x and so is nullhomotopic; that is, 
wo ~ cy. Therefore, by Lemma 2.5.6, 


Wo)o ~ eo. 


But by the same lemma the left-hand side is homotopic to w(aa) ~ w, while 
the right-hand side is homotopic to a. Hence, since ~ is an equivalence 
relation, w Yo. 


(d) = (a), for if [A] € 7(X, zo), then since 4 and c,, have the same extreme 
points, A ~ c,,; that is, [A] = 1. Hence 7(X,2z0) = 1, and so X is simply 
connected. oO 


Let f,g: (X,20) —> (Y,y0) be homotopic maps between pointed spaces 
and let H : X x I —+ Y be a homotopy relative to {ro}. If A: J — X 
is a loop in X based at xo, then as we saw above, fo and go J are loops 
in Y based at yo; moreover, the homotopy (s,t) ++ H(A(s),t) is a homotopy 
between the loops fo \ and go A relative to {0,1}, ie., [fo A] and [go A] are 
the same element in 7(Y, yo). Thus, we have shown the following. 


2.5.23 Proposition. Let f,g : (X,x0) —> (Y,yo) be homotopic maps of 
pointed spaces. Then fy = 9x : ™(X,x20) —> ™1(Y, yo). Oo 


Indeed, the result above has a stronger version; one has the following 
theorem. 


2.5.24 Theorem. Let f,g: X —+Y be homotopic maps and, if H: f ~ g 
is a homotopy, let y: I —+Y be the path given by y(t) = H(ao,t), for some 
point xo € X. Then fy = py gx : W(X, 20) —> mY, f(0)), where yy is as 
in 2.5.18. 
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Proof: Take [A] € 1(X,xo) and let F : I x I —+ Y be given by 


F(s,2) H(A(2(1 — t)s), 2st) if0<s<i, 
8,t)= e 

(AC + 2¢(s — 1)),t+ (1—t)(28—-1)) if} <s<1. 
It is straightforward to check that F is a homotopy relative to {0,1} of the 
path product (fo A)y to 7(go A). Therefore, [f o Al[y] = [y][g 0 Al, that is, 


FCA) = era f[A))- i 


By the theorem above, we have that the fundamental group is a homotopy 
invariant, i.e., it depends only on the homotopy type of the space. The 
following holds. 


2.5.25 Theorem. if f : X —+ Y ts a homotopy equivalence, then the in- 
duced homomorphism f, : ™(X,20) —> ™(Y, f(xo)) ts an isomorphism for 
every point x9 © X. 


Proof: Let g : Y —+ X be a homotopy inverse of f; hence go f ~ idx and 
fog widy. By 2.5.24, we have 


(go Pf). = Gy: mi(X,20) — mi(X, gf(x0)), 
(fog)s = Yu: m(¥, f(x0)) — mY, fa flo), 


for certain paths y in X and » in Y. That is, g, o f, and f, og, are group 
isomorphisms with the inverse of the first being a, say. So, g,o(f,oa)=1 
and ((f,oa)og.)o f, = fx, but since f, is an epimorphism, (f,oa)og, = 1; 
that is, g, is an isomorphism. Therefore, since (ao g,)° f, = land aog, is 
an isomorphism, so is fy. ia 


2.5.26 NoTE. Let AC X and take zg € A. Then, the inclusion i: AG X 
induces a homomorphism é, : 7(A,2%0) —> ™(X,29), which, as shown by the 
case A= S' c D? = X, it is not in general a monomorphism. However, if 
is a loop in A representing an element in 7;(A, xo), then i, ([A]) is represented 
by the loop 20 A, which is essentially the same loop 4, but now thought of as 
a loop in X. As is shown by the special case mentioned above, the fact that 
dis a loop in A that is contractible in X does not mean that it is contractible 
in A; that is, if 2,([A]) = 0, then it does not necessarily follow that [A] = 0. 


If A: £ —+ X is a loop based at xg, then A determines a pointed map 
d: (S',1) — (X,20) given by A(e?"*) = A(t). Conversely, a pointed map 
f : (S',1) —> (X,20) determines a loop Ay based at xo given by A,(t) = 
f(e’™*). In other words, we have the next statement. 
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2.5.27 Proposition. The function ™(X,x0) —> [S',1; X,20] given by 
[A] [A] és bijective. o 


More generally, we have the following. 


2.5.28 Theorem. Let X be path connected, and let 
 : m(X,20) — [S!, X] 


be given by &([A]) = BS | by ignoring the base points. Then ® is surjective. 
Moreover, if a, 8 € 1(X,20), then O(a) = O(G) tf and only if there evisis 
7 € 1(X,x0) such that a = yBy~'; that is, a and B are conjugates. 


Proof: Every map f : S' —+ X is homotopic to a map g: S! —+ X such 
that g(1) = zo, since if 0: f(1) © ao is some path, then the homotopy 


a(t — 3s) if0<s<é, 
H(s,t)= f(2 Ge) if 7 <s< a, 
a(3s +t — 3) if 3 <s<l, 


is such that H(s,0) = f(e?"s) and H(s, 1) is the product loop GA;o; in other 
words, the homotopy K : St x I —+ X given by K(e?™*,t) = H(s,t) starts 
at f and ends at a map g such that g(1) = o(1) = 2. This shows that © is 
surjective. 

Let us now assume that ([A]) = ®({(]); then we have a homotopy L : 
S! x I —+ X such that L(e?s,0) = A(s) and L(e?™, 1) = p(s). Thus, the 
path o : I —+ X given by o(t) = L(1,t) is a loop representing an element 
7 = [o] € m(X, 2). Thanks to the homotopy 


F(s,t) = H(2(1 —t)s, 2st) if0< 
~ | H(+2t(s—1),t+(1-t(2s—1)) ith < 


which is analogous to the one in the proof of 2.5.24, where H(s,t)=L(e?"'s, t), 
one has Ao © op. 

Conversely, if Ao ~ oy, then there exists a homotopy H : A ~ ¥ ONT rel OL. 
So K(e2"s,t) = H(s,t) is a well-defined homotopy from \ to opi. On the 
other hand, the homotopy 


o(3s + t) if0<s< 1}, 
G(s,t) = ¢ u( Site! ifit<s< 2, 


aan 8st+t) if 4t<s<1, 
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is such that G: ono ~ px and G(0,t) = oft) = G(1,t); therefore, it defines a 
homotopy M :S! x I —+ X such that M(e?"*s,t) = G(s,t), starting at one 
and ending at jt. Thus the homotopies K and M may be composed to yield 
one from A to jt; that is, b([A]) = ((u)). o 


2.6 THE FUNDAMENTAL GROUP OF THE CIRCLE 


The circle S! is path connected, and thus its fundamental group is indepen- 
dent of the choice of base point. The natural base point is 1 < S!. In Section 
2.4 we did all the necessary computations to understand this group. We shall 
use the results of that section, and as there, we keep close to the approach 
of [71]. The following lemma will be very useful. 


2.6.1 Lemma. The loop product of two loops in S' is homotopic to the prod- 
uct of the loops realized as maps with complex values. 


Proof: Let A, 2: I —+ S! be two loops. Take the homotopy 


A(2s) #0<s<i5, 
H(s,t) = AAH4). pA) if is <s< et 
p(2s — 1) if#<s<l, 


where ¢-7 represents the product in S! of the unit complex numbers ¢ and 7. 
This homotopy starts with the loop product Ay: and ends with the complex 
product of complex maps A- pu. ia 


By the previous lemma, we have that if [A], [uz] € m(S', 1), then [A][u] = 
[A-y], and therefore, since the complex product is commutative, we have that, 
[A][“] = [w)[A]; that is, we have the following consequence of the previous 
lemma. 


2.6.2 Lemma. The fundamental group of the circle w,(S',1) ts abelian. O 


2.6.3 NOTE. One can give a direct proof of the fact that the fundamental 
group of the circle is abelian. To start, let A,j: J —> S! be loops. The 
homotopy H : I x I —+S! given by 


_ J ust) - A(2(1 — t)s) if0<s 
BGs Ve +(1-0(2s—1))-AL $2t(s—1)) ifi<s 
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where ¢- is the product of the complex numbers ¢ and 7 in S', is such that 
A: Mu & pd; that is, [A][x] = [a] [A]. 


The homotopy above is indeed the composite of two maps, namely of the 
map f:1 x Il —+Ix I given by 


f(s,t) = (2(1 — t)s, 2st) if0<s< 
oO \ (1 +2t(s—1),t+(1-t)Qs-1)) ifk<s< 


mle 


and the map g: I x I —+S! given by g(s,t) = p(t)- A(s). The map f takes 
the sides {0} x J and {1} x I of the square onto the vertices (0,0) and (1,1), 
respectively, and the sides J x {0} and I x {1} to J x {0} U {1} x I and 
{0} x LUI x {1}, respectively. On the other hand, the map g “translates” 


the loop \ in S! along the loop yz. What this looks like is shown in Figure 
2.8. 


pr x 
a — 
f HA ApS 
= = 
Me # 
Figure 2.8 


2.6.4 EXERCISE. Prove that the fundamental group of every (path-connected) 
topological group G based at 1, that is, 7;(G,1), is abelian. (Hint: One may 
use the same proof as given for 2.6.1.) 


2.6.5 EXERCISE. Let G be a topological group (or an H-space; see next 
section). Prove that if A, 4: I —> G are loops, then [A|[u] = [A- y], where - 
represents the group multiplication. Use this to show that 7(G, 1) is abelian. 
(Hint: Use 2.10.10 below.) 


Let us recall the function deg : [S',S'] —+ Z defined in 2.4.5, and the 
function © : 7,(S', 1) —> [S!,S'] of the previous section. Let V = dego@ : 
m,(S', 1) —> Z. We summarize what we did in Section 2.4 in the following 
result. 


2.6.6 Theorem. W : (S',1) —> Z is a group isomorphism. 
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Proof: By 2.4.7 and by 2.5.24, since in this case y, is the identity, V is 
bijective. Thus it is enough to check that it is a group homomorphism. Take 
a = [N,6 = [Wd] € m(S',1); by 2.6.1, a8 = [A- pn]. If 1,2: S' — St 
are representatives of (a), (jz), respectively, then V(af) = U([A- p]) = 
deg(A- 1) = deg(X- ji) = deg(A) + deg(jz) = U(a) + U8), where the next to 
the last equality comes from 2.4.9. Oo 


Let yn: 1 —> S! be given by y(t) = e!”* = g,(e?™). Then O([y]) = 
[gn], and thus W([y,]) = deg(g.) =n. Hence in particular, U([y;]) = 1 is a 
generator of Z as an infinite cyclic group. We have thus the following result. 


2.6.7 Theorem. 7;(S!,1) is an infinite cyclic group generated by [7], that 
is, by the homotopy class of the loop t > e™*. oO 


2.6.8 DEFINITION. The class [y| is called the canonical generator of the 
infinite cyclic group (St, 1). 


If one works with a path-connected space, then as we already proved in 
2.5.18, its fundamental group is essentially independent of the base point. In 
what follows, whenever the base point either is clear or irrelevant, we shall 
denote the fundamental group of a path-connected space X simply by 7(X). 


2.6.9 EXAMPLES. If a space X has the same homotopy type of S!, then 
m,(X) © Z; we have the following: 


(a) ™(C —0) © Z. The isomorphism is defined by [A] + W(f,,0), the 
winding number around 0 of the map f, : S' —> C given by fy(e?™*) = 
A(t). 


(b) If Y is contractible and X = Y x S!, then, by 2.5.16 and 2.5.15(d), 
m(X) & m(Y) x m(S!) & m(S!) & Z. In particular, if X = D* x S! 
is a solid torus, \(X) & Z. 


(c) If M is the Moebius band, then 7(M) & Z. In fact, the equatorial 
loop A. : I —+ M such that d.(t) = a(t, 4), where gq: I x I —+ M is 
the canonical identification, represents a generator of 7(M). 


The following example, in particular, is very important. It is an immedi- 
ate consequence of 2.5.16 and 2.6.7. 
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2.6.10 EXAMPLE. If T? = S! x S! is the torus and zo = (1,1) € T?, then 
(2.6.11) m (T°, 2) = Z@Z. 


Moreover, if y/,77 : 1 —> T? are the canonical loops y}(t) = (y(t), 1), 
47 (t) = (1, :(t)), then we may reformulate (2.6.11) by saying that m(T?, x9) 
is the free abelian group generated by the classes a; = [y}] and a» = [77]. 


As a generalization of the previous example, we may prove immediately 
by induction the following. 


2.6.12 Proposition. Let 


Then m(T") is the free abelian group generated by the classes [yt],...,[y%] 
defined by 
nid) = (,-...2(@),---,1)<T". 
é o 


Let g, : S' —+ S' be the map of degree n given by g,(¢) = ¢”. For 
the canonical loop yj; : J —+ S', such that [7] is the canonical generator of 
(St), one has that gn 071 =a, 60 that (dn)«(Li]) = Le] = bol” (since by 
the considerations prior to 2.6.7, U(y,) =n). Hence gn : m1(S') —> m(S') 
is Gnx(@) = a. Since f : St —+ S' has degree n implies f ~ gn, we therefore 
have the following theorem. 


2.6.13 Theorem. Let f : S' —> S! satisfy deg(f) =n. Then the homo- 
morphism f, :™(S') —> m(S') is given by f(a) = a”. oO 


2.6.14 NOTE. Strictly speaking, in the previous theorem one has the homo- 


morphism f, : 7:(S',1) —> 7,(S', f(1)); thus the statement of the theorem 
can be more precisely applied to the composite 


(rZAy)a 
m(S!, 1) 2+ m(S!, (1) 22 m(S',1), 


where rey : S! —; S! is the rotation in S! given by multiplying by f(1)~', 
which is homotopic to the identity. 


Another interesting and useful example is the following. 
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2.6.15 EXAMPLE. Let fef : S! x S' —> S! x S! be given by f#f(¢,n) = 
(¢2 -9°, ¢°- n°), a,b, c,d € Z. Then, by 2.6.13 and 2.6.10, (f2%), : m(T?) — 
m,(T?) is such that (f£f).(a1) = afa$ and (f%f).(a2) = ated, if a1,a, € 
mi(T?) are as in 2.6.10. 


2.6.16 EXERCISE. Check all details of the assertions in the example above 
and characterize the values of a,b,c,d for which (f£?), is an isomorphism. 
What can be said about the map fff for these values? 


2.6.17 EXERCISE. Let y : (1?) —+ 7,(T*) be any homomorphism. Prove 
that there exists f : T? —> T? such that f, = y. Moreover, show that if y is 
an isomorphism, then f can be chosen to be a homeomorphism. (Hint: Use 
Example 2.6.15.) 


2.6.18 EXERCISE. Prove that T” ~ T” if and only ifm =n. 
2.6.19 EXERCISE. Prove that a loop A: J —+ S! is such that [A] € m(S') 


is a generator if and only if W(f,,0) = £1, where f, : S! —> C is given by 
f(e?™) = A(t) and W is the winding number function. 


2.6.20 EXERCISE. If M is the Moebius band and f : S' —> 0M is a home- 
omorphism, prove that the loop Ay : ! —> M given by A;(t) = f(e’™") e M 
satisfies [Ay] = a? for a one of the generators of 7(M) & Z (see 2.6.9(c)). 
Conclude that the boundary 0M is not a retract of M. 


2.7 H-SPACES 


In Sections 2.2 and 2.3 above we have seen that the fact that a topological 
space Y has a compatible group structure, namely, that it is a topological 
group, implies that the homotopy set [X,Y] inherits a group structure. We 
can impose even weaker conditions on Y than that of being a group and still 
have that [X,Y] is a group for every X. These conditions are those that 
define the concept of an H-space, which we shall study in this section. 


2.7.1 CONVENTION. From here on, we shall be concerned mainly with point- 
ed spaces and pointed maps. We shall use the notation M,(X,Y) for the 
set of pointed maps from X to Y endowed with the compact-open topology. 
Analogously, we shall use the notation [X,Y], for the set of pointed homo 
topy classes of pointed maps from X to Y, namely for the set [.X, 20; Y, yo]. 
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2.7.2 DEFINITION. A topological space W is an H-space if it is a pointed 
space equipped with a continuous map 


BiWxWwow, 


called the H-multiplication, such that if e : W —+ W is the constant map 
whose value is the base point e(W) = wo, then it is an identity up to homo- 
topy, or an H -identity; that is, the composites 


(eid) 


w®@wxwsw, w@8@wxwsw 


are homotopic to the identity map of W. 


We say that W is homotopy associative or H -associative if the composites 
po (uw x id), wo (id x pw): W x W x W —+ W are homotopic, that is, if the 
following diagram commutes up to homotopy: 


Bxid 


WxWxWw—>WxWw 


ian |e 


Wwxw Ww 


& 


Note that in the algebraic case of a group, strict commutativity of this 
diagram is equivalent to associativity of the multiplication. 


A map 7: W —> W determines inverses up to homotopy, or H-inverses, 
if the composites 


w A. wxwsw, wo wxw sw 


are each homotopic to e: W —+ W, that is, if they are nullhomotopic. 


These properties coincide with the axioms of a group, with the reservation 
that they hold only up to homotopy. We now have the following concept. 


2.7.3 DEFINITION. An H-associative H-space equipped with a map that 
determines H-inverses is called an H-group. An H-space, or an H-group, W 
is homotopy abelian or H-abelian if the maps p,oT: W x W —+ W are 
homotopic, where T(z,y) = (y, 2). 


2.7.4 DEFINITION. If W and W’ are H-spaces and h : W —+ W’ is contin- 
uous, we say that h is an H-homomorphism if the composites 


wxwSwiow, wxw wesw ow 
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are homotopic, that is, if the diagram 


Wxw—— +w 


axa |, 


Wx Ww 
B 


commutes up to homotopy. 


2.7.5 DEFINITION. Let W be a pointed space. We say that [X,W], has a 


natural group structure in X if 


(a) for every pointed space X, [X,W], has a group structure such that the 
class [e] of the constant map e : X —+ W is the unit of the group, and 


if 


(b) for every pointed map f : X —+ Y, the induced function 


f [YW], — [X,wW], 


is a homomorphism of groups. 


In the same way as with groups, the multiplication y of an H-space W 


induces a multiplication in M,(X,W). We have, in fac 
result. 


2.7.6 Theorem. Let W be a pointed space. Then 
group structure in X tf and only if W is an H-group. 


Proof: If W is an H-group, it is completely straigh 


, the following general 


X,W]), has a natural 


forward that [X,W], 


acquires a natural group structure in X. Conversely, let us suppose that 


[X,W], has a natural group structure in X. Let p; 


2:Wxw ow 


be the projections onto the first factor and onto the second factor. Let 


ye: Wx W —>+ W be a map that represents the product [p;][p2] in the 
group structure in [W x W,W],. It is easy to show that in fact, this map 
# is a multiplication that gives W the structure of an associative H-space. 


On the other hand, there exists a map 7: W —> W 


that represents in the 


group structure in [W, W], the inverse of the class of id: W —> W, that is, 
such that [j] = [id]-!. The map j determines H-inverses, and so W has the 


structure of an H-group. 


oO 


2.7.7 EXERCISE. Reexamine all the details of the proof of Theorem 2.7.6. 
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2.7.8 EXERCISE. Prove that if W is an H-abelian H-group, then [X, W], is 
an abelian group. 


2.7.9 Proposition. [fh : W —+ W' is an H-homomorphism of H-spaces, 
then for every space X, 
hy : [X,W], — [X,W'], 


ts a homomorphism. Oo 


2.8 Loop SPACES 


A fundamental example of an H-group is the loop space of a pointed topo- 
logical space, as defined in 1.3.9. 


2.8.1 DEFINITION. If Y is a pointed space with base point yg, then its loop 
space QY has the structure of an H-group, as follows. Let 


Bw QY x QY — OY 
be such that for loops a, 8 € QY, 


a(2t) if0<t 


x 
9 
ABQt—-1l) if$<t<1 


< 
< 


He, B)(t) = { 


2.8.2 EXERCISE. Verify that yu is continuous. 
2.8.3 Lemma. pu ts an H-muiltiplication. 


Proof: Ife: QY —+ QY is the constant map whose value is the constant loop 
ag : I —+ Y,ao(t) = yo, we see that this is an H-unit, that is u(8,a0) ~ 8 
and pu(ao, 8) ~ B, for every loop f. 


The first homotopy is given by 
P:QY xI—QY, 


where 

2 . 1. 
BL) ifo<1< 4s, 
Yo ifs <t<1. 


F(B, s)(t) = { 


The second homotopy is analogous; it is an exercise to write it. oO 
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2.8.4 Lemma. yp ts H-associative. 


Proof: The homotopy 
G:QY x OY x QY x I QY 


between yoo (yx id) and po (id x 44) is as follows: 


als ifO<¢i< 4, 
Gla, 8,7, 8)(t) = 9 B(4t-—1—s) if 4S <t< 2B, 
(432 if 42 <t<1. ‘ 


2.8.5 Lemma. Let j : QY —+ QY be such that j(a)(t) = a(1—t). Then j 
determines H -inverses. 


Proof: The homotopy 
A:OY xi—-3aY, 


where 
a(2(1 — s)t) if 0 


Hlaaye)= en —s(—2) itt 


begins with (a, 7(a)) and ends with ap. The second homotopy is given in 
an analogous manner. It is an erercise to write it. oO 


As a consequence of the three previous lemmas we have the following 
result. 


2.8.6 Theorem. For every pointed space Y, QY is an H-group, and so for 
every space X, [X,QY], is a group. If f : X —+ X' is continuous, then 


ft: [XQY], — [X,QY], 
is a homomorphism. Finally, if g: Y —+ Y' is a pointed map (g(yo) = yd), 
then Qg : QY —+ QY' defined as the restriction of gz (ef. (1.3.3)), is an 
H-homomorphism. Therefore, 


(Qg9), : [X, QW], — [X, QW], 


is a group homomorphism. oO 
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2.9 H-COSPACES 


There is a “dual” exposition to that which we have just done in the two 
previous sections. The idea is to define spaces Q in such a way that [Q,Y], 
is a group for arbitrary Y and such that whenever g: Y —> Y’ is continuous, 
then g, : [Q,Y], —> [Q,Y], is a homomorphism. 

In the same way as the topological product x is needed to define the 
notion of H-space, we now need the concept dual to the topological product, 
but in the pointed case. 


2.9.1 DEFINITION. Let X and Y be pointed spaces. Their topological prod- 
uct X x Y is also pointed with base point (29, yo) if 9 € X and yo € Y are 
the base points of X and Y, respectively. Notice that the reduced coproduct 
or the wedge sum of X and Y can be considered as a subspace of X x Y, 


XVY={(z,y) eX XY | x= 29 or y= yo}; 
that is, X VY = X x {yo} U {xo} x Y CX x Y. (See Figure 2.9.) 


) 


‘0 


x Y 


Figure 2.9 


In a dual manner to the product, the wedge has the following property: 
For given pointed maps f: X —>+ Z, g:Y —~+ Z, there then is defined a 
pointed map 

(fg): XVY 3Z 
given by 
f(z) ify=, 
gy) ife=29. 


(f,g)(@¥) = { 


On the other hand, if now f : X —+ X', g: Y —+ Y" are pointed 
maps, these define a pointed map 


fVg: XVY SX VY 


given by 
(FV g)(x,u) = (F(a), 9()). 
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2.9.2 NOTE. Given a finite number of pointed spaces X,,...,X,, their 
wedge X; V--- VX, can be seen as the subspace {(21,...,2%) € X1 Xx 
+++ x Xj, | x; is the base point for all but at most one value of i}. However, 
observe that for an infinite number of pointed spaces this is not the case. 


2.9.3 DEFINITION. A topological space Q is an H-cospace if it is a pointed 
space equipped with a continuous map 


v:Q—+QVQ, 


called H-comultiplication, such that if e : Q —+ Q is the constant map whose 
value is the base point, e(@Q) = qo, then it is a counit up to homotopy, or an 
H-counit, that is, the composites 


{id,e) 


Q>QVQ Q2, Q—-QVQ 
are homotopic to the identity of Q. 


We say that @ is homotopy coassociative, or H-coassociative, if the com- 
posites (v Vid) ov, (id Vv)ov: Q@—+QVQVQ are homotopic, that is, if 
the following diagram commutes up to homotopy: 


Q—+=2VQ 
-| |pvia 
QVQ—zPeVAV 


A map j : Q@ —>+ Q determines coinverses up to homotopy, or H- 
coinverses, if the composites 


{3,id) 


Q4aQVQ 2, eabeve,a 


are each homotopic to e: Q —> Q. 


2.9.4 DEFINITION. An H-coassociative H-cospace equipped with a map that 
determines H-coinverses is called an H-cogroup. An H-cospace, or an H- 
cogroup, is homotopy coabelian, or H-coabelian, if the maps v,S ov : Q —> 
QV @ are homotopic, where S : QV Q —> QV @ is the restriction of 
T:QxXQ—+QxQ (T(x,y)=(y,2)). 


2.9.5 DEFINITION. If Q and Q' are H-cospaces and k : Q’ —> Q is contin- 
uous, we say that k is an H-cohomomorphism if the composites 


G@+eteve, gseva—“ava 
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are homotopic; that is, if the diagram 


g@+ava 


‘| |v 


Q—=- @VQ 


commutes up to homotopy. 


An H-cogroup satisfies, up to homotopy, the axioms of a “cogroup,” 
that is, the dual of the axioms of a group. These are obtained from the 
group axioms by reversing arrows and substituting Cartesian products x with 
coproducts V. If Y is an arbitrary pointed space, the assignment Q ++ [Q,Y]. 
reverses arrows in such a way that the relations that a cogroup @ satisfies up 
to homotopy are now satisfied by [Q,Y],, except with the arrows reversed. 
More precisely, we have a function 


7B: (Q,Y]. x [Q,Y]. — [Q,Y]., 


given by 
ACF, (gl) = [(F.9) 0415 
that is, the pair ([f],[g]} is sent to the homotopy class of the composite 


Qarevea ay. 


It is an erercise to verify that 7 is well defined, that is, that it does not 
depend on the choice of the representatives f,g in the classes [f] and [g]. 


2.9.6 DEFINITION. Let @ be a pointed space. We say that [Q,Y], has a 
natural group structure in Y if 


(a) for every pointed space Y, [Q,Y], has a group structure such that the 
class [e] of the constant map e : Q —> Y is the unit of the group, and 
if 


(b) for every pointed map f : Y —+ X, the induced function 
fe: [Q,¥]s — [Q,X], 


is a homomorphism of groups. 


We have the following general result, dual to 2.7.6. 
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2.9.7 Theorem. Let Q be a pointed space. Then [Q,Y], has a natural group 
structure in Y if and only if Q is an H-cogroup. 


Proof: If Q is an H-cogroup, then as we have already indicated earlier, [Q, Y],. 
acquires a multiplication v : [Q,Y], x [Q,Y], —> [Q,Y],, and it is easy to 
prove that with it we obtain a natural group structure in Y. Conversely, 
let us suppose that [Q,Y], has a natural group structure in Y. Let i, % : 
Q —> QV Q be the inclusions into the first and the second cofactors. Let 
v:Q— QVQ bea map that represents the product [é;][t2] in the group 
structure in [Q,Q V Q],. It is easy to prove that in fact, this map v is a 
comultiplication that gives Q the structure of an H-coassociative H-cospace. 
On the other hand, there exists a map 7 : Q —+ @ that represents in the 
group structure in [Q,Q], the inverse of the class of id : Q —> Q, that is, 
such that [j] = [id]-!. The map 7 determines H-coinverses, so that Q has 
the structure of an H-cogroup. oO 


2.9.8 EXERCISE. Reexamine all of the details of the proof of Theorem 2.9.7. 


2.9.9 EXERCISE. Prove that if Q@ is an H-coabelian H-cogroup, then [Q, Y], 
is an abelian group. 


2.9.10 Proposition. Jf k : Q' —+ Q is an H-cohomomorphism of H-co- 
groups, then for every space Y, 


kK: [Q,Y]. — [Q,Y]. 


ts a homomorphism of groups. ia] 


2.10 SUSPENSIONS 


The typical example of an H-cogroup is provided by the reduced suspension 
of a pointed space. This construction is, in a certain sense, the dual to the 
construction of the loop space that we have studied earlier. 


2.10.1 DEFINITION. If X is a pointed space, we define its reduced suspension 
YX as the quotient 


DEX =X x 1/X x {O}UX x {1} U {ao} x I, 


which again is a pointed space whose base point is the image of X x {O}UX x 
{1} U {xo} x J, after it has been collapsed to a point in the above quotient. 


54 2 CONNECTEDNESS AND ALGEBRAIC INVARIANTS 


We denote by z At the class of (x,t) € X x I. Thus the base point is 
Eo = toAt=axA0. If f: X —+Y isa pointed map, then f x id; induces a 
pointed map 


Lf: Ux —> XY, 
which satisfies Uf(x At) = f(x) At. 
2.10.2 DEFINITION. We define a comultiplication 
vy: DX — UX VOX 


by 


_ f(@A2t,zo) if 0 
Hen= ere ay if 


i 
2 
which has the effect of pinching the “equator” of DX (see Figure 2.10). 


ae DX V UX 


Figure 2.10 


2.10.3 EXERCISE. Verify that v gives YX the structure of an H-cogroup. 
In particular, let 7 : EX —+ SX be given by 7(xAt) = xA(1—t); then prove 
that 7 determines H-coinverses. (Hint: There is a way to use the homotopies 
of 2.8.1 in order to obtain the homotopies needed here.) 


We have therefore the following result. 


2.10.4 Theorem. For every pointed space X, SX is an H-cogroup, and 
consequently, for every space Y, [EX,Y], ts a group. Ifg : Y' — Y is 
continuous, then 

os: (2X, Y], — [EX,Y], 
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is a homomorphism of groups. Finally, if f : X —+ X' is a pointed map, 
then Df : DX —+ DX’ is an H-cohomomorphism, and so 


(Sf) : [DX Y], — [EX,Y]. 


is a homomorphism of groups. Oo 
This theorem is not surprising if we observe the following proposition. 


2.10.5 Proposition. There is a homeomorphism 
M(EX,Y) = M,(X,QY) 
such that the induced bijection 
(EX, Y], = [X, QY], 


is an isomorphism of groups. 


Proof: Tog: EX —+Y we assign g: X —+ OY by defining @{2z)(t) = g(xA 
t). Dually, to f : X —> QY we assign f : UX —+ Y by f(x At) = f(z)(2). 
These correspondences induce the desired homeomorphism and its inverse, 
as we show easily. This homeomorphism establishes a bijection of the path 
components, that is, the bijection that we seek. It is an easy exercise to 
prove that this bijection is an isomorphism of groups. oO 


2.10.6 EXERCISE. Show that the bijection [PX,Y], = [X,QY], is natural 
in X and in Y; namely, show that if f : X' —+ X and g: Y —+ Y’ are 
pointed maps, then the diagrams 


[DX, Y], —=[X, OY], 


en] |r 


[EX", ¥], —> |X’, OY], 


and 
[EX, Y], —> [X,Y], 


«| |t00. 


[5X, ¥"], —>[X, OY], 


commute, where the horizontal arrows represent the corresponding isomor- 
phisms. 


56 2 CONNECTEDNESS AND ALGEBRAIC INVARIANTS 


2.10.7 REMARK. Let 7 : YX —> YX be as in 2.10.3. The function 7* : 
[EX, Z|, —> [/X, Z], is in general not a homomorphism; it sends an ele- 
ment to its inverse. If [EX, Z], is abelian (written additively), then it is the 
isomorphism given by multiplication by —1, i.e., by changing sign. 


2.10.8 EXERCISE. If n > 0, prove that the n-sphere S” is the suspension of 
the (n — 1)-sphere, that is, S* ~ DS"-!. 


Using the previous exercise, we can define the following. 


2.10.9 DEFINITION. The set of pointed homotopy classes 
Tr(X) = [S”, X]x 

is a group, called the nth homotopy group of X. 

By proposition 2.10.5, for n > 1 we have 

Tn(X) & Hp1(OX). 

If we consider the bijection [D?X,Y], = [[X,QY],, we obtain two group 
structures in the set on the right, since ©X gives one group structure and 
QY gives another. But actually, these two structures coincide, and even more 


holds. Namely, we have the following general algebraic result, which relates 
two group multiplications in a set. 


2.10.10 Lemma. Let G be a set equipped with two multiplications *,@ such 
that 


(a) +,@ Rave a common bilateral unit, and 


(b) *,@ are mutually distributive. 


Then * and e coincide, as well as being both commutative and associative. 


Proof: Take w,x,y,z € G. Also let e € G be the unit. 
(a) means thate+x=x+e=r=cor= Lee. 
(b) means that (w* ax) «(y+ 2) = (wey) * (rez). 


Therefore, 


ary =(ree)*(eey) =(reele(exy)=rey, 
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and so + and ¢ coincide. Moreover, 
xey=(eor)*(yoe)=(exyle(zte)=yer=yre, 
and so the structure is commutative. Finally, 
ut (yz) = (wee) * (yor) = (wey) e(exz) = (ty) ¥2, 


and so the structure is associative. oO 


2.10.11 EXERCISE. Prove that if @ is an H-cogroup and W is an H-group, 
then the two multiplicative structures induced in [Q, W], satisfy the hypothe- 
ses of the previous lemma. 


Consequently, we have the following statements. 


2.10.12 Corollary. [f Q@ is an H-cogroup and W is an H-group, then the 
set [Q,W], has the structure of an abelian group. ia 


2.10.13 Corollary. For n > 2, the isomorphic groups 
[B" X,Y], & [X, Q°Y], 
are abelian. o 


And we have in particular the following consequence: 


2.10.14 Corollary. The homotopy groups of X, namely m,(X), are abelian 
ifn > 2. ia 
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CHAPTER 3 


HOMOTOPY GROUPS 


The last chapter ended with the definition of the homotopy groups of a 
pointed space. In this chapter, after a short section on some particularly in- 
teresting attaching spaces, we shall start with an analysis of the fundamental 
group of a pointed space, by proving the Seifert-van Kampen theorem; then 
we shall compute the fundamental groups of some spaces. Further on, the no- 
tion of homotopy group will be generalized to a definition for pairs of spaces, 
and we shall study these groups systematically. All of the spaces that we 
consider in this chapter, as well as all of the maps, are pointed. 


3.1 ATTACHING SPACES; CYLINDERS AND CONES 


A very useful construction in homotopy theory, as well as in other areas, 
is the attaching space of a continuous map. This construction allows us to 
obtain new spaces from given spaces. In this section we shall introduce the 
concept and examine the important particular cases of mapping cylinder and 
mapping cone. 


3.1.1 DEFINITION. Let X and Y be (pointed) topological spaces, A C X 
a closed subset (containing the base point), and f : A —> Y a continu 
ous (pointed) map. The attaching space Y U; X is defined as the following 
quotient 

YU;X =XUY/~, 


where the relation ~ is given as follows: a € A is identified with f(a) < Y. 


Clearly, the composite k: Y 4xuys Y Uy X is an inclusion (as a closed 
subspace), where g is the quotient map. (See Figure 3.1.) (In a natural way, 
in the pointed case, Y Uy X has a base point.) 
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YU; X 


Figure 3.1 


3.1.2 EXAMPLES. Let f : X —+ Y be continuous. Then X can be repre- 
sented as a subspace of the cylinder over X, X x I, identifying it with the 
bottom of the cylinder, X ~ X x {0}. We define the mapping cylinder of f 
as 

My =Y Uy (X x I). 


(See Figure 3.2.) 


a 
Xxt 
A, 
if is 
Figure 3.2 


In the same way, X is a subspace of the cone over X, CX, which is 
defined as the quotient of the cylinder, 


CX =X x I/{a} x TUX x {1}, 


where once more we identify X with the bottom of the cone, X ~ X x {0} C 
CX. 


We define the mapping cone or homotopy cofiber of f as 
Cy=Y Uys CX. 


(See Figure 3.3.) 
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CX 


xO ——- 


Figure 3.3 


3.1.3 EXERCISE. By 3.1.1, ¥—+CXUY —-> C; is an inclusion. Prove that 
Ce/Y we UX, 


3.1.4 DEFINITION. Let f : X —> Y be continuous. We say that f is 
nullhomotopic if f ~ c, in other words, if f is homotopic to the map c: 
X —+ Y, where c(X) = {yo} and where the nullhomotopy H : f ~ c is 
pointed, that is, it satisfies H(xo,t) = yo for all t € I. 


3.1.5 Lemma. f : X —> Y is nullhomotopic tf and only if it admits an 
extension F: CX —3 Y. 


Proof: Let H : XxI —+ Y beanullhomotopy. Then H({xo}x JUX x {1}) = 
{yo}, and so it determines a map 


F:CX —-Y 


given by F(x,0) = H(x,0) = f(x). Therefore, F extends f. 
Conversely, if fF: CX —> Y extends f, then the composite 


H:XxI—cx sy 


is a nullhomotopy of f. Oo 


We have the following lemma, which shows that the inclusion X 4 CX 
has a homotopy extension property. 


3.1.6 Lemma. Let F : CX —>+ Y be continuous and let H : X x I —>+Y be 
a homotopy that starts with f = F|X. Then we can extend H to a homotopy 
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G:CX x I—Y that starts with F. That is, in the commutative diagram 


CE SF 


there exists G: CX x I —+ Y that makes both triangles commute. 


Proof: Let us define 


F@,l—-@—-00 +) if(1—)0+t) <1, 


eet) = es —(4¢e)-1) if —H) +t) >1, 


where (x,t) denotes the image of (x,t) ¢ X x J in CX. Then G extends H. 
So the diagram commutes as desired. oO 


Because of this, we say that the pair (CX, X) has the homotopy extension 
property, HEP, which will be studied systematically in the next chapter (see 
4.7.1): 


Before concluding this section we shall study some homotopy properties 
related to the constructions of the mapping cone and the mapping cylinder. 
These will be useful for us in subsequent chapters. The next one generalizes 
3.1.5. 


3.1.7 Proposition. Let us consider the maps X af, Y + Z. Then gof is 
nullhomotoptc if and only if there exists G: Cy; —+ Z such that the diagram 


x f 


commutes, that is, if and only tf g has an extension G to the mapping cone 


of f. 


Proof: By 3.1.5, go f : X —> Z is nullhomotopic if and only if go f has an 
extension H : CX —+ Z. Clearly, (H,g) : CX UY —> Z determines the 
map G that we seek. 


Conversely, if there exists G : Cy —+ Z, then the composite CX @ 
YU; CX = Cy — 32 is an extension of go f, so that by 3.1.5, go f is 
nullhomotopic. oO 
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3.1.8 Proposition. Let g: Y —+ Z be continuous and Z be path connected. 
Suppose, furthermore, that T1(Z) = 0. Then, given f : SP"! —> Y, g 
admits an extension G: Y Uy D” —> Z. 


Proof: Since m,-1(Z) = 0, the composite go f : S°-! —+ Z is nullhomotopic. 
By 3.1.7, g admits an extension G : Cy —> Z, but clearly, Cy ~ Y Uy D”. O 


3.2 THE SEIFERT—-VAN KAMPEN THEOREM 


After having given some constructions of new spaces out of old, in this section 
we come back to the fundamental group. A very useful tool is a formula that 
in some cases allows us to compute the fundamental group of certain spaces 
in terms of the fundamental groups of parts of them. Before going to the 
general formula, as an example of it, let us first analyze a special case. 


3.2.1 Proposition. Let X = X;U X2 with X,, X_ open subsets. If X, and 
X_ are simply connected and X,™ X2 is path connected, then X is simply 
connected. 


Proof: Let X : I —+ X be a loop based at zg € X,M X_. We have that 
{A7!(X1), A71(X2)} is an open cover of J. There exists a number 6 > 0, 
called the Lebesgue number of this cover, such that if 0 <t—s < 6, then 
[s,t] C A71(X1) or [s, 4] C AT1( XQ). Hence, one has a partition 0 = to < t) < 
+++ <¢, = 1 of the interval J such that 


A([to,t1]) C X1,  AC[é1, t2]) C Xe, ... , A([te-1, ta]) C Xe. 


Since A(t;) € XM Xo, there exist paths w; : rp ~ Ati) in X1M Xo, 
@=1,2,...,k—1, let moreover wo as well as w, denote the constant path at 
Xo = A(to) = A(O) = A(1) = A(tx). The loops 


w;1(3t) if 0 
pi(t) = ¢A(3t—1) if 4 
w(3—3t) if2< 


where A,(t) = A((1 — t)t;_; + tt;) is the portion of A in the interval [¢;_1,¢,], 
a= 1,2,...,k, lie in X, or in Xp, and therefore they are contractible in X; 
or in X» and hence in X; that is, uw; ~ 0 in X. Since A & pi ji - ++ oz, We have 
that A is contractible, that is, \ ~ 0. Figure 3.4 shows the proof graphically. 

o 
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Figure 3.4 


An important application is given in the next example. 


3.2.2 EXAMPLE. If n > 1, then the sphere S” is simply connected. For if 
N = (0,...,0,1) and S = (0,...,0,—1) are the poles of the sphere and 
X, = S*—S, Xp = S* —N, then the hypotheses of 3.2.1 hold, since X, 
and X2, being homeomorphic to R”, are contractible, and X; MX is path 
connected, since X, 1 X_ %S*-! x (-1,1) eS}. 


3.2.3 EXERCISE. Prove that if X is path connected, then its (reduced) sus- 
pension DX is simply connected. 


3.2.4 NOTE. The previous exercise is quite straightforward if instead of 1X, 
one takes the unreduced suspension, defined by SX = X x I/ ~, where 
(x,s) © (y,t) if and only if ¢ = y and s = t or s = t = Oor1, since in 
it one has a “north pole” and a “south pole” as in the case of the spheres. 
There is a canonical quotient map SX —> SX, which collapses the meridian 
{(ao,t) | t € I} in SX onto the base point. One may prove that if the space 
X is well pointed (see Chapter 5), then the quotient map is a homotopy 
equivalence. This fact is a consequence then of Lemma 3.3.2 below. 


The Seifert-van Kampen theorem is a generalization of 3.2.1, because it 
allows one to compute the fundamental group of a union of open subspaces 
if one knows the fundamental groups of each of them and the way that the 
fundamental group of the intersection relates to these. 
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We shall use the concept of a free product G;+G of two groups, which, in 
brief, consists of finite words 2129 ---Xo,, where x1 € Gi, 22 € Go, 73 E G1, 
a4 € Go, and so on, and no term 2; is the trivial element, with the possible 
exceptions of z, and x2, and the product of two such words is obtained by 
juxtaposition, then omitting trivial elements, and finally grouping together 
consecutive elements in the same group (see [48]). 


Before stating the Seifert-van Kampen theorem in its general form, let us 
prove a generalization of 3.2.1. Take a topological space X = X, U X»2 with 
X,{MX_ 4 O and xo € X1MXp. Then, by the functoriality of the fundamental 
group, the commutative diagram of inclusions of topological spaces 


XN. X,—> Xy 
a2 A 
ag 
induces a commutative diagram of group homomorphisms 


m(X1 1 Xp, 20) 22> 11(X1, 20) 


an |p. 


(Xp, £0) ——> ™1(X, 20) - 


3.2.5 Lemma. /f X; and X2 are open sets in X and are such that they as 
well as X,™ X2 are 0-connected, then 11(X,x0) is generated by the images 
of m(X1,20) and m\(X2,2x0) under jj, and jo, respectively. Therefore, the 
homomorphism 


gy: m(X1,20) * m1(X2, 20) —> m1(X, 20) 
induced by ji, and jo, is an epimorphism. 
The proof of this result is essentially the same as the one given for 3.2.1. 


We leave it as an exercise to the reader. ia 


According to the previous lemma, if we want to compute 7(X) in terms 
of 7(X1), m(X2), and 7(X;M Xa), the only thing left to do is to compute 
the subgroup N = ker(y). Using similar techniques (though more compli- 
cated), one can show that N is the normal subgroup of m(X1,20)*71(X2, 20) 
generated by the set 


{i (a)ior(a)! | a € 11(X1 9 Xe, 20)} 


(see [60], [9], or [50]). We thus have the main theorem. 
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3.2.6 Theorem. (Seifert-van Kampen) Let X = X, U Xo, with X,, Xo 
open. If X,, Xo, and X,M Xo are nonempty and path connected, then, for 
to € X19Xo, 

m(X, x0) = 11(X1, Lo) * 11(Xo, L0)/N, 


where N is the normal subgroup generated by the set 
{i(a)iae(a) | a € 11(X1 1 X2,20)}. 
o 


We have some very nice applications of this theorem, which allow us 
to compute a number of fundamental groups for several spaces. The first 
computation is the following. 


3.2.7 Corollary. Under the assumptions of 3.2.6 one has the following. 
(a) If X2 is simply connected, then 
Jie 2 11(X1, 20) —> ™1(X, to) 
is an epimorphism and ker j\, is the normalizer of the subgroup 
i1s(1(X1 M Xo, 20)). 
(b) Ef XX is simply connected, then 
Jie: Jaw 2 1(X1, 20) * 11(X2, 20) —> 11(X, x0) 
as an isomorphism. 
(c) If X2 and X,™ XQ are simply connected, then 
Jie 2 71(X1, 20) —> ™1(X, x0) 


2s an isomorphism. Oo 


3.2.8 Proposition. The fundamental group of a wedge of k copies of the 
circle, St V+». V si, as freely generated by the elements 


, 1 
1... an € m(S; V--- VS_, 20), 


where xo ts the base point of the wedge obtained from all of the elements 
1¢€S!}, and the class a; is represented by the canonical loop \;: 1 —+ SEG 
StV..-VSf given by A,(t) = e"* € S}. Therefore, 


m(SLV---VS!) = Zee +B. 
k k 
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Proof: By induction on k. For a wedge of two circles, X = Si V Si, take 
X, = Si v(S} — {-1}) and X) = (S! — {-1}) vS!. Then X, Xj, and Xp 
satisfy the hypotheses of the Seifert-van Kampen theorem, and since X,MX9 
is homeomorphic to the open cross R x {0} U {0} x R, it is contractible. 
Thus using 3.2.7(b) and the fact that the inclusions S}  X; and SiG Xp 
induce isomorphisms in the fundamental groups, one has that 7(S},1) + 
m,(S4, 1) —+ 1,(S} V Si, 29) is an isomorphism. Moreover, since the classes 
a and a» come from the canonical generators of 7;(S}, 1) and m;(Si, 1), they 
are the generators of 7(S} V S},x9) as a free group. Therefore, the group 
m(S! V S!, a9) is isomorphic to Z + Z. 


i 


for a wedge of k — 1 copies of S! the result is true, then take 
X,=SpV---VSi1V (Si — {-1}), 


which has the same homotopy type via the inclusion of Si V--- V Si_,, and 
take 
Xp = (Sj —{-1) V--- V (Si. — {-ID VS;, 


which also via the inclusion has the same homotopy type of Si. Since X;M.X2 
is homeomorphic to a “star” with 2k rays, it is contractible, and, again by 


3.2.7(b), 
m(S} V--- VSt_ 4,20) * mi(St,1) — m(S} V--- VS{,20) 


is an isomorphism. And as was the case for k = 2, we have that a1,...,a% 
are its generators as a free group, as we wanted to prove. 


The Seifert-van Kampen theorem can be used to study the fundamental 
group of a space with a cell attached. 


3.2.9 Proposition. For Y path connected, let f :S°-! —+ Y be continuous, 
n> 3. Ifuo < Y, then the canonical inclusion i: Y + Y Uy; e” induces an 
isomorphism 

agit m(Y, Yo) ——9 m (Y Us €, yo) - 


Proof: Let X = Y U;ye” and let gq: D> LY —-+ X be the identification. The 
subspaces X; = g((D” — {0}) UY) and X2 = q(D”) are open. Notice that. 
the canonical inclusion Y — X, is a homotopy equivalence and that X2 is 
contractible. Moreover, the intersection X, X2 ~ Db” — {0}, which has the 
same homotopy type of the sphere S’~!, is simply connected, since n > 3. 
Therefore, by 3.2.7(c), if ao € X; MX, then the inclusion X; + X induces 
an isomorphism 7(X1,%0) —+ ™(X, 20). 
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Take now a path w: x © yo in X;. Then the homomorphism induced by 
the inclusion @, : m(Y,¥0) —> 71(X, yo) factors as indicated in the commu- 
tative diagram 


mY, Yo) —> m(X, 40) 


2 


mi(X1, 40) =) Ae 


vo 


mi(X1, 20) —> 71(X, 20) , 


where the unnamed isomorphisms are induced by inclusions and the y, are 
the isomorphisms of 2.5.18 in X, and in X, respectively. Therefore, 2, is an 
isomorphism, as desired. 3 


Let us now see what happens in the case of the attachment of a 2-cell. 


3.2.10 Proposition. Let f : S' —> Y be continuous. If Ay: LY is 
the loop given by A(t) = f(e?™) and w : yp ~ fl) is a path in Y, then 
the inclusion i: Y <> Y Uy e? induces an epimorphism i, : ™(Y,yo) —> 
m(Y Us e?, yo), and tts kernel is the normal subgroup Na, generated by the 
element ay = [wAs@] € 7(Y, 40). Therefore, 


m(¥ Uy e*, yo) = mi(¥, yo)/Na, « 


The group N., does not depend on the path w, since the loop py = wAsw 
that surrounds the cell is contractible in Y Uy e*, because it can be contracted 
over the cell, as shown in Figure 3.5. Before attaching the cell one has py ¢ 0, 
but after doing it, uy ~ 0. Therefore, 2,(ay) = [uy] = 1 in mi(Y Uy e?, yo). 
One says that the element ay € 1(Y, yo) is killed by attaching the 2-cell using 
the map f. 


Proof: Using the same notation as in the previous proof, we have that the 
canonical inclusion Y — X, is a homotopy equivalence and that Xp is con- 
tractible. Moreover, the intersection X; X2 ~ Db {0} has the same 
homotopy type of the circle S! and so is not simply connected. By 3.2.7(a) 
the inclusion X; — X induces an epimorphism on the fundamental group, 
and so 2, : 1(Y,%) —+ m(X, yo) is an epimorphism. 

On the other hand, if zo = q(0) = q(1), then the loop A}: I —+ X given 
by A(t) = q(ge?™*), which indeed lies inside X; M Xz, generates m1(X1 
X2,20) = Z. Also, the deformation retraction of X2 into Y deforms vy 
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Yu; 2 
Yo 


Figure 3.5 


in Ay. Letting 7 : X; — X denote the inclusion, we know from 3.2.7(a) 
that ker(j,) is generated as a normal subgroup by the element [)j,], and so 
ker(i, : m(Y, f(1)) —> m(X, f(1))) is generated by [A], and, as in the 
previous proof, ker(#, : 7(Y, yo) —>+ 7(X,yo)) is generated by ay. a 


Inductively, it is possible to prove the following result. 


3.2.11 Corollary. If the 2-cells e%,e3,...,e% are attached to Y using the 
maps fi, fo,..-;f,:S!' <> Y, then 


mY Uej Ves U--- Vez, ao) & mY, 40) /N yap, sapys on): 


3.2.12 EXAMPLES. 


(a) For any integer k > 1, let X, = S' Ue?, where the cell is attached 
using the map gy : S' —+ S! of degree k, g.(¢) = ¢*. If [a] € m(S!, 1) 
is the canonical generator, then 7(X;,,1) = m(S',1)/Nyan} where 
ay = [Ay] € m(S!,1). By 2.6.13, a, = af € m(S',1); that is, ay is 
the kth power of the canonical generator. Therefore, 


m1(Xx, 1) = Z/k, 
that is, this fundamental group is cyclic of order k. 


(b) The construction of (a) for k = 2 produces X, ~ RP*, that is, the 
projective plane. Therefore, 


m(RP*) © Z/2. 
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(c) 


There are several ways of grasping this fact. If, for instance, we realize 
RE’ by identifying antipodal points in the boundary of D’, then the 
map \; : I —+ D* given by Ai(t) = e™* determines a loop 2 in 
RP* (see Figure 3.6(a)). Since by 3.2.7(a), 7:(S!) —> m(RP*) is an 
epimorphism, the class [\] generates 7;(RP*); that is, this group is 
cyclic. Defining Ag(t) = e"+) and A = A, Ao, we have that \ surrounds 
D* once and therefore is contractible. Since A, Ap, and X all determine 
the same homotopy class in 7(RP*), [\]? = 1 € m,(RP*), that is, this 
group is cyclic of order 2. 


M Ny 


x 
) () 
Figure 3.6 


Another way of looking at this is the following. RP* is obtained by 
attaching a 2-cell to the Moebius band / along its boundary, which is 
homeomorphic to S'. Since M has the same homotopy type of S!, the 
equatorial loop 4. that surrounds the equator of M once (see 2.6.9(c)) 
generates 1;(M) as an infinite cyclic group. If f : S' + OMG Misa 
homeomorphism onto the boundary of M, the loop 4, in RE? = Muse? 
is such that it deforms inside M to the equator to become 2 (see Figure 
3.6(b)). Consequently, [.]? = 1 € 7(RP*), so we again see that this 
group is cyclic of order 2. 


Considering RE” as a quotient of S* by identifying antipodal points, we 
may repeat the construction above. A path \: J —> S* that uniformly 
travels along one-half of the equator of the sphere determines in RP” 
a loop pw, generating a(RP*) and whose square comes from A*. Since 
it travels along the whole equator of S*, the loop 2 can be deformed 
into a constant loop, and so []? = 1 in 7(RP*). 


The orientable surface of genus g, Sy, is obtained by attaching a 2- 
cell to the wedge of 2g circles Shy =SiLV Si, Vee Si, Vv Si, with 
the map fy : si Soqs such that as the argument travels around 
the circle counterclockwise, the values of the map first go around si 
counterclockwise, then Si also counterclockwise, then again si but 
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now clockwise, and then Si clockwise, and so on, and finishing by 
going around S}, clockwise. (See [50], [9], or [60].) Then the associated 
loop Ag = Az, : £ — S3q is the loop product Ng Nei Ag, Ab; Nag? Nag Abys 
where \,, and Ap, are the canonical loops in S!, = S! and Sh, =S!, and 
Xe, and Ms are their inverses, 2 = 1,...,g. By 3.2.8, m1(Sgq) is freely 
generated by the classes a; = [Az,], 8; = [Ao,]. 


By 3.2.10, 7i(S,) = mi(S3,)/Na,,- That is, 


™ (Sy) Zn. * Z/Nexprertprt waghyaz ips? » 
2g 
where a; is the generator of the (22 —1)th copy of Z and {; of the 2ith, 
2 = 1,...,g. In terms of generators and relations, this fact is usually 
written as 


(Sq) = (21, B1,-++ 59,8 | oraz" By +++ agByaz' 87"), 


and one says that this group has as generators the elements a1, /1,..., 
Qg,8, subject only to the relation 


-1g-1 -1g-1 
a Ba; By ---a,8a,° By = 1. 


(d) Analogously to (c) we can compute the fundamental group of a nonori- 

entable surface N, of genus g defined as the result of attaching a 2-cell 
A 1_ 1 . 

to a wedge of g circles Sj = S,, V--- V Si, but now with the map 
Fe3 si > S} such that as the argument travels around the circle 
counterclockwise, the values of the map first go around Si, counter- 
clockwise, then si also counterclockwise, and so on, and finishing by 
going around Si, counterclockwise. Therefore, we now have 


m (Ng) = Ze: +. * Z |Nod02 ; 


1 
9 
where a; is the generator of the ith copy Z. In terms of generators and 
relations, one has 


™ (Ng) = (Q1,...,Q%9 | af +++ 08); 


that is, this group has as generators the elements a1,..., a subject to 


the one relation af ---a2 = 1, 


Using examples (c) and (d) above, we can distinguish surfaces of different 
genus. 
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3.2.13 Corollary. No two of the surfaces 
So, 51,52,...,Ni,No,... 


have the same homotopy type, and in particular, they are not homeomorphic. 


Proof: If the fundamental groups of these surfaces are abelianized, we have 
m1(S_) = Zs, m(N,)*? & ZP- x (Z/2). 


Here Z° denotes 0. Since no two of these groups are isomorphic, we have 
that no two of these surfaces have the same homotopy type. This implies 
that no two of them are homeomorphic. Oo 


3.2.14 EXERCISE. Compute the fundamental groups of the following spaces: 
(a) S'vS?, S! x RP?, RP’ v RP’, RP* x RP*. 
(b) R®? —C, where C is the circle 27 + y? =1, 2 =0. 


(c) (S'xS!)Ue?, where the 2-cell is attached using the map f(¢) = (¢?,¢°). 


3.3 HOMOTOPY SEQUENCES [| 


n this section we shall introduce a sequence of spaces constructed out of 
mapping cones and maps between them. This sequence has the property 
that when we apply the functor [-,W],, namely, the functor of pointed 
homotopy classes of maps into a pointed space W, we get an exact sequence. 
We shall also introduce, dually, a sequence of spaces constructed out of the 
so-called homotopy fibers and maps between them. This sequence has the 
dual property that when we apply the functor [W, —],, namely, the functor of 
pointed homotopy classes of maps from a pointed space W, we get an exact 
sequence. 


Let f : X —+Y be continuous. Then using the mapping cone construc- 
ion we can define the following sequence: 


(3.3.1) KXLY 40, SO, BO, --, 


where 2; is the canonical inclusion of Y into Cy = Y Uy CX and, analogously, 
2, is the canonical inclusion of C;,_, into the mapping cone of 21, Cy,_, = 
Cryo Vay CC, _4- 

It is possible to identify, up to homotopy, the spaces C;, in terms of X 
and Y. To do this, let us consider the following lemma. 
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3.3.2 Lemma. Toke Y' C Y and suppose that there exists a homotopy H : 
Y x 1 —+Y such that 


(a) H(y,0)=4, 
(b) HY x DcY', 


(c) H(Y" x {1}) = {uo}- 


Then the identification gq: Y —> Y/Y' is a homotopy equivalence. 


Proof: Using (c), we can define s: Y/Y’ —+ Y given by 


s(q(y)) = Hy, 1). 


Then H is a homotopy between idy and so q. 


On the other hand, using (b), H determines a homotopy H : (Y/Y') x 
I — Y/Y" such that 


F(qy),t) = qH(y,t). 
So H begins with idyjy: and ends with go s. oO 


3.3.3 Corollary. Let f : X —+ Y be continuous, i: Y —+ Cy the canonical 
inclusion, and C; its mapping cone. Then CY C C; and the identification 


C; 3 C,/CY 


is a homotopy equivalence. Moreover, C;/CY ~ C;/Y. 


Proof: Using 3.3.2 it is enough to construct a homotopy 
HA: C;xI—S3C; 


that sends CY into itself and that begins with the identity and ends with 
the constant map. First let 


F:CY xI—+CY 


be the contraction F'((y,t),s) = (y,1— (1 — s)(1—)). It is easy to see that 
CO; = C;U; CY = (Y Us CX) U; CY is the quotient of CX U CY that 
identifies (7,0) €¢ CX with (f(x),0) ¢ CY. Letg: CX UCY —> ©; be 
that identification. So the canonical inclusion 7 : CY —> C; is clearly the 
restriction of g to CY. 
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Let G be given by 


i 


F.cy 


G:xx1?8$yxircocyx! Cy. 


Then G is a homotopy satisfying 


G(x, 0) = i(f(a),0) = a( f(x), 0) = a(2, 9); 


that is, G(a,0) = g(x,0) € C;, where g denotes the composite CX | 
CXUCY —> C;. SoG: X x I —+ C; is a homotopy that begins with g|.X. 
Using 3.1.6 we can extend G to a homotopy F’ : CX x I —> ©; such that 


F'((x,0),8) = G(x,s) = j( f(x), s). So we can define H : C; x I —+ C; by 


P(G1),s) if@,t) < CX, 
F((z,t),s) if (z,t) € CY, 


HGH.) = { 


which is well defined, since if x € X, then q identifies (x,0) with (f(z),0) in 
C;, and we have that 


F((@,9),s) = G(x, s) = (F(a), 8) = F(F(@), 0), 8). 


Finally, it is clear that C;/CY ~ C;/Y holds, as one can see in Figure 
3.7. oO 


Using the above and Exercise 3.1.3, we have in the sequence (3.3.1) the 
following homotopy equivalences: 


(3.3.4) Cy & Cy, (CY % Ce/Y He UX, 
and in a similar way, 
(3.3.5) Cin & Ci [C(Cy) © Ci, /Cp & XY. 


Actually, we have the following property. 


3.3.6 EXERCISE. Let q; : C;, —> DX and q@ : C;, —> LY be the homotopy 
equivalences (3.3.4) and (3.3.5), and let 7 be as in 2.10.3. Prove that the 
diagram 

Ci, 8+ Ci, 


voi = =| 


UX PP LY 


commutes up to homotopy. 
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ux 


Figure 3.7 


In this way, (3.3.1) is transformed into 


x4y 5c, 35x 74 sy oy 
3 YX > Dy... 


(3.3.7) 


This sequence is frequently known as the Barratt—Puppe sequence of the map 
f: XY. 
Let us now observe that the sequence 
x—t,y—i+¢, 


is h-coevact, that is, we have the following assertion. 


3.3.8 Proposition. Let W be an arbitrary pointed space. Then the sequence 


[C;, W]. “+ [YW]. “5 [X,W]. 
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as exact; that is, 
im(#*) = ker(f*) = {[¢] < [Y¥, W]« | fle] = lve fl = [edl}, 


where eg : X —> W is the constant map. 


Proof: First. observe that io f : X —> Cy is nullhomotopic. This is so, since 
we have the homotopy 


A(a,t) = (z,1-—t) eY Uy CX, 


which for t = 0 is constant and for ¢ = 1 gives the point (x,0), which 
is identified with f(x) in Cy. Thus f*2*([%]) = [b oto f] = [eo] for all 
[d] € [Cy, W]., and so im(#*) C ker( f*). 
If we now suppose that f*{y] = [yo f] = 0 = [eg], then yo f is nullho- 
motopic. Let 
A:XxI—+W 


be a nullhomotopy of yo f : X —+ W. Then H(2o,t) = H(a,1) = wp, and 
therefore H({xo} x IU X x {1}) = {wo}. So H defines a map 


W:CX Ww 


such that #'(2,t) = H(2,t). Since u'(z,0) = H(z,0) = yf (x), we then can 
define 

b:Cp=VU;CX 3 W 
such that (x,t) = p(x, t) and Y(y) = yy). Consequently, [] € (Cy, W],. 
satisfies 2*([q]) = [wb o @] = [yy], and so ker( f*) C im(#*). o 


3.3.9 Corollary. The sequence 


x—t+y—+c; + yx hoy 
is h-coeract, where j : Cp —> UX = C;/Y is the quotient map; that is, the 
sequence of sets (and groups) 


(sy, Ww], © pox, wy, [c, Wa 2 YW XW 


zs exact. 


Proof: From the sequence (3.3.1) we have that the portions Y —> Cy —> C;, 
and C; —> C;, —> Cj, are as in 3.3.8; therefore, h-coexact. By Exercise 
3.3.6, and interchanging C;, by UX and C;, by NY, we obtain the desired 
h-coexact sequence, since the effect of 7 does not change kernels and images 
(only signs). Oo 
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Therefore, we have the following consequence. 


3.3.10 Corollary. Given a pointed map f : X —+> Y, we have an exact 
sequence 


ke ke (pf) k 
++ — + [EFC WI, [=*Y, W]. [DhX,W], 


(3.3.11) [D'10,,W], — --- 3 [EX,W], — [Cy, We 
— [Y,W], — [X,W], 


for every pointed space W. 


Proof: Since [DZ, W], = [Z, QW], in a natural way (see 2.10.5 and 2.10.6), 
we may reduce each 5-term portion of the sequence to the first 5 and then 
apply Corollary 3.3.9 above. oO 


3.3.12 EXERCISE. Show by induction that there is a homeomorphism 
yr: Cyn yp Lk; 


such that y* o7#* = Di, where *: DY —> Cynp and 2: Y —> Cy are the 
canonical inclusions. Therefore, the exact sequence (3.3.11) is equivalent to 
the following exact sequence for the Barrat-Puppe sequence. 


le p+ 
+ + [Cnn Wh — [D'Y, W], 2 [DEX WL, 
(3.3.13) Cxp1y, W]e —> --- 9 [EX,W], — [CW] 
— [Y,W]. — [X,W]., 


for every pointed space W. 


Everything done above has a dual version. We shall sketch the results, 
and the reader should figure out all the proofs. 


First of all, there are dual versions of the mapping cylinder and the map- 
ping cone. Accepting the space M(I,Y) of free paths of Y as the dual of the 
cylinder, if f : X —+ Y is continuous, then we have the following definition. 


3.3.14 DEFINITION. Define the mapping path space of f as 
By = {(2,a) € Xx MULY) | a(1) = f(@)}- 


There is also a dual concept of the mapping cone, namely, we define the 
homotopy fiber of a pointed map f as 


Py = {(x,a) € X x M(I,Y) | a(0) = yo, a(1) = f(a)}. 
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3.3.15 EXERCISE. Take zp € A C X, and let i: A X be the inclusion 
map. Prove that the mapping path space of 7, E;, is homeomorphic to 


{a € MUX) |a(l) € A}, 
and that the homotopy fiber of 2, P;, is homeomorphic to 
{a € M(I, X) | a(0) = ap and a(1) € A}. 


There are canonical maps for the mapping path space and for the ho- 
motopy fiber. One is p : Ey —+ Y, such that p(x,a) = a(0), whose fiber 
p-(yo) = Py; another map is g: P; —+ X, such that ¢(x,a) = x, whose 
fiber g~!(x0) * QY. This assertion is dual to the statement of Exercise 3.1.3. 


Dual to the cone is the path space PY = {a € M(I,Y) | a(0) = yo}, 
which has a canonical projection p : PY —+ Y given by p(a) = a(1). Then 
there is the following dual to Lemma 3.1.5. 


3.3.16 Lemma. f : X —+ Y is nullhomotopic of and only tf tt admits a 
lifting F : X —> PY, that is, such that po F = f. fl 


Dual to 3.1.6, the projection p: PY —+ Y has a homotopy lifting prop- 
erty. 


3.3.17 Lemma. Let F : X —> PY be a continuous map and let H : X x 
I —+ Y be a homotopy that staris with po F. Then we can lift H to a 
homotopy G: X x I —+ PY that starts with F. That is, in the commutative 


diagram 
[7 | 
jo Ee P 
XxI—y>Y 


there exists G: X x I —> PY that makes both triangles commute. 


A nice erercise stressing the duality of the concept of the homotopy fiber 
of a map with that of mapping cone is the proof of the following fact, which 
is dual to Proposition 3.1.7. 


3.3.18 Proposition. Let us consider the maps W > X ace Y. Then 
fog ts nullhomotopic if and only tf there exists G: W —+ Py such that the 
diagram 


Py fiw y f Y 
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commutes; that is, if and only if g has a lifting G to the homotopy fiber of f. 
o 


Let f : X —+ Y be continuous; using the homotopy fiber construction, 
we may define the sequence 


(3.3.19) 161 => Py By Py > Py 2 XY, 


a 


where q; is the canonical projection of Py onto X, and, analogously, q is the 
canonical projection of the homotopy fiber of qx_1, P,,_,, onto P,,_,. 
As before, we may identify, up to homotopy, the spaces P,,. 


Dual to 3.3.3, we have the following. 


3.3.20 Proposition. Let f : X —+ Y be continuous, q : P; —+> Y the 
canonical projection, and P, its homotopy fiber. Then the inclusion QY > P, 
is a homotopy equivalence. oO 


Dual to Exercise 3.3.6 one may solve the following. 


3.3.21 EXERGISE. Let 7; : QY G P,, and jo: QX — P,, be the homotopy 
equivalences (3.3.20), and let ¢ : QY —> QY be dual to the map 7 : UX —> 
YX in 2.10.3. Prove that the diagram 


commutes up to homotopy. 


We may transform (3.3.19) into 


os 9 PX 3 YY — 


3.3.22 
eee?) Poy 3 2X Shay Pp a xy. 


This sequence is the dual Barratt-Puppe sequence of the map f: X —> Y. 
Dual to the previous case, the sequence 


P,—1++x—+ +y 


is h-exact, that is, we have the following assertion. 
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3.3.23 Proposition. Let W be an arbitrary pointed space. Then the se- 
quence 
[W, Ps]. —2> [W, X],, —2> [WY], 


2s exact; that ts, 


im(q) = ker(f.) = {[¢] < [W,X] | Ale] =[f ov] = [eo]} , 


where eg : W —> Y is the constant map. Oo 
As a corollary, we obtain the dual of 3.3.9. 


3.3.24 Corollary. The sequence 


6 : 
ox “Loy +p, +x —+-y 

is h-exact, where p: QY — P, —+ P, ts the canonical embedding; that is, 

the sequence of sets (and groups) 


(OF). 


[W, OX]. [W, OY], > [W, P)], “> [W, X], > [WY] 


2s exact. oO 
Hence, we have the following consequence. 
3.3.25 Corollary. Given a pointed map f : X —+ Y, we have an exact 


sequence 
fe 


[W,08P;], — [W,08X], 2", wary], 
(3.3.26) [W,0'P], 3 --- 3 [WY], — [WB 
— [W, X], — [WY]. 


for every pointed space W. ia 


There is also a dual version of Exercise 3.3.12. 


3.4. HoMmMoTopy GROUPS 


In what follows we shall study the relations between the homotopy groups 
of a pair of spaces and those of the individual spaces of the pair. 


Let X be a pointed space with base point zg € X. If J is the interval 
[0, 1], then OJ = {0,1} C J is its boundary, and 0 € OJ C I will be considered 
as the base point of both spaces. For n > 1,7,(X) is the group [D"(0J), X]., 
since we have OJ ~ S° and ©"(01) ~ S” according to 2.10.8. For n = 0 the 
sets [OJ,X], and o(X) coincide. 
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3.4.1 DEFINITION. Let (X, A) be a pair of pointed spaces with base point 
tj <€ AC X. Forn > 1 we define 


M(X, A) = [H°-1(1, 81); X, Al, 


where D*(7, 02) = (*7,D*(AI)) ~ (D*1,S*), where D*+! Cc R*+! is the 
unit disk and where [—;—], represents the set of pointed homotopy classes 
of pairs. 


3.4.2 Proposition. The construction 7, has the following properties. 


(a) ™,(X,A) is a group ifn > 2 and is abelian if n > 3. 


(b) A map f : (D",S"-!,*) —+ (X,A,20) represents the neutral element 
of T(X, A) if and only if f is homotopic as a map of pointed pairs to 
a map g such that g(D”) C A. 


The group 7,(X,A), n > 2, is called the n-homotopy group of the pair 
(X, A). 


Proof: (a) This is shown essentially in the same way as 2.10.4 and 2.10.13, 
since the structure is given by the H-comultiplication in D” = E°-'7,n > 2. 


(b) Suppose that f ~ g and that g(D”) C A and let H be a homotopy of 
pointed pairs between f and g. We define 


G:(D" x 1,8*"! x 1, {*} x TD) — (X, A, 20) 


by 


_ He,%) if0< 
G(z,t) = ee —2t)e + (2t—1)*) if ; < 


Therefore, G is a nullhomotopy of f. 
If we suppose, conversely, that we have a nullhomotopy 
G:(D" x 1,8*"! x I, {*} x I) — (X, A, 20) 
of f, we define H : D® x J —+ X by 


G (#5, t) if 0 < |x| < +4, 


H(x,t) = 
(2,1) ie (p-2-2lell) if1—£< |x| <1. 


Thus g given by g(z) = H(2,1) satisfies g(D”) c A. ia 
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3.4.3 REMARK. Let J” = I” x {0} UOI" x Ic OF"*!. Then it is an easy 
exercise (see 3.4.9) to verify that there is a bijection 


(ret! art! J"; X, A, xo] & [FP / I", O11 / I”, «; X, A, 20] « 


Since [+1 /J” ~ D” and 01+! / J” ~ S-!, one can also consider (as some 
authors do) 

Tr(X, A) = [F*', AI" I" X, Aad], 
in which case the group operation is given by taking [F] - [G] = [H], where 
H:I*!=1" x I—+X is given by 


F(81,...,28%,...,8n,t) if0<s;< 


a 
G(s1,...,28; —1,...,82,t) if4< si <1; 


H(t) ={ 


fori =1,...,”. 


If, in particular, we consider the pair (X,zp), then the map of pairs 
p: =", 1) — (X, {2o}) 
maps 5"-!(81) ~ S*-! to xo. In this way, y determines a pointed map 
Lr tr/uP-(al) 3 xX. 
Now we have as well 
yr 7 /D?-1(A]) ~ D®/S*1 x S", 


from which we obtain a bijection between [D°-'(7, 01); X,{xo}], and [S”,X]. 
This proves that 

TAX, {xo}) = ta(X) 
ifn > 1, and so we will identify these two sets. 


So the inclusion j : (X, {ao}) —+ (X, A) induces 
(3.4.4) det M(X) — t(X, A), 


which is a homomorphism if n > 2. Since D”(@J) is path connected if n > 1, 
if X' is the path component of X that contains xp, then X’ C X induces 
isomorphisms 

Tr(X') — Tn(X) 


ifm >. 
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By restricting to the second term of the pair we obtain the homomorphism 
0 in the following diagram: 


(3.4.5) | le 
[p"(, 8D: X, Al, [p"-1(), Aly. 


The homomorphism 0 of (3.4.5) is called the connecting homomorphism of 
the homotopy groups of the pair (X,A). Combining (3.4.4) and (3.4.5) we 
obtain a sequence 


tn(A) —> ta(X) > ta(X, A) > tna A) 


(3.4.6) m(X,A) mo(A) mo(X), 


which is called the homotopy sequence of the pair (X, A). 
In the following section we shall prove that (3.4.6) is exact. For this 


purpose we need a generalization of 3.3.8 for pairs of spaces. 


3.4.7 Proposition. Let f : (X, A) —> (Y,B) be a pointed map of (pointed) 
pairs and let f': X —+Y and f" : A —> B be its restrictions. Then the 
sequence 

(X, 4) +> (YB) += c 


is h-coeract, where Cp = (Cy, Cpu). This means that for any pair of pointed 
spaces (Z,C), the sequence 
(Cy, Cys Z, Cle 3 [VY B; Z, Cl. & [X, 4: Z, Ce 
ts exact. 
Proof: Just as in 3.3.8, io f : (X,A) —> (Cy, Cpv) is nullhomotopic as a 


map of pairs. So im(i*) C ker(f*). If now y: (Y,B) —> (Z,C) is such that 
yo f is nullhomotopic as a map of pairs, then any nullhomotopy 


Hi(XxI,AxI)—(Z,C) 
defines a map of pairs 
ns (CX,CA) — (Z,C), 


which (as in the proof of 3.3.8) extends to y: (Y, B) —> (Z,C). Here we are 
considering the domain as a subpair of (Cy, Cy). Having shown all this, 7 
and y define 

Bs (Cyr, Cyn) —+ (ZC) 


such that wo2i= yy. Therefore, ker{f*) C im(2*). o 
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3.4.8 REMARK. There is an approach to the homotopy groups using homo- 
topy fibers instead of mapping cones, namely, using 2.10.5, and since S” = 
D"S° for a pointed space X, we have that ,(X) = [S", X], = [S°,Q°7X],, 
and analogously for pairs, namely (X,A) = [I,01;Q°-1(X, A)],, where 
ar-(X, A) = (Q°-1X, Q-1 A). It is an exercise to reconstruct the homo- 
topy sequence of a pair (3.4.6). 


3.4.9 EXERCISE. Let J?-! = (O27! x I)U (Et! x {O}) and let m9 Ee AC X 
(cf. 3.4.3). Prove that 
mg X, A) = [1?, 017, J7'; X, A, x0] 


and that 
mq-1(A) = [I7, J7'; A, aa] , 
so that 0: 1,(X,A) —> m,_;(A) is given by O([a]) = [a|AZ4). 
3.4.10 EXERCISE. Take 9 € AC X and let P(X; 2x9, A) be the homotopy 
fiber of the inclusion A+ X (see 3.3.15). Prove that 
(XA) © tq a(P(X3 20, 4)). 


(Hint: Let a : (17,017, J¢-!) —+ (X,A,20) correspond with @ : 17 —> 
P(X; x0, A) by @(s)(t) = a(s,t), (s,t) ¢ 12-1 x P= 17.) 


3.5 HOMOTOPY SEQUENCES II 


In the same way as we obtained the sequence (3.3.7) we can obtain the 
sequence 


(X, A) 25 (Y, B) (Cp, Cyn) (2X, DA) =4 (DY, DB) SG 
— (Cop, Copn) — (S2X, 2A) 


Combining 3.4.7 with this sequence we obtain the following: 


3.5.1 Corollary. Given f : (X,A) —> (Y,B) a map of pointed pairs, we 
have an exact sequence 
vs + [Congr Con gus Z, Cl, — [E*(Y, B); Z, Cla 
—> [EF(X, A); Z, Cla — [Cops yr, Cops yu Z, Cla 
ves = [B(X, A); Z, Cle — [Cy, Cys Z, Ce 
—> [Y, B; Z,C], — [X,4;Z,C] , 


(3.5.2) 


for each pointed pair (Z,C). im 
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3.5.3 REMARK. In a way similar to 3.3.11 we obtain an exact sequence 


+++ 4 [EM Cy, Cyr); Z, Cle — [E*(Y, B); Z,C]e — 
[ZN(X, A); Z,C]e —s [E* (Cyr, Cyr); Z, Cle — 
> [E(X, A); Z, Ch —_ [Cyr Cyn; Z, Cle —_ 
—> [Y,B; Z,Cl, — [X,4; Z,Ch, 


(3.5.4) 


for each pointed pair (Z,C). 
3.5.5 Theorem. The homotopy sequence (3.4.6) of a pair (X, A) is exact. 


Proof: Let i : (1,0) —+ (01,01) be the inclusion. Let us consider the 


following sequence of pairs for 2: 


(81,0) ++ (81,01) 2s (Cy, Gv) +s (50,0) 
=; (EI, Bal) — (Cov, Cow”) +. 


(3.5.6) 


We have a homeomorphism 
g 2 (Cy, Cue) —s (2,81) 


given by 
70,4) =9, g(,t)=1-¢ 


(since the mapping cone is reduced; see Figure 3.8). 


dass 1 %s 9 1,06 1 


—[—[—<$<—<———$—_—_— ——S — ——_"’ 
Cy Cw i: or 
Figure 3.8 


Then j=goj: (O1,01) —+ (1,01) is the inclusion. 
On the other hand, ko g~! : (1,81) —+ (Z8I,0) is the composite 


k: (1,01) — (1/81,0) —s S(01,0), 


so that (3.5.6) is transformed into 


(81,0) + (1,01) 2+ (1,01) $+ s(ar,0) 24... , 
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which, using (3.5.2), gives rise to the exact sequence 
[D'(1, 81); X, A], — [EMOI, 91); X, A], — 
—> [E*(8I,0); X, Al, — [E*1(7, 0D); X, Als 
.-» —5 [S(81, 0); X, A], © [7,07;X, A], 2 
—+ 01,01; X, A], —s (01,0; X, Ale. 


(3.5.7) 


Since we clearly have 
(E*(,81);X,A], = meyi(X,A) (by definition), 
[=*(61,01);X,A], = [E*(02), A], = (A), 
[=*(01,0);X, A}. = [E*(AL),0;X, a0]. = m(X), 
we see that (3.5.7) is the desired sequence (3.4.6). o 


We can summarize the most important results of this chapter in the 
following theorem. 


3.5.8 Theorem. Let (X, A) be a pair of pointed spaces, with base point xo € 
ACX. For everyn > 1 we associate to tt the sets 


Tr(X,A), M1(A),  t-1(X) 
and the functions 

O:m)(X,A) —> t1(A), 

ig 2 M—-1(A) —> tr1(X), 

Je i Mn-1(X) —> tn1(X, A). 


Moreover, if f : (X, A) —> (Y,B) is a map of pointed pairs with restrictions 
fi: X —+Y and f": A—> B, we associate to f the functions 


fe: a(X,A) —> m,{¥,B), 
2: M-(A) —> tm1(B), 
fos trA(X) > tm-1(Y). 
These have the following properties: 
(a) The sets 1,(X,A), Tm 1(A), and m,_1(X) are groups ifn > 2 and 
they are abelian ifn > 3. Also f,, fii, and ff are homomorphisms of 


groups in these cases. Moreover, mo(A) and mo(X) are the sets of path 
components of A and X, respectively. 
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(b) If f = id : (X,A) — (X,A), then f, = lixay, fl = laa) and 
f= La na(X)- 


(c) If f : (X,A) — (Y,B) and g: (Y,B) — (Z,C) are maps of pointed 


pairs, then (gof)s =9°fe, (9 Of! e = Glo fl, and (g'o f), = glofi. 
(d) For f : (X,A) —> (Y, B), the diagrams 
Ta(X, A) 2 > ty_1(A) 
; \e 
Tr(¥, B) > ™-1(B) 


Tn—1(A) —2> ta_1(X) 
#| |x 
Tn-1(B) = Tn-(Y) 
ifn >1, and 
Ta-(X) > t-1(X, A) 


| le 


Tn(Y) err Tn-1(¥, B) 
ifn > 2, are commutative. 


(e) For every pointed pair (X, A) the sequence 


Tn(X, A) 2 thyi(A) A tai(X) 
+ tyi(X, A) 2s. 5 y(X, A) —s mo(A) 0X) 


is exact. In particular, if X satisfies m,(X) =0 for alln > 0, then 
8: Mp(X, A) — t_1(A) 
2s a bijection forn > 1. 


(f) If the maps of pointed pairs f,g : (X,A) —> (Y,B) are homotopic, 
then 


fe 9 + Tr(X, A) — 1,(Y, B), 
og! : tn-1(A) — tm1(B), 


= G2 My -1(X)  m-A(¥). 
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(g) If X is contractible, that is, if the map idx is homotopic to the constant 
map eg: X —> X, then 


Tr(X) = 0, n>0. o 


3.5.9 REMARK. From part (f) we obtain, in particular, that if f : (X,A) —> 
(Y, B) is a homotopy equivalence, that is, if there exists g : (Y, B) —> (X, A) 
such that go f ~ idyx,4) and fog ~ idyy,z), then f, : m(X,A) — 7,(Y, B) 
is an isomorphism. (We are assuming that the homotopies are of pointed 
pairs. Nevertheless, it is possible to prove that if the homotopies are only of 
pairs, without preserving the base point, then f, is still an isomorphism for 
every z € A; cf. 4.4.8.) 


3.5.10 EXERCISE. Prove that given a pointed space X and pointed sub- 
spaces B C A C X, where zo € B is the common base point of the three 
spaces, we have a long exact sequence 


(A, B) —> t,(X,B) — m,(X,A) 25 0,1(A,B) +++, 


fel 


alled the (exact) homotopy sequence of the triple (X, A,B). (Hint: Define 
he connecting homomorphism @ as the composite 


es 


W(X, A) —3 1,_1{A) — m,_1(A, B) 


of the homomorphism defined in (3.4.5) and that induced by the inclusion. 
Then put together the exact sequences of homotopy groups of the pairs 


(X, A), (X, B), and (A, B).) 


Clearly, the exact homotopy sequence of a pointed pair (X, A) is the same 
as that of the triple (X, A, 9). 


3.5.11 REMARK. As before, there is an approach to the homotopy sequence 
of a pair using loop spaces instead of suspensions. The details are left to the 
reader as an exercise. 


CHAPTER 4 


HOMOTOPY EXTENSION AND 
LIFTING PROPERTIES 


We already saw in the previous chapter that the inclusion X @ CX of 
a space X into its (reduced) cone has a homotopy extension property (see 
3.1.6); we also saw that the projection PY—»Y of the (pointed) path 
space of a space onto the space Y has, dually, a homotopy lifting property 
(see 3.3.17). In this chapter we shall study systematically these two prop- 
erties. More precisely, we analyze families of maps that have one of the 
two essentially dual properties, generally known as the homotopy extension 
and homotopy lifting properties. These topics are of great importance in 
algebraic topology and will be used in subsequent chapters. 


4.1 COFIBRATIONS 


In this section we analyze maps having the homotopy extension property 
(HEP) in various aspects and prove some basic results. 


4.1.1 DEFINITION. Assume that AC X and that C is a class of topological 
spaces. We say that the pair (X,A) has the homotopy extension property 
with respect to C, abbreviated C-HEP, if for every Y € C and for every map 
f:X —+Y and every homotopy H : Ax I —+Y that starts with f|A, we 
can extend H to a homotopy H:X x I—+Y that starts with if: 


Putting this definition into diagrammatical form, we have that (X, A) has 
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the C-HEP if and only if, given the commutative diagram 


ee 


(4.1.2) ae Xx sy 
as Al 


with Y € C, where i: A <> X is the inclusion and jp : X —> X x I 
(respectively, jo : A —> A x I) is the inclusion into the lower face, jo(x) = 
(x,0) (respectively, jo(a) = (a,0)), there exists a map H, as indicated by the 
dashed arrow, that makes the two triangles commute. 


In other words, this definition says that for any Y € C the commutative 
diagram of function spaces 
(éxiay® 
M(X x 1,Y)—>+ M(Ax I,Y) 
(4.1.3) #| \e 


has the property that whenever f <¢ M(X,Y) and H €¢ M(A x I,Y) sat- 
a 3 #(H) = v(f) = J|A, then there exists ee M(X x L,Y) satisfying 
je (A) = f and G x id)\#(A) = H|Ax I =H. 


4.1.4 DEFINITION. If C is the class of all spaces and (X, A) has the C-HEP, 
then we simply say that (X, A) has the homotopy extension property (HEP). 


The following is a concept that is apparently more general, but that turns 
out to coincide essentially with the above definition when all is said and done. 


4.1.5 DEFINITION. A continuous map j : A —> X is a cofibration if for 
every topological space Y and every map f : X —> Y and every homotopy 
H: AxI —+Y satisfying H(a,0) = fj(a) for a € A there exists a homotopy 
HE: X x I —+Y such that H(j(a),t) = H(a,t) fora e¢ Aandt € J and such 
that H(x,0) = f(x) for 2 € X. In other words, given diagram (4.1.2) with 
the change that we have substituted the inclusion z with the map j, there 
exists A as before. 


Actually, this definition is not more general than the previous one, as we 
shall see. 


4.1.6 Proposition. If 7: A —+ X is a cofibration, then j is an embedding; 
that is, it defines a homeomorphism A —+ j(A). In the latter case, j is a 
cofibration if and only if the pair (X,j(A)) has the HEP. 
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Proof: Let Z; = XU; Ax I be the mapping cylinder of 7 and let gq: X UA 
I —+ Z; be the quotient map. The map X —+ X x I given by x ++ (2,0) 
and the map A x I —+ X x I given by (a,t) + (j(a),t) together determine 
amapi:Z; —> X x I in the quotient. 


Because j is a cofibration, the map f : X —+ Z; given by f(x) = q(x) 
and the map H: Ax I —+ Z; given by H(a,t) = q(a,t) together determine 
a, map BH:xXxI— Z; such that Hoi: Z; —+ Z; is the identity. So 2 
defines a homeomorphism Z; ~ i(Z;) = X xOUj(A)x LC X x I. 


Since q|A x 1 is a homeomorphism A x 1 ~ q(A x 1), we have a homeo- 
morphism io g|A x 1: A x 1 —> j(A) x 1. But since ég(a, 1) = (j(a), 1), we 
have that 7 is a homeomorphism onto its image. Oo 


We can assume from now on that any given cofibration 7 : A —>+ X 
is always an inclusion 7 : A <+ X, and we shall say without any further 


distinction either that an inclusion is a cofibration or that the corresponding 
pair has the HEP. 


We shall prove in the following some fundamental properties of cofibra- 
tions. To simplify notation, we write 0 for the set {0} Cc J. 


4.1.7 Theorem. Let AC X be closed. Then the inclusion 7]: AG X isa 
cofibration if and only if X x QUA I is a retract of X x I. 


Proof: If j is a cofibration, then the map f : X —> X x 0UA~x I given 
by f(z) = (z,0) and the map H : Ax I —> X x0UA~x I given by 
H(a,t) = (a,t) together determine a map r = A:XxI—+Xx0UAxI, 
which obviously is a retraction. 


Conversely, if we have a retraction r: X x ] —+ X xOUA J, then for any 
space Y, any map f : X —> Y,and any homotopy H : AxI —> Y satisfying 
H(a,0) = fj(a) for a € A we can define a homotopy H : X x I —+Y by 


Fave foprojy or(z,t) if (x,t) er7'(X x 0), 
| H or(a,t) if (at) er“(Ax I). 
Then ff is continuous, since X x 0 and A x J are closed in X x J. Oo 


4.1.8 NOTE. Note that the first part of the previous proof does not require 
that A be closed in X. Asa matter of fact, it is possible to prove the second 
part without using that hypothesis (see [74]). Moreover, if X is Hausdorff 
and A «+ X is a cofibration, then A is closed in X. To prove this, note that 
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X x I also is Hausdorff, and so X x OU A I is closed, because it is a retract 
of X x I, Consequently, A x 1 is also closed in X x 1, or equivalently, A is 
closed in X. 


If the space X is sufficiently separable, the property of an inclusion 7 : 
A‘ X being a cofibration is a local property. We have, in fact, the next 
assertation. 


4.1.9 Proposition. Let X be a normal space. Then the inclusion 7: AG 
X is a cofibration if and only if the inclusion j : A V is a cofibration for 
some open neighborhood V of A in X. 


Proof: Let V be a neighborhood of A in X such that the inclusion j : AG V 
is a cofibration. By the previous proposition, there exists a retraction r’ : 
Vxi—+Vx0QUA~x I. Because X is normal, there exists a contraction 
W of V, that is, a neighborhood W of A such that AC WCW CY. By 
Urysohn’s lemma ((83, 15.6]), there exists a function a : X —+ I such that 
a|A= 1 and a|X—W =0. In order to apply again the previous proposition, 
we define a retraction r: X x 1 —+ X xOUAx I by 


_ Jr(a,to{z)) ifee W, 
ae ee ifr eo XW. 


This is obviously a well-defined retraction. oO 


4.1.10 NoTE. In the first part of the previous proof instead of a retraction 
r’ it is sufficient to assume the existence of amap r’: Vx I —+ X xOUAxT 
such that its restriction r/|V x0U A J is the inclusion. Such a map is called 
a weak retraction. Given this modification of one of the hypotheses, the proof 
remains the same. 


4.1.11 DEFINITION. Suppose that AC X. We say that A is a strong defor- 
mation retract of a neighborhood V if there exists a homotopy H : V x [ —> 
X such that 


(i) H(2,0)= 2, Hey, 
(ii) H(a,t) =a, acA,tel, 


(ii) H(@z,l)e A, weV. 
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We shall see that this condition is almost sufficient to guarantee that the 
inclusion A <> X is a cofibration. 


4.1.12 Theorem. Assume that X is normal and that AC X is closed and 
ts a strong deformation retract of a neighborhood V. If there exists a function 
wb: X —+ TI such that A = p-1(0) and W(X — V) = 1, then the inclusion 
Ao X is a cofibration. 


Proof: According to Proposition 4.1.9 it is enough to prove that the inclusion 
A‘ V is a cofibration, and by Theorem 4.1.7 (or actually by Note 4.1.10) 
it is enough to construct a weak retraction 


r:VxI— ~XxO0OUAxT. 


Since A is a strong deformation retract of V, there exists a homotopy 
AH:VxI—+ X asin Definition 4.1.11. Put W = og, 1 and put 
y = min(27,1). Then W is a neighborhood of X — V satisfying y(W) = 1. 
We define r by the formula 


roay= {A es) 2) ift < ya), 


(A(z, 1),t—9(x)) ift > v2), 


This is well defined if y(x) > 0, since the sets {(x,t) €VxJI | t < y(x)} 
and {(z,t) ¢ Vx I | t > y(x)} are closed and the two functions that 
define r coincide on their common domain where t = y(z). We have to 
rove that we can extend the map r continuously when y(z) = 0, that is, 
‘or x € A, But for a € A we have (H(a,t),t) = (a,t), and so we extend r 
by putting r(a,0) = (a,0). In these points (a,0) the function r so defined 
is continuous. And this in turn follows from the fact that H is continuous 
and I is compact, so that given any neighborhood D of a in X, there exists 
another neighborhood D’ Cc D such that H(D! x I) c D, and consequently, 
‘or any € > 0 we have that r(D’ x [0,¢)) C D x [0,¢). o 


4.1.13 DEFINITION. A Hausdorff space X is perfectly normal if for every 
pair of closed disjoint sets A and B in X there exists a continuous function 
y:X —+ I such that A= y'(0) and B = y"'(1). 


The class of perfectly normal spaces evidently includes metric spaces, but 


it also includes CW-complexes (which will be introduced later on). Conse- 
quently, we have the following theorem, which turns out to be important for 
a large class of spaces. 
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4.1.14 Theorem. Let X be perfectly normal and let A C X be closed. If 
A is a strong deformation retract of a neigborhood in X, then the inclusion 
As X is a cofibration. im 


Alternatively, it is sufficient to require that X be normal, and that A 
be a Gs in X, that is, that A be closed and that it be the intersection of a 
countable family of open sets in X. 


4.1.15 EXERCISE. Prove that if X is normal, A is a Gs, and A is a strong 
deformation retract of a neighborhood V in X, then the inclusion A X 
is a cofibration. (Hint: Put A = {|V,, where each V, C V is an open 
neighborhood of A in X. Using Urysohn’s lemma, there exists a function 
fn: X —+ I for each n such that f,|A = 0 and f,|X — V, = 1, and there 
exists a function g : X —+ I such that g|X —V = 0 and g|A = 1. If we 
define fa(x) = >>(f,(2)/2”), then the function 


fala) 
fa(a) + o(2) 


satisfies the conditions of Theorem 4.1.13.) 


¥(2) = 


We conclude this section with the next theorem, which gives us various 
ways to recognize cofibrations. 


4.1.16 Theorem. Let X be normal and let A C X be closed. Then the 
following are equivalent: 


(a) The inclusion A X is a cofibration. 


(b) There exists a homotopy D: X x I —+ X and a function p: X —> I 
such that AC p7'(0) and 


D(z,0) = x, weEX, 
D(a,t) 


a, ac€A,tel, 


D(z,t) € A, rEX, t> (a). 


(c) The subset A is a strong deformation retract of a neighborhood V in X, 
and there exists u : X —+ I such that A= y1(0) and ¥|X —V=1. 
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Proof: For property (a) we shall use the characterization given in Theorem 
4.1.7, namely, that there exists a retraction r: X x ]—+ X xOUAX I. 


a> Iven r we denne an as Tollows: 
b) Gi define y and D as folk 
g(x) = sup|t—proj;r(z,t)|, rex, 
tel 


D(z,t) projyr(z,t), rexX,tel. 


(b) = (c) Given D and » we define V = y~'[0,1). Then V is a neighbor- 
hood of A in X. Moreover, A is a strong deformation retract of V, since if 
we define H : V x I —+ X as D\|V x I, then H satisfies the conditions of 
Definition 4.1.11. We then define y : X —> TI by 


(ax) = inf{t € I|D(a,t) € A}. 
(c) = (a) This follows from Theorem 4.1.12. o 


4.1.17 EXERCISE. Prove that in the previous proof the map w is indeed 
continuous. 


The following statement can be proved in various ways, for example by 
applying 4.1.7. Nevertheless, we shall prove it using 4.1.16. 


4.1.18 Proposition. The inclusion S’-! — D” is a cofibration. 


Proof: Since D” is normal, using 4.1.16(c) it is enough to prove that there 
exist a neighborhood V of S*~! in D” as well as a function % : D” —> J and, 
finally, a strong deformation retraction D: V x J —> D”. 


Put V = D® —0 and Y(x) = 1 — |2| and D(a,t) = (1—t)a + t(2/|a}). 
Then we have #~!(0) = S*-! and %|D" — V = 7(0) = 1 and furthermore 
D(x,0) = x and D(z, 1) = 2/|x| ¢ S*-!. Also, if  €¢ S*-!, then we have 
|jz| = Land D(a,t)=c. a 


4.1.19 EXERCISE. Prove 4.1.18 using 4.1.7; that is, prove that D” x 0 U 
S’-! x Tis a retract of D” x I. 


4.2 SOME RESULTS ON COFIBRATIONS 


There are various rather useful properties of cofibrations, as we shall see in 
this section. 
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4.2.1 Theorem. if 7 : A X is a cofibration and A is contractible, then 
the quotient map q: X —+ X/A is a homotopy equivalence. 


Proof: Let H : Ax I —+ A be acontraction, that is, a homotopy such that 
H(a,0) = a and H(a,1) = *, where * represents some point in A. Because 
j is a cofibration, there exists F : X x I —> X satisfying F(v,0) = x and 
F(a,t) = H(a,t). Let F, : X —+ X be the map given by Fi(x) = F(a,t). 
In particular, we have that Fp = idy and the restriction F|A is constant. 
Therefore, the map F, determines a map q' : X/A —+ X such that qog= F). 
So F determines a homotopy idx ~ qo gq. 


Conversely, since F(A) C A, the composition go F, determines a homo- 
topy G : (X/A) x I —+ X/A satisfying G(q(x),t) = qFi(x). We have that 
G(q(x),0) = qFo(x) = q(x) and that G(q(x), 1) = gFi(x) = aq(q{z)), and so 
it follows that G is a homotopy idx /4 ~ qo qd. Then g and qd are homotopy 
inverses. oO 


4.2.2 Lemma. [f A G X is a cofibration, then the canonical inclusion 
CAG XUCA is also a cofibration. 


Proof: According to Theorem 4.1.7, it is enough to construct a retraction 
rv’: (XUCA) x I —+ (XUCA) x 0U(CA) x I. Since A X isa cofibration, 
again using Theorem 4.1.7, there exists aretraction r: Xx —+ X xOQUAxI. 
This retraction and the identity id(c4),; define a map (X x I)U(C'A) x I — 
(XxQUAx D)U(CA) xT that determines the desired retraction r’ after taking 
the obvious quotients. It merely suffices to observe that these quotients are 
well defined, since J is compact. ia 


Since the cone C’A over any space A is contratible, we have the following 
consequence of Theorem 4.2.1 and the previous lemma. 


4.2.3 Corollary. If A X is a cofibration, then the quotient map X U 
CA—> X UCA/CA& X/A is a homotopy equivalence. ia 


4.2.4 DEFINITION. A commutative square of topological spaces and maps 
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is called a pushout if given maps h’: X —> W and k’ : Y —> W such that 
h'og=k'o f, then there exists a unique map y : Z —+ W such that the 
following diagram commutes: 


4.2.5 EXAMPLE. A typical example of a pushout is given by an attaching 
space (see 3.1.1); namely, let A C X be closed and take a map g: A—> Y. 
Then the following is a pushout diagram. 


x 
a 


Yu,X, 


~ ue 
where hh: XG XUY 4S YU; X. 
4.2.6 EXERCISE. Given a pushout diagram 
ra a. 
os ae 
prove that if z is a cofibration, then k is also a cofibration. 


There is a convenient way to convert, up to homotopy equivalence, any 
closed inclusion into a cofibration. Explicitly, we have the next result. 


4.2.7 Proposition. Let A X be an inclusion of a closed subset into a 
topological space. Then the embedding A— X xQUAXT of A into the upper 
face of the cylinder, given by the inclusion map a ++ (a,1), és a cofibration. 


Proof: Put ¥ =X x0UAx I and put A= Ax1c X. We shall prove t that 
X xO0UA* F is a retract of X x I. To do this, let 7: XxI—+Xx0UAxI 
be defined by 

r(x,0,s) = (x,0,0) 
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if (v0) €X x0 C X,s € J, and by 


Hast, 8) (a,1s—-“99) ift>1—s, 
a,b, 8) = es 
(a,t + 7,0) ift<l—-s, 


if (a,t) ©€ Ax Ic X, s € I. It can be immediately verified that * is 
continuous and is a retraction. So by 4.1.7, the inclusion AG X isa 
cofibration. ia 


In the previous proposition the inclusion 7 : X —+ xX given by x + (x,0) 
is a homotopy equivalence with inverse p : X —+ X defined to be the 
projection (x,0) > & and (a,t) ++ a. The composition é op is homotopic 
to idg by the homotopy defined by (#,0,s) +> (2,0) and (a,t,s) ++ (a, st). 
Furthermore, the restriction of p to Aisa homeomorphism. In this way, we 
obtain a commutative triangle 


xX 


ae 


A> X, 


where the vertical arrow is a homotopy equivalence and the diagonal arrow 
(which is an inclusion) is a cofibration. 


The previous proposition is a particular case of a more general result, 
which states that any map can be replaced up to homotopy by a cofibration. 
The proof is essentially the same as that of 4.2.7. 


4.2.8 Theorem. Let f : A—+> X be continuous and let My be the mapping 
cylinder of f (see 3.1.2). Let 7: A —+ My be defined by j(a) = (a,1) € My. 
Then the following assertions hold: 


(a) The map j is a cofibration. 


(b) Ifp: My —+ X is defined by p(a,t) = f(a) and p(x) = x for (a,t) € 
Ax I and for x € X, then p is a homotopy equivalence satisfying 
poj=f. So we have a commutative triangle 


Zz. 


A> X, 


M; 
|p 


where the vertical arrow is a homotopy equivalence and the diagonal 
arrow (which is an inclusion) is a cofibration. o 


4.2 SomE RESULTS ON COFIBRATIONS 99 


4.2.9 EXERCISE. Give the details of the proof of 4.2.8. 


The class of cofibrations is a large class that contains the inclusions into 
a CW-complex of any subcomplex (see the following chapter) and the inclu- 
sions into an ANR of any closed subset that is also an ANR. Both of these are 
very important classes of spaces. We shall now study a bit of the latter class. 
We refer the reader to [31] for some additional results about this subject. 


4.2.10 DEFINITION. Let X be a metric space. Then X is called an absolute 
neighborhood retract, or in abbreviated form an ANR, if every time that we 
have an embedding X < Y of X asa closed subspace into a normal space Y, 
then the image of X in Y is a retract of an open neighborhood. Equivalently 
this condition says that whenever we have a closed subset A in a normal 
space Y as well as a map f : A —+ X, then we can extend f to an open 
neighborhood of A in Y. 


4.2.11 EXERCISE. Prove the equivalence just mentioned above in Definition 
4.2.10. 


The class of ANRs is a large class that includes manifolds of finite di- 
mension as well as paracompact manifolds modeled on Banach spaces. More 
generally, we can prove that any ANR can be embedded as a retract of an 
open subset of a normed topological vector space. This large class of spaces 
has interesting properties related to the HEP. For example, we have the 
following assertion, due to Borsuk. 


4.2.12 Proposition. Let A be a closed subspace of a metric space X. Then 
the pair (X,A) has the A-HEP, where A is the class of all ANRs. 


Proof: Let Y be an ANR. It is enough to prove that any map f : X x 0U 
Ax I —+ Y admits an extension to X x I. Since Y is an ANR, we have 
by (the equivalent) definition that there exists an extension H : U —>+ Y, 
where U is a neighborhood of X x OUAx J in X x J. Because J is compact, 
there exists a neighborhood V of A in X such that V x IC U. Since X is 
metric, there exists ~: X —+ I satisfying y|A = 1 and #|X —V = 0. Then 
we extend f to the map fF: X x J —+Y defined by F(z,t) = H(z, ~(x)t). 

o 


4.2.13 Theorem. /f X is an ANR and A C X is closed and is also itself 
an ANR, then the pair (X, A) has the HEP. 
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Proof: It is enough to construct a retraction r: X x ] —+ X x QUAI. 
To do this, we observe that since X x 0, A x J, and their intersection are 
all closed ANRs inside of their union, then their union is also an ANR. (See 
31].) So, according to the proof of the previous theorem, it suffices to use 
here Y= X xOUAx I and f= id. im 


In fact, the converse of Theorem 4.2.13 also is true; namely, we have the 
ollowing assertion. 


4.2.14 EXERCISE. Prove that if X isan ANR and AC X is closed and the 
pair (X,A) has the HEP, then A is an ANR. (Hint: Because (X, A) has the 
HEP, it follows that A is a retract of a neighborhood U in X. So given any 
closed subset B of a normal space Y and any map f : B —+ A, we can 
extend f tog: W —> X, where W is a neighborhood of B in Y. Then use 
a retraction r: U —+ A to restrict g to a suitable neighborhood in such a 
way that its image lies in A.) 


The results 4.2.13 and 4.2.14 show the relevance of the class of ANRs 
within the framework of the theory of cofibrations. They assert that in 
order for a closed subset of an ANR to be ANR, a necessary and sufficient 
condition is that the inclusion map be a cofibration. That is to say, we have 
the following extension of 4.2.13. 


4.2.15 Theorem. Suppose that X is an ANR and that A C X is closed. 
Then A is an ANR ¢f and only if the inclusion A X is a cofibration. 0 


The statements made in the following exercises are obtained directly from 
the definition of cofibration. 


ps 


.2.16 EXERCISE. Prove that if the inclusion A X is a cofibration, then 
he inclusion A x Z< X x Z also is a cofibration for every space Z. 


+ 


4.2.17 EXERCISE. Prove that the composition of cofibrations is a cofibra- 
tion. Specifically, show that if 7’: A’ A and 7: A X are cofibrations, 
then so also is the composite jo j/: A’ G X. 


4.2.18 EXERCISE. Prove that if the inclusion A X is a cofibration, then 
so also is the inclusion A+ CX given by the composite AG X G CX. 
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4.3. FIBRATIONS 


In this section we shall study a class of maps, namely fibrations, with a 
property dual to that of cofibrations. In analogy to Section 4.1 we shall 
analyze homotopy lifting properties (HLPs). We are going to place these 
maps into classes according to the type of HLP they have. 


A dual property to homotopy extension is homotopy lifting. With the 
idea of emphasizing this duality, we shall indicate throughout this section 
which extension property is dual to each lifting property when the latter is 
introduced. 


4.3.1 DEFINITION. Assume that p : & —+ B is continuous and that C 
is a class of topological spaces. We say that p has the homotopy lifting 
property with respect to C, denoted by C-HLP, if for every X € C, every map 
f:X —>+ E, and every homotopy H : X x I —> B that begins with po f 
we can then iff H to a homotopy H:Xx1I—+E that begins with f, that 
is, such that po H = H and H(2,0) = f(x). Ifa map p: FE —> B has the 
C-HLP, then we shall also say that it is a C-fibration. 


Putting this definition into diagrammatic form, we have that p has the 
C-HLP if and only if for every commutative square 


f 


xXx— +5 
(4.3.2) | ea |p 

XxI—-B, 
where X < C and where jo : X —> X x J is the inclusion jo(x) = (a, 0), 


there exists a map H, as indicated by the dashed arrow, that makes the two 
triangles commute. 


In other words, this definition says that if XY € C, then in the commutative 
diagram 
i 
M(X x I, £) —> M(X, E) 
(4.3.3) va |p 
M(X x I, B) —> M(X,B 
(X <1, B) > M(XB) 


we have that whenever f ¢ M(X,E) and H ¢ M(X x I, B) satisfy ie (H) = 
py(f), then there exists H € M(X x I,E) such that py(H) = H y j#(H) = 
f. 
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The dual character of Definition 4.3.1, when put face to face with Defi- 
nition 4.1.1, is apparent when we modify diagram (4.3.2) as 


oe ,B) 
a 


(4.3.4) 72’, MUI,E) 


or a 


and compare it with (4.1.2). Here eo : M(I,E) —> E, (respectively, eo : 
M(,B) —+ B) is evaluation at 0, namely eo(a) = a(0) for a € M(I,E) 
(respectively, for a € M(I,B)). So p has the C-HLP if and only if for every 
commutative diagram (4.3.4) with X € C there exists a map H, as indicated 
by the dashed arrow, that makes the two triangles on the left commute. 


The relations between H’ and H, and between H! and H, are given by 
the identities 


H'(x)(t)=H(2,t) and -H"(x)(t) = H(2,t). 


4.3.5 EXERCISE. Prove the equivalence of the definitions based on the dia- 
grams (4.3.2) and (4.3.4). 


4.3.6 EXERCISE. Suppose that p: # —> B has the C-HLP and that U C B. 
Prove that the restriction py = p|p-1U : Ey = p-'U —+ U also has the C- 
HLP. This C-fibration is called the induced C-fibration (or simply the pullback 
C-fibration). 


4.3.7 DEFINITION. Let p: E —> B and p': E’ —+ B’ be continuous. A 
map f : E' —+ E is called fiber-preserving if it sends “fibers into fibers,” 
that is, if there exists a continuous f : B‘ —+ B such that the square 


pi+p 
|} 


B'—>B 


commutes, and therefore the fiber (p’)~'(b’) goes under f into the fiber F, = 
p!(f(b)) for every b! € B’. 


Dually to Definition 4.2.4, we have the next concept. 
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4.3.8 DEFINITION. A commutative square of topological spaces and maps 


is called a pullback if given maps g!: W —>+ E and q’: W —> B’ such that 
pog' = fod’, then there exists a unique map 7 : W —+ E" such that the 
following diagram commutes: 


4.3.9 EXAMPLE. Suppose that p: EF —+ B and f : B’ —> B are continu- 
ous. Put EB’ = {(b',e) € Bix E | ple) = f(b/)}, and define p! : E’ —> B’ 
by p/(b',e) = b! and f: Bi! — Eby f(b!,e) =e. Then the corresponding 
commutative square is a pullback diagram. We say that p! ts induced from p 
by f. It is denoted by E’ = f*E (this space is also called the pullback space). 


Notice that f: f*— — E is a fiber-preserving map. 


4.3.10 EXERCISE. Prove the following functorial properties of the construc- 
tion defined in 4.3.9. 


(a) If f = ids, then f*E ~ E, where the homeomorphism is given by the 
associated map f. 


(b) If we also have g: B” —+ B’, then (fg)*E ~ g* f*E. 
The next result generalizes the statement of Exercise 4.3.6. 


4.3.11 Proposition. [If p: E —> B is a C-fibration and g : B' —> B is 
continuous, then the map induced from p by g, namely p' : E' —+ B', is a 
C-fibration and is called the induced C-fibration. 


Proof: Assume that X € C, and consider the commutative diagram 


g 


Bi—+R 


BT 
jo Bo Pp P 
2 


X x [> B'—4> B. 
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[hen we want to construct H’ : X x I —+ E’ satisfying H'jo = g/ and 
pH! =H’. 

Put f = gog' and H = go H’. Since p= is a C-fibration, there exists 
H:X x I —+ E such that Ho jo = f and poH = H. Let H’ be 
defined as H'(x,t) = (H'(a,t),H(a,t)) © EB’ Then we have H'(x,0) = 
(H'(c, 0), H(¢,0)) = ('9'(2),5a'(2)) = g(a), and 50 Ho jg = gf. Also, we 
clearly have that p!o H! = H’. ia 


.3.12 DEFINITION. Let p: EF —> B be a C-fibration. If C is the class of 
ypercubes J” (or equivalently, as can be proved, the class of CW-complexes), 
hen we say that p: B —+ B is a Serre fibration. Moreover, if C is the class 
f all spaces, then we say that p is a Hurewicz fibration, or simply a fibration 
this will not cause confusion. 


ro tea 


ps 


.3.13 EXERCISE. Let p : E —> B be a Hurewicz fibration. Prove that 
here exists a map 


es 


T: E xz M(,B)= {(e,a) ¢ E x MU, B) | ple) = a(0)} — MU, E) 
such that T'(e,a)(0) = e and pI'(e,a)(t) = aft) for (e,a) € E xz M(I,B) 
and for ¢ € I. 


Suppose furthermore that p : # —+ B is given. Prove that if there exists 
T as above, then p is a Hurewicz fibration. 


This map l: B xz M(U,B) —+ MU, E), whose existence characterizes 
the Hurewicz fibrations, is called path-lifting map (PLM). (Hint: Apply 4.3.4 
where X = E xp M(I, B) and where the maps f : E xz M(I,B) —> E and 
H': E xg MU, B) —+ M(J, B) are defined to be the projection maps.) 


4.3.14 NOTE. Observe that this PLM is the dual concept of the retraction 
predicted by Theorem 4.1.7. Namely, in this case the space E x p M(I, B) is 
the pullback (limit) of the diagram 


M(I,B) “= p<"_E, 


where go(a) = a(0), whereas if i: A — X is a closed inclusion, then the 
space X x 0U A J is the pushout (colimit) of the diagram 


Ax [<2 >4ct> x, 


where jo(a) = (a,0). 
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Dually to Exercise 4.2.6, one can solve the following. 
4.3.15 EXERCISE. Given a pullback diagram 


ge 
E! B 


OA 
po! 


’ 


prove that if p is a Hurewicz fibration, then q is also a Hurewicz fibration. 


4.3.16 EXERCISE. Let B be a topological space with base point a) € B and 
let PB = {w: I —+ B| w(0) = ao} be the path space of B with the compact- 
open topology. Then the map g: PB —+ B defined by q(w) = w({1) isa 
Hurewicz fibration whose fiber is the loop space QB and whose total space 
is the contractible space PB. (Hint: The map I: PB xz M(I,B) —> 
M(, PB) defined by 


zo if 4s <¢t, 
Tw, o)(t)(s) = § wo ES ift<4s <4-1, 
o( S54) if4—t< 4s, 


is a PLM. Also, the homotopy H : PB x I —+ PB given by H(w,s) =w,, 
where w(t) = w((1— s)t), is a contraction of PB to a point. 


4.3.17 EXERCISE. Let p: EB —+ B be a Hurewicz fibration where B is path 
connected, and let bp and b; be points in B. Prove that the fibers Fy = p~'(bp) 
and F, = p~'(b,) have the same homotopy type. (Hint: If a: bp © bj isa 
path, then for every point e € Fp there exists a path a: J —+ EF such that 
a =T(e,a), where I is a PLM (see 4.3.13). Then the map Fp —> F, given 
by e ++ (1) is a homotopy equivalence.) 


4.3.18 EXERCISE. Let p: # —+ B be a Hurewicz fibration. 


(a) If B is contractible to point by and F = p~(bo) is the fiber at bo, prove 
that there exists a homotopy equivalence y : & —+ B x F such that 
the triangle 
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commutes, where x : B x F —+ B is the projection. (Hint: Let 
AH: Bx I —+ B be a contraction, that is, a homotopy such that 
H(b,0) = b and H(b,1) = bo, and let # : B —+ M{(I,B) be given by 
Hi(b)(t) = H(®,t). Tf 


T: Ex, M(B) — MULE) 
is a PLM (4.3.13), then 


le) = (ple), Fe, H(p(e)))(1)) 


is the desired homotopy equivalence.) 


In this case we say that the fibration p : FE —>+ B is homotopically 
trivial. 


(b) Assume that B has a cover l/ formed by open contractible sets. Con- 
clude that for every U € U, the induced fibration py : Ey = p-'U —> 
U (4.3.6) is homotopically trivial. (Hint: Compare this property with 
Definition 4.5.1.) 


4.3.19 EXERCISE. Let p : E —+ B be a homotopically trivial Hurewicz 
fibration; i.e., there exists a homotopy equivalence y : F —>+ B x F such 
that the triangle 

@ 


E 


BXxF 
= of 
B 


commutes, where 7: B x F —+ B is the projection, and assume that (B, A) 
has the HEP. Prove that the induced fibration p4 : E4 = p-!A —> A is 
also homotopically trivial. Conclude that there is a homotopy equivalence of 
pairs (BE, £4) —> (B, A) x F over the identity of (B,.A). 


In some sense the next proposition shows the dual character of the HLP 
and the HEP. 


4.3.20 Proposition. Let A C X be closed. Suppose that (X,A) has the 
C-HEP and that X is locally compact and Hausdorff. If B is locally compact 
and Y satisfies M(B,Y) € C, then #* : M(X,Y) —> M(A,Y), where 
i: AG X, has the {B}-HLP. 
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Proof: Let us consider the commutative square 
f 
M(X,Y) 
ss r 
F eo | 


BxI M(A,Y). 


Then i*# will have the {B}-HLP if there exists an H that makes the two 
triangles commute. To do this, consider the commutative diagram 


7! 


A XK xi- # M(B,Y), 


where f’ and H’ correspond to f and H, respectively, under the exponential 
bijection (applied two times); that is, f/(x)(b) = f(b)(x) and H'(a,t)(b) = 
H(b,t)(a). Then f’ and H’ are continuous, since B and X are locally compact 
and Hausdorff. By hypothesis H’ exists. So, defining H by H(b,t)(2) = 
H'(a,t)(b), it turns out that H is continuous (once again because B is locally 
compact; see [27, Chapter XII]) and has the desired properties. im 


In a dual way to Theorem 4.2.8, we have the following. 


4.3.21 Theorem. Let f : Y —> B be continuous, Y path connected, and let 
E; be the mapping path space of f (see 3.3.14). Let p: E; —+ B be defined 
by p(y, 8) = B(1), (y,8) € Ey. Then the following assertions hold: 


(a) The map p is a fibration. 


(b) Ifi: Y —+ Ey és defined by i{y) = (y,cf(y)) for y € Y and cy(w) € 
M(I, B) is the constant path, then i is a homotopy equivalence satisfy- 
ingpot=f. So we have a commutative triangle 


y—-B 


[A 


Ey, 


where the vertical arrow is a homotopy equivalence and the diagonal 
arrow (which is surjective) is a Hurewicz fibration. o 
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The proof is somehow dual to the proof of 4.2.8. To prove that p is a 
Hurewicz fibration, one may construct an adequate PLM. Details are left to 
the reader as an erercise. 


4.3.22 NoTE. Ina beautiful article, N. Steenrod [70] (see also [22]) describes 
how, by working in the category of compactly generated spaces already stud- 
ied systematically by Kelley [39], the hypothesis of local compactness can be 
made superfluous in the previous proof. 


We say that a Hausdorff topological space X is compactly generated if it 
satisfies the following condition: 


(CG) A subset A of X is closed if and only if ANC is closed for every 
compact subset C of X. 


That is to say, a space is compactly generated if its topology is the weak 
topology generated by all of its compact subsets or, to put it in other words, 
if the space has the union topology associated to its compact subsets. 


Assume that X is any given Hausdorff space. By using (CG) we can 
define in X a new topology that turns X into a compactly generated space. 
We denote by kX the space X with this new topology. Evidently, we have 
that id : kX —+ X is continuous. In fact, it is a homeomorphism if and only 
if X is compactly generated. Furthermore, X and kX have exactly the same 
compact subsets. It is also clear that X and kX have the same homotopy 
groups, since the continuous image of any sphere always lies in a compact 
subset. 


In the category of compactly generated spaces (also called k-spaces) we 
apply the k construction to the traditional constructions of new spaces from 
given spaces in order to guarantee that these new spaces belong to the same 
category. In particular, the product of two compactly generated spaces X 
and Y is given by k(X x Y) in this category. Analogously, kM(X,Y) is a 
good definition for the topology of the function space, since the exponential 
laws turn out to hold. 


= 


[he category of compactly generated spaces is very large. In fact, it 
contains all locally compact Hausdorff spaces as well as all spaces that satisfy 
the first countability axiom, such as metric spaces [83, 27]. By construction 
CW-complexes also are in this category. These topics are also treated in 
detail by B. Gray in his book [31]. 


n light of the previous note, the duality between cofibration and Hurewicz 
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fibration is clarified further in the following consequence of 4.3.20. 


4.3.23 Corollary. Let i: A X be a cofibration in the category of com- 
pactly generated spaces. Then for every compactly generated space B, the 
induced map i# : kM(X,B) —> kM(A, B) is a Hurewicz fibration. o 


At this point it is worthwhile to mention some other results that connect 
the concepts of fibration and cofibration. These results are proved in [74], 
and we refer the reader to that article for their proofs. 


4.3.24 Theorem. Suppose that j(A) is closed in X, where j : A —> X is 
amap. Then these two statements are equivalent: 


(a) Given a Hurewicz fibration p: E —+ B and a commutative diagram 


A—>E 


Xr Bs: 
there exists a lifting h: X —> E such thatpoh=f andhoj=g. 


(b) The map j is a cofibration and a homotopy equivalence. 


If (a) and (b) hold, then the lifting h of f is unique up to a homotopy relative 
to (A). o 


By taking X instead of A, X x I instead of X, and a homotopy H : 
X x I —+ B in part (a) of the previous theorem, since in this case j = jo: 
x ++ (z,0) is a cofibration and a homotopy equivalence, there always exists 
a lifting G : X x I —> E with the desired properties. So we recover the 
definition of a fibration. Moreover, since the previous theorem states that the 
lifting is unique up to homotopy relative to jo(X), we obtain the following. 


4.3.25 Corollary. Let p: E —> B be a Hurewicz fibration. Given a homo- 
topy H : X x I —+ B and a map f : X —+ E such that H(x,0) = pf(ax) for 
alla € X, there exists a homotopy H:XxI—3 E, which is unique up to ho- 
motopy relative to X x {0}, such that H(x,0) = f(x) and pH(2,t) = H(z,t) 
foralixe X andalitel. oO 


The next result is dual to 4.3.24. 
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4.3.26 Theorem. Assume that p: E —+ B. Then these two statements 
are equivalent: 


(a) Given a (closed) cofibration j : A—+ X and a commutative diagram 


‘a 


XB, 
there exists a lifting h: X —> E such thatpoh= f andhoj=qg. 


(b) The map p is a Hurewicz fibration and a homotopy equivalence. 


Ef (a) and (b) hold, then the lifting h of f is unique up to a homotopy 
that is vertical with respect to p (that is, a homotopy that preserves fibers). 
o 


By taking M(U,Y) instead of E, Y instead of B, and a map H:A—> 
M(I,Y) or, equivalently, a homotopy H : A x I —+ Y, in part (a) of the 
previous theorem, since in this case p= go: 8 ++ B(O)isa Hurewicz fibration 
and a homotopy equivalence, there always exists an extension Bok 3 
MU(L,Y) of H or, equivalently, an extension of H, H : X x I — E, with 
the desired properties (observe that the lifting of f predicted in the theorem 
is also an extension of g). So we recover the definition of a cofibration. 
Moreover, since the previous theorem states that the extension is unique up 
to vertical homotopy, we obtain the following. 


4.3.27 Corollary. Let 7: A —+ X be a closed cofibration. Given a homo- 
topy H: Ax I—+Y and a map f: X —+Y such that H(a,0) = fj(a) for 
alla € A, there exists a homotopy H:XxI—G Y, which is unique up to 
homotopy relative to X x {0}, such that H(x,0) = f(a) and H(a,t) = H(a,t) 
for alae X and alite I. ao 


Corollary 4.3.25 follows from a more general result than 4.3.24, which we 
state and prove now. 


4.3.28 Proposition. Let p : E —> B be a Hurewicz fibration and let 
Ho, H,: X x I —> E be homotopies such that 


(i) there is a homotopy H : po Hy) ~ po Hi; 
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(ii) there is a homotopy G : Ho|X x {0} ~ Hi|X x {0}; 


(iii) pG(z,0,t) = H(z,0,t) for alee X, tel. 


Then there exists a homotopy H : Hy ~ Hy, such that H(a,0,t) = G(z,0,t) 
for alae X,tel, andpoH =H. 


Proof: Let C = I x {0} UI x {1} U {0} x I C Ix I. We define a map 
y: Xx C— Eby 


Ho{z,s) ift=0, 
yl,st)= 4 Hi(e,s) ift=1, 
G(x,0,t) ifs =0. 
There is a homeomorphism of pairs a : (I x I,C) —> (I x I,I x {0}). If 


i: C41 I is the inclusion, then po y = H © (id x 2). Therefore, we have 
the following commutative diagram: 


idxex(alC) e 


X x Ix {0} = XxC E 
idx x P 
XxIxI= Toga Xx ixi> B. 


By the HLP, there exists a homotopy Ho: Xx Ix I — E such that 
poH = Ho(idx x a7) and H|X x I x {0} = wo(idx x (a|C)~'). Therefore, 
the desired homotopy # is given by H = Ho (idx x @). ia 


Let p: # —+ B bea Hurewicz fibration and assume that there is a map 
f:X —>+ E and a homotopy H : X x I —> B such that pf(x) = H(x,0) 
for all z € X. Assume, moreover, that Hp and H, are two liftings of H such 
that Ho(x,0) = f(x) = Hi(x,0) for all x ¢ X. Then, taking H and G as 
constant homotopies, we can apply the previous proposition and conclude 
that Hp ~ H;. Thus we have given an alternative proof of 4.3.25. 


There is a corollary of 4.3.28, which, as a matter of fact, is equivalent to 
4.3.25, as follows. 


4.3.29 Corollary. Let p: EF —+ B be a Hurewicz fibration. Then its path- 
lifting map ts unique up to homotopy. 


Proof: Let T,T;: Bx M(U,B) —+ MU, E) be two lifting maps for p, and 
consider their associated maps 


To,f 1: (E xz MU,B)) x I — E, 
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under the exponential law. It is clear that these maps satisfy the conditions 
for Ho and A, of 4.3.28. Hence, there is a homotopy dq: To ~ Ti; whose 
map associated under the exponential law gives a homotopy H: Tp ~ Ty 
such that for each t the map I; : (8,e) > H(f,e,t) is also a lifting map for 
p. im 


Dually to what we did above, we can deduce Corollary 4.3.27 from a more 
general result, dual to 4.3.28, which we state and prove now. 


4.3.30 Proposition. Let 7: A X be a closed cofibration and let Ho, Hy: 
X x I —+Y be homotopies such that 


(i) there is a homotopy H : Hp|Ax I~ Hi|Ax I; 
(ii) there is a homotopy G : Ho|X x {0} ~ H,|X x {0}; 


(iii) G(a,0,t) = H(a,0,t) for alae A, tel. 


Then there exists a homotopy H : Ho ~ Hy such that H(x,0,t) = G(z,0,t) 
forallze X,tel, Hla, s,t) = = Gla,s,t), and HA XE xtSH; 


Proof: As in the proof of 4.3.28, take the subset C C I x I and the home- 
omorphism of pairs a : (I x I,C) —> (I x I,I x {0}). Let D=(X x Ix 
{O}) U(X x Ex {1})U(Ax Tx TI) U(X x {0} x I) C X x Ix I and define 
a homeomorphism § : (X x {0} UA x I) x I—> D by 


A(z, 0,t) = (x,a7*(x,0)) , Bla, s,t) = (a,a7\{s,t)). 
Let now y: D —>+ Y be defined by 


Ho{xz,s) ift=0, 
Ay(z,s) ift=1, 
H(a,s,t) ifae A, 
G(z,0,t) ifs=0. 


(2, s,t) = 


Since A — X is a closed cofibration, by 4.1.7 there exists a retraction r! : 
Xx I—+X x {0}UAx I. Define H’: X x I x I —+ Y as the composite 


r’xidy 


H: Xx Dx P(X x (O}UAXx Ix Is psy. 


Therefore, the desired homotopy # is given by H =H! o (idx x a). ia 
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Let 7: A X be a closed cofibration and assume that there is a map 
f:X —>Y anda homotopy H : Ax I —+Y such that H(a,0) = fj(a) 
for all a € A. Assume, moreover, that Ho and H, are two extensions of H 
such that Ho(x,0) = f(x) = Hi(x,0) for all ze €¢ X. Then, taking H and G 
as constant homotopies, we can apply the previous proposition and conclude 
that Hp ~ H,. Thus we have given an alternative proof of 4.3.27. 


There is also a corollary of 4.3.30, which, as a matter of fact, is an equiv- 
alent result to 4.3.27, as follows. 


4.3.31 Corollary. Let 7: A X be a closed cofibration. Then its retrac- 
tionr: X x I1—+ X x {0} UA I is unique up to homotopy. 


Proof: Let ro,ri 1 X x I —+ X x {0} UAx I be two retractions. Taking 
Y =X x {0} UA J, it is clear that these maps satisfy the conditions for 
Ay and H, of 4.3.30. Hence, there is a homotopy H: ro ~& 7; such that for 
any t the map 7% : (z,s) 4 H(2,s,t) is also a retraction for 7. ia 


Finally, here is another interesting result, which links fibrations and cofi- 
brations. It also is proved in [74]. 


4.3.32 Theorem. Let B be normal. If the pair (B, A) has the HEP with A 
closed in B and ifp: E —+ B is a Hurewicz fibration, then the pair (E, E'4) 
has the HEP. 


Proof: Using Theorem 4.1.16, we can take py: B —+J and D:BxI—+B 
as in part (b) of that theorem. Since p is a Hurewicz fibration, there exists 
a, lifting H:Ex1I— E of the homotopy D o (p x idy) that makes the 
following diagram commute: 


We then define D’: EB x I —+ E by 
D'(e,t) = H(e, min{t, yp(e)}). 


Then D' and y’ = y op satisfy the hypotheses of 4.1.16 again. oO 


Let us now analyze Serre fibrations. 
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4.3.33 Theorem. /fp: E —> B is a Serre fibration, then for q> 1, 
Ps T(E, Fy) — 1,(B) 
is an isomorphism, where b € B ande € Fi, = p7'(b) are arbitrary base 


points with respect to which we take the homotopy groups. 


Proof: Let F : (12,01?) —+ (B,b) be a representative of a class in 7,(B). In 
particular, looking at F’ as 


F:It*xI—+B, 


we then have that F(x,0) = b, since F(OI?) = {b}. So if we take f : [771 —> 
E to be constant, specifically f(1?~') = {e}, then the diagram 


jet _! Pp 


|b 


It! x JI—>B 


is commutative. By hypothesis, there exists F : [7-1 x J —+ E such that 
F(2,0) = f(z) =e and pF (x,t) = F(a, ,t). Since pF (OI) = F(81%) = {b}, 
we have that F(@I2) c p-'(b), and so F : 1? —s E determines an element 
in 1,(E,p7'(b)) such that. py [F] = [F]. Therefore, p, is an epimorphism. 


Let us now show that p, is a monomorphism. To do this we note that if 
we have a pointed pair (X,A,zo0), then we can set up a bijection 


[(D%, S71, +), (X, A, x0)] + (1, OF, J), (X, A, 20)] 
where J?! = OJ?-! x TUI#-! x {0}. So we have that 
(E,p ‘(b), e) = [(I?, O17, J2*), (E,p'(b), €)) . 


Let F: , O17, J) — (B, p_'(b), e) be a representative of an element 
in n,(E,p-'(b),e) such that p,[F] = 1, that is, po F ~ 0. Also let H : 
(I#,0I%) x I —+ (B,b) be a homotopy such that H(y,0) = pF(y) and 
H(y,1) =. Then we have the commutative diagram 


[72+ It x {O}UM x {1}UIt! x I++ B 


: | ' 


tx] Wx B, 


2 
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(I x I, 14% x {0}) 3 (2 x I, It x {O}U 4 x {4pU IT! x 2) 
Figure 4.1 


where yp: (1% x I,I4 x {0}) — (I? x I, 14 x {O}UI x {1} UJ! x Disa 
homeomorphism of pairs and ¢%p is the restriction to the lower face, as Figure 
4.1 shows. 

Then we have that h|I? x {0} = F and that h|I? x {1} UJ! x Tis 
the constant map whose value is e. Since p is a Serre fibration, there exists 
K': I% x I — E such that 


K'(y,0) = hyoly) and poKk'=Hoy. 
Then K = K'oy!: I% x I —+ E is a homotopy such that 


K(y,0) = K'g""(y,0) = hy, 0) = F(a), 
Ky,\) = Key, 1) =h, I =e, 


and K(J%! x I) = fel. Moreover, since pK (OI? x 1) = H(OI* x D= {3}, 
we have that K(dI% x TI) C p-'(b). So K is a nullhomotopy for F, implying 


that [fF] = 1. Therefore p, is a monomorphism. im 


4.3.34 Corollary. if p: E —>+ B is a Serre fibration, then for b © B and 
F=p7\(b) we have that 


TF) mB) m(B) TF) 


7s an exact sequence. 


Proof: Consider the homotopy sequence (3.4.6) of the pair (Z, F’). According 
to 4.3.23 each term 1,(E, F’) in it can be substituted with 1,(B). So, defining 
a new connecting homomorphism 0 as the composition of the isomorphism 
(p,)1 : m4(B) — m,(E, F) followed by the connecting homomorphism 0 of 
the pair (£2, F) (3.4.6), we obtain the exact sequence that we were looking 
for. oO 


This sequence is known as the evact homotopy sequence of the Serre fi- 
bration p: E — B. 
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Let us now examine an interesting property relating fibrations to strong 
deformation retracts. First let us recall that AC X is a strong deformation 
retract if there exists a homotopy 


A:XxI—+xX 
such that 


H(z,0)=2, zeXx, 
H(a,t)=a, aéA, tel, 
H(z,l)e A, rex. 


Sor: X —>+ A defined by r(x) = H(z, 1) is a retraction. 


4.3.35 Proposition. Assume that p: E —+ B is a C-fibration and that 
AC X is a strong deformation retract with A,X € C. If the square 


commutes, that is, ifpog = f\A, then there exists h : X —+ E such that 
poh=f andh|Arg. 


Proof: Suppose that H : X x I —+ X is a deformation of X that retracts X 
to A and that r: X —+ Ais the corresponding retraction. Let F : X x J] —> 
B be defined by F = f oH, and let g! : X —+ E be defined by g! = gor. 
We then obtain the commutative diagram 


where ji(x) = (2,1). Since X € C and p has the C-HLP, there exists F’ : 
X x I —>+ E such that poF = F and F(2,1) = g(x). If we define 
h: X —+ EB by h(x) = F(a,0), then we have that ph(x) = pF(a,0) = 
F(«,0) = fH(a,0) = f(x) and F(a,0) = h(a). Also, for a € A we have 
F(a,1) = g'(a) = gr(a) = g(a), and so h\ A ~ g follows. o 


4.3.36 EXERCISE. Prove that if in 4.3.35 the inclusion is also a cofibration, 
then we can prove that there exists A such that h|A = g. 
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4.3.37 EXERCISE. We say that a map f : B’ —> B is a weak homotopy 
equivalence if for every q > 0 the induced map f, : 1,(B') —> x,(B) is 
an isomorphism (see 5.1.17). Let p: E —+ B be a Serre fibration, and 
let p’ : E’ —+ B' be the fibration induced from p by f. So we have the 
commutative diagram: 


pial oe 


| 


Bi—;> B. 


Prove that if f is a weak homotopy equivalence, then so also is f. (Hint: Let 
F be the common fiber of p and p’. We then have the commutative diagram 


n(E', F) “> 0,(E,P) 


|b 


(BY m(B), 


fe 


where the vertical arrows are isomorphisms by 4.3.33. By hypothesis, the 
lower horizontal arrow is also an isomorphism. Therefore, the upper hor- 
izontal arrow is an isomorphism as well. Now apply the exact homotopy 
sequence for each of the pairs (E’, F) and (£, F) (3.5.8{e)) and then the five 
lemma in order to prove that f, : 1(E') —+ ,{E) is also an isomorphism.) 


The next theorem generalizes 4.3.33. 


4.3.38 Theorem. Let p: E —> B be a Serre fibration. Then for every 
AC B,bEA, ande <p '(b) we have an isomorphism 


Dy (BE, E4,e) = 1,(B,A,d). 


Proof: Assume that f : (17,017, J?-!) —+ (B, A,b) represents an arbitrary 
element of 7,(B,A,b). Then we have the commutative diagram 


Jit +5 


: 
pee 
; 
: 


>> B, 


where g( J?!) = {e}. Since there is a homeomorphism of pairs 


(x1, Ix OY ey, JO), 
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there exists h : I2 —> E such that poh = f and h|J%! = g, just as 
in the proof of 4.3.33. Since ph(OI?) = f(OI%) C A,h(OI?) C Eg, and 
h(J7-!) = {e}, we have that h : (17,01%, J!) —> (EB, E4,e) represents a 
preimage of [f]. Consequently, p, is an epimorphism. 


Suppose now that g : (I%,0I%, J?!) —+ (E,E4,e) satisfies po g ~ 0 
and that F : (12,017, J¢') x I —+ (B,A,b) is a nullhomotopy; that is, 
F(s,0) = pg(s) and F(s,1) = b. Then we have the commutative diagram 


= f 
I? x {(O}UI x {1}U St 'xI—=3E 


Pp 


es 

It x I——_,_> B, 
where f(s,0) = g(s) for s € I’, f(s,1) = e for s € I’, and f(s,t) = e 
for s € J! andt € I. Once again, as in the proof of 4.3.33, there exists 
F: Ix I —+ E such that po F = F, F(s,0) = 9(s), and F(s,1) =e. 
Moreover, since F(QI? x I) C A, we have that F(@I? x I) C Ey, and 
therefore F : (12,097, J") —s (EB, Ea, e) is a mullhomotopy of g, implying 
that [g] = 1. So p, is a monomorphism. im 


The concept of quasifibration, introduced by Dold and Thom [26] and 
presented next, is made exactly in order to obtain the exact homotopy se- 
quence that we have for the Serre fibrations. Specifically, Theorem 4.3.33 
inspires us to make the next definition. 


4.3.39 DEFINITION. (Dold-Thom) A map p: E —> B is called a quasifi- 
bration if for every point b < B and for every e € p~1(b) we have that, 


Py: Mq(E,p-\(b)) —+ Q(B) 


is an isomorphism for all g > 0, where these groups (or possibly sets) are 
based on e and 8, respectively. 


We can prove the next result in the same way as we proved 4.3.34. 


4.3.40 Proposition. Assume that p: E —+ B is a quasifibration and that 
be Bande cp '(b) =F. Then there exists a long exact sequence 


(4.3.41) co 9 mF) Bs mq(B) 2 (B) 2 al F) 
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This is called the eract homotopy sequence of the quasifibration p: E —> B. 


In Appendix A we gather a series of criteria for determining when a map 
is a quasifibration. These are results that appear in [26]. Because their proofs 
are technically more complicated than those that we typically include here 
in the main text, we prefer not to treat them now. 


4.3.42 NoTE. The articles [73] and [74] of Strgm systematically treat cofi- 
brations and their relations with fibrations. Reading them would be an 
excellent complement to the material treated in the first three sections of 
this chapter. 


4.4. POINTED AND UNPOINTED 
HOMOTOPY CLASSES 


Let X and Y be pointed spaces with base points x and yo, respectively. In 
this section, using results of the previous sections, we analyze the differences 
and the relationship between the set of pointed homotopy classes of maps 
[X, 20; Y, yo] and the set of unpointed homotopy classes [X,Y]. In order to 
do this we shall assume that the space X is well pointed, namely, that the 
inclusion 7: {9}  X is a closed cofibration. This condition will enable us 
to define an action of the fundamental group 7(Y, yo) on [X, x0; Y, yo]. 


4.4.1 Proposition. Let X be a well-pointed space and let Y be a pointed 
space. Then there is a right action of the fundamental group m(Y, yo) on the 
homotopy set [X,x0; Y, yo], namely a function 


[X, 20; ¥, yo] x m(¥,40) —> [X,20;¥, a0], 
([fl],le]) = [f]- lel, 


such that if [a], [8] € m1(Y,yo) and [f] € [X, 20; Y, yo], then 
[f]-1=[f] and ([f]-[o])- [6] = [A] - (lo) - (6), 


where 1 € 1,(Y,yo) is the the identity element. 


Proof: Let f : (X,%0) —> (Y,yo) be a pointed map and a: (1,01) —> 
(Y,¥0) a loop based at yo. Since {ro} X is a cofibration, there exists a 
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homotopy #: X x I —+ Y that completes the following diagram: 


Define the action by setting [f] - [a] = [Fi], where F; : (X,x0) —> (Y,u0) 
is defined by Fi(z) = F(x,1). In order to see that this homotopy class is 
well defined, consider another homotopy extension F’: X x I —> Y of a 
starting with f. Then by 4.3.27, there is a homotopy H:F 2 F'. Leth: 
Xx I —+Y be given by h(2,t) = H(2,1,t). Then h(x,0) = F(x, 1) = F,(2) 
and h(x, 1) = F’(x,1) = Fi(z). Therefore, we can associate [F'] to the pair 
(f,@). 

In order to see that [F\] depends only on the homotopy classes of f and 
a, assume that FY is associated to f’ and a’ and that there are homotopies 
G:fx2fiandH:a~ a’. Since H(x,0,t) = yo = G(xo,0,t) for all 
t € 1, the conditions of Proposition 4.3.30 are fulfilled, and hence there is a 
homotopy #: F ~ F". If we define h: X x I —+ Y by het) = Ha, 1,2), 
then h: F\ ~ Fi. Therefore, the function [f]- [a] = [F)] is well defined. 


To show that this is a group action, consider first the neutral element 
1 = [ey] € 71(¥,¥0), where c,, : J —+ Y is the constant loop. Also take 
f : (X,20) —> (¥,y9). Define F : X x I — Y by Fi(a,t) = f(z), 50 
that [f]-1 = [f]- [ey] = [Fi] = [f]. Finally, let a,8 be loops in Y based 
at yo and let F,G : X x I —+ Y be homotopies such that F(x,0) = f(x), 
F(2o0,t) = a(t), G(v,0) = Fi(z) = F(a,1), and G(xo,t) = Bt). Then 
[f] - [eo] = [Fi] and ([f] - [a]) - [8] = [Gi]. Definmg H : X x I —+ Y by 


f0<t<i 

HG F(x, 2t) a t 
Giz, 2-1) if} <t<1, 
we have H(x,0) = f(x) and H(xo,t) = (a - 8)(t). Hence 


[f] - (La] - [8}) = [Hs] = [G1] = ([f] - [ed) - [6]. 
In what follows we analyze the relationship between pointed and un- 


pointed homotopy classes. We shall show that the latter are obtained by 
dividing out in the former the action of the fundamental group. 
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4.4.2 Theorem. Let X be a well-pointed space and let Y be any path-con- 
nected pointed space. Let ® : [X,x0;Y,yo] —> [X,Y] be the function that 
associates to each pointed homotopy class [f| the unpointed homotopy class 
O([f]). Then ® induces a bijection 


® : [X, 20; Y, yo] /1(¥, 40) — [X,Y], 


where the set on the left-hand side is the orbit set; that ts, tt is the quotient 
that identifies [f] with [f]-[a] for every [f] € [X,20; Y, uo] and [a] € m(Y, yo). 


Proof: By Proposition 4.4.1, the action is given by [f] - [a] = [F\], where 
F:XxI—+Y is ahomotopy such that F(x,0) = f(x) and F(2xo,t) = a(t). 
Thus f is freely (not pointed) homotopic to Fi, and so ®((f]) = ®([f] - [a]), 
which says that © is well defined. 


Let now f,g : (X,20) —> (Y,y0) be pointed maps such that O([f]) = 
((g|). Then there is a free homotopy F: f ~ g that defines a loop a in Y 
by a(t) = F(ao,t). But [f] - [a] = [Fi] and F; = g imply that [f] - [a] = [9]. 
Hence ® is injective. 


Now let g: X —+ Y be any unpointed map. Since Y is path connected, 
there is a path a: g(x) © yo. Since {ro} —> X is a cofibration, there is a 
homotopy H : X x I —+Y such that H(x,0) = g(x) and H(2o,t) = a(t). 
In particular, H(xo,1) = yo. Therefore, the map H; : ¢ + H(2,1) is such 
hat [Hi] < [X, 20; Y, yo] and &([H;]) = [g]. Hence & is surjective. o 


es 


4.4.3 NOTE. Let X be well pointed and Y be pointed. From the proof of 
the theorem above, we have that the quotient 


[X, 203 Y, yo] /m(Y, vo) 


is in bijective correspondence with the set of free homotopy classes of pointed 
maps from (X,29) to (Y,yo). When Y is path connected, this set coincides 
with [X,Y], the set of free homotopy classes of unpointed maps from X to 
% 


4.4.4 EXERCISE. Let A X and B @ Y be closed cofibrations. Show that 
Xx BUAXY OX ~xY is also a closed cofibration. 


4.4.5 Proposition. Let (W,wo) be a well-pointed H-space with H-multipli- 
cation wp: Wx W —>W. Then ps is homotopic to another H-multiplication 
Bl such that p'(wo,w) = w = p'(w,wo). Explicitly, if e: W —> W is the 
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constant map whose value is the base point, e(W) = wo, then it is a strict 
identity; that is, the composites 


(e,id) 


welwxwsw, w@iwxwsw 


are the identity map of W. 


Proof: Let L,R: W x I —+ W be homotopies such that L : po (e,id) ~ id 
and R: 40 (id,e) ~ id; that is, L(w,0) = u(wo,w), L(w,1) = w, R(w,0) = 
p(w, wo), R(w, 1) = w for all w € W. Define a homotopy H : (WVW)xI —> 
W by H(w,wo,t) = R(w,t) and H(wo,w,t) = L(w,t), and consider the 
following commutative diagram: 


Wxw : ah 
ee eae : 
Wwvyw (WxW)xl# -Sw. 
eet wx 


“(WV W)xT 4 


By Exercise 4.4.4, WV W — W x W is a cofibration, and so there exists 
H: (Wx W) x I —+ W such that Hp = p. Setting y' = H, gives us the 
desired H-multiplication. o 


4.4.6 Proposition. Let (X,20) be a well-pointed space and let (W,wo) be a 
well-pointed H-space. Then 1(W,wo) acts trivially on |X, x0; W, wo]. 


Proof: Let f : (X,2o) —+ (W,wo) be a pointed map and a: (1,8I) — 
(W, wo) a loop based at wo. By Proposition 4.4.5, the H-space W has a 
product yu’ for which e is a strict identity. Define a homotopy H : X x I —> 
W by H(a,t) = p'(f(2), a(t)). Then we have a commutative diagram 


Therefore, [f] - [a] = [Hi] = [f]. e 


As an immediate consequence of the previous proposition and of Theorem 
4.4.2, we have the following result. 
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4.4.7 Corollary. Let (X,2x0) be a well-pointed space and Y a path-connected 
H-space with identity element yo. Then the function ® that forgets base points 
determines an isomorphism 


® : [X, x0; Y, 0] = [X,Y]. a 


Corresponding to Theorem 2.5.18 about the invariance of the fundamental 
group when base points are changed, we have the following. 


4.4.8 Theorem. Let X be a space andw: 2x9 ~ x, a path in X. There is 
an isomorphism 
Qu? hn(X, 20) —> T(X, 21) 


with the following properties: 
GQ) Ifw xo rel OI, then yp, = vo. 
Gi) Boag = Lnn(Xs20)+ 
Gii) [fo:a, Yao, then = bo Wy. 
(iv) If f : X —3Y ts a map such that f(xo) = yo and f(x1) =y1, then the 


following is a commutative diagram: 


Hy{X, 0) > tty(X, 21) 


| |. 


Trl Y, Yo) pan melY, ui): 


Proof: Let the map F : (I",8I") —> (X,zo) represent an element in the 
group ™(X,20). Define @ : OJ” x I —+ X by @(s,t) = w(t). Then we 
obtain the following commutative diagram: 


Since OJ” — I” is a cofibration, there is a homotopy F:iI*xI—+X 
making the two triangles in the diagram commute. 

We define w,, : t(X,20) —> t(X, 21) by wb, ([F]) = [Fi]. Using Propo- 
sition 4.4.1 as we did in the proof of Theorem 4.4.2, one can show that this 
function is well defined and satisfies (i). 
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Properties (ii), (iii), and (iv) are an easy exercise to verify. 

To show that the function %, is a homomorphism, consider maps fF’, G': 
(1, 01") —+ (X, xo) and let F',G be homotopies such that F'(s,0) = F(s), 
G(s,0) = G(s), for s € I”, and F(s,t) = O(s,t) = G(s,t) for all s € OJ” and 
allt <I. Define H: I” x I —> X by 

. 1 
ee F(81,.-.,8n—1;28n,t) ” Sn $5; 
G(81,--+8n-1,28n—1,t) if} <8, <1. 


It follows that Hj = F-G and H, = F,- G4. Therefore, 
bo((F]- [G]) = [Ai] = [Fi - Gi) = [Fi] - [G1] = wa ((F))- bul). 


By properties (i), (ii), and (iii), y, is a bijection; hence, it is an isomorphism. 
o 


4.4.9 EXERCISE. Let X be a space and w: 29 © 2; a path in X. Prove 
that ifm = 1, then % = yu-1 : m1(X,x0) —> m(X,21), where y,-1 is 
the isomorphism corresponding to w~! according to Theorem 2.5.18. Here 


w(t) =w(1—t). 
Generalizing Remark 3.5.9, we have the following. 


4.4.10 Theorem. Let f : X —+ Y be a homotopy equivalence. Then for 
every Zp € X andn>1, 


fet U(X, x0) —> ml, f(z0)) 


as an isomorphism. 


Proof: Let g : Y —+ X be a homotopy inverse to f and let H : X x 
I —+ X be a homotopy from idy to go f. Consider the homomorphism 
(9° f)s : T(X, 20) —> m,(X,gf(xo)). Recall that if [F] € m,(X,20), then 
(9° f),([F]) = [go fo F]. Define the homotopy H:I°x I —+ X to be the 
composite H= Ho(f xid;) and let w: J —+ X be the path between xo and 
gf(xo) given by w(t) = H(xo,t). Then we have the following commutative 
diagram: 


a yo 


nxt x, 


By Theorem 4.4.8, yu([Fl) = [Hil = [ge f oF] = (ge fa(lFl). Since du is 
an isomorphism, (go f). = 9. ° f, is also an isomorphism. Similarly, f, o g 
is an isomorphism too; hence, f, and g, are isomorphisms. o 
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4.4.11 EXERCISE. Reformulate and prove 4.4.8 and 4.4.10 for pairs of point- 
ed spaces. 


As an immediate corollary of 4.4.10, we have the following (cf. 3.5.8(f)). 


4.4.12 Corollary. If X is a contractible space, then 7(X, x9) = 0 for every 
wo €X andn>0. im 


4.4.13 REMARK. It is not true that every contractible space is strongly con- 
tractible, that is, can be contracted to a point keeping the point fixed. Con- 
sider, for instance, the subset of R? consisting of all points of the straight 
line segments joining the point (0,1) to the point (4,0) for each positive 
integer 7, as well as to the point (0,0). This space can be contracted, but 
not strongly contracted, to the point (0,0). However, we have the following 
result. 


4.4.14 Proposition. [f (X,20) is a well-pointed contractible space, then X 
is strongly contractible to x9. 


Proof: By Theorem 4.4.2, we have a bijection 
[X, 20; X, to]/71(X, 20) — [X, X]. 


By Corollary 4.4.12, m(X,20) = 0; hence, there is a bijection between 
[X,2%o;X,29] and [X,X]. Since X is contractible, [X,X] = 0, so that 
[X, 2;.X,29] = 0 and therefore idy ~ c,, rel zp. Here 0 denotes the one- 
point set. ia 
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In this section we shall review the concept of a locally trivial bundle, which 
is a special case of the more general concept of a “fiber bundle.” This latter 
concept can be studied in detail in various books. In particular, we refer the 
reader to the classic book of Steenrod [69] as well as to Huseméller [37]. 


In the same way as Serre fibrations are not in general (Hurewicz) fibra- 
tions, locally trivial bundles also are not in general (Hurewicz) fibrations, 
although they indeed are Serre fibrations. Some authors call them “locally 
trivial fiber spaces.” 
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4.5.1 DEFINITION. A map p: 2 —> B is a locally trivial bundle with fiber 
F if every point b € B has a neighborhood U C B such that there exists a 
homeomorphism yy : U x F —+ p7!U making the triangle 


U x F—— + p0 


NY 


commute, where py = p|p—'U : p-'U —>+ U and where 7m is the projection 
onto U. From this commutative diagram we get that yy can be restricted 
to a homeomorphism of 7~!(b) = {b} x F ~ F onto p7'(b) for all b € U. 
Because of this we say that the fiber is F (cf. 4.3.17(b)). The open cover 
of such sets U is called a trivializing cover of the bundle, and the maps yu 
trivializing maps. 


4.5.2 EXAMPLE. If we can take U = B, that is, if EF ~ Bx F, then we have 
a trivial bundle. In particular, if f = Bx F, then p = projg is a trivial 
bundle. 


4.5.3 EXAMPLE. A locally trivial bundle p : E —> B whose fiber F is a 
discrete space is called a covering map. In particular, a covering map always 
is a local homeomorphism. Figure 4.2 shows what a covering map looks like 
locally. 


Figure 4.2 


4.5.4 Lemma. Every trivial bundle is a Hurewicz fibration. 


Proof: It is enough to assume that the given trivial bundle is of the form 
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p= projp: B x F —+ B. Let us consider the commutative square 


f 


E 
a7 
eae 
Z 
x I> B. 


If f: X —> E= Bx Fis given as f(x) = (f'(x), f"(z)), we then define 
H:X xI—+ E=Bx F by H(z,t) = (H(a,t), f"(2)). 0 


4.5.5 EXAMPLE. Lemma 4.5.4 is not true if the fibration is assumed to be 
only homotopically trivial, that is,  ~ Bx F’, as we can show by considering 
the map p:  —+ I, where 


E={0}xITUIx {0} and F={+} 


and p is the projection onto the first factor (see Figure 4.3), since the path 
a = id; : I —+ TI does not have a lifting to a : J —+ E such that a(0) = 
(0,1). (Cf. 4.3.13.) 


Figure 4.3 


4.5.6 Theorem. Every locally trivial bundle is a Serre fibration. 


Proof: Let p: EB —+ B be a locally trivial bundle. We have to prove that 
for every commutative square 


f 


It1—> E 


HO? 
»| id | 
2 


I'xI—B 


there exists H : I? x I —+ E such that pol = Handi ojo = f. For 
each point b ¢ H(I*% x I) there exists a neighborhood U(b) of b such that 
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puis) is trivial, and so there exists a homeomorphism yy) : Fx U(b) — 
Evy(s) = p-'U(b). Since H(I? x I) is compact, we can cover it with a finite 
number of such neighborhoods U(b), say U;,...,U,. Since I? x I is a compact 
metric space, there exists a number ¢ > 0, called the Lebesgue number of the 
cover {H~'(U;)}, such that every subset of diameter less than ¢ is contained 
in some H~!(U;). Therefore, we can subdivide I% into subcubes and take 
numbers 0 = ty < t; < ++: <t,, = 1 in such a way that if c is an n-face, then 
the image of c x {t;,¢;4] under H lies in some U;. (Note that the 0-faces 
are vertices, the 1-faces are edges, etc.) Suppose that we have constructed 
H on I? x [to,tj]. Then we shall construct H on I? x [t;,t;41] by defining i 
on each n-subface, using induction on 7. 


If ¢ is a 0-face, then we pick some U; such that H(c x [t;,t;41]) C Ui. 
Since pH(c,t;) = H(c,t;), we then have H(c,t;) C Ey,. We define H(c,t) = 
pu,(H (c,t), projryy, (H(c,t;))) for t © [t;,tj41]. This is well defined an 


continuous. 


Assume that we have already constructed H on @x [t;,t;41] for every 
face ¢ of dimension less than n and let ¢ be an n-face. Let us then pick 
some U; such that H(e x [t;,t;41]) C U; By hypothesis H is defined on 
ex {t;}U@e x [t;,t;41]. Clearly, there exists a homeomorphism of c x [t;,¢;+1] 
to itself that sends c x {¢;} Uc x [t;,t;41] onto ¢ x {t;}, and so using 4.5.4 
we can complete the diagram 


yl of| 
ex {tj} U dex [tjtjyi] > U; x F 
_ 
Rol-7 | : 
et proj 
ex [tj,t541] 7 U;. 


Composing this lifting K with y;, we define H on c x [t;,t41]. In this 
way we complete the induction step and obtain H|I? x [0,t;,,]. Finally, by 
induction on j, we define H on I? x J. Oo 


4.5.7 EXERCISE. Using the same method of proof as in 4.5.6, prove the 
following statement: 


4.5.8 Proposition. Suppose that p: E —+ B is continuous and that there 
exists an open cover {U} of B such that for each open set U in the cover the 
restriction py is a Serre fibration. Then p is a Serre fibration. oO 
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4.5.9 EXERCISE. Assume that p: E —> B is a covering map. Prove that 
p has the unique path-lifting property; that is, p is such that for any given 
path a: J —+ B and any given point y € p~!(a(0)) there exists a unique 
path a: J —> EF satisfying a(0) = y and pod =a. (Hint: Since p is a Serre 
fibration, the lifting always exists. To prove that it is unique, show that any 
two liftings with the same initial point y have to be homotopic fiber by fiber, 
using again the fact that p is a Serre fibration, and notice that this is possible 
only if both coincide, since the fiber is discrete.) 


The following is a very important example. 


4.5.10 EXAMPLE. Let S* Cc C x C be defined as 
SP={(z,z)eCxC | z+27/=1}. 


Also let us identify the Riemann sphere, defined by C U {oo}, with S? by 
means of the stereographic projection e : S? —+ C U {oo} defined by e(¢) = 
(1/1 — z)(@ + iy) for ¢ = (@,y,z) and z < 1 and by e(0,0,1) = oo. This is 
shown in Figure 4.4. 


Figure 4.4 


We have a map 
p:S' > 8 = CU {co} 
defined by p(z,2') = 2/2! if 2’ £0 and by p(z,z') = oo if z= 0. Then p is 
a locally trivial bundle with fiber S' = {¢ ¢ C | ¢¢ = 1}, as we shall soon 


see. 


Put U =S?—{oo}(= C) and V = S?— {0}. We define a homeomorphism 


yu:U x S!—s pu 
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by yu(z,0) = (Cz//2 +1,¢/V/2% + 1). It then has an inverse 
dy :ptU —Uxs! 
given by dy(z, 2!) = (z/2z',2"/|z'|). 
We define another homeomorphism 
yy: VxS!—> ply 


by 
ov(2,¢) = (lelev2 +1, Cz Vez +1) 


if z € C— {0} and by yy(co,¢) = (¢,0). Then its inverse 
wip 'V—+Vxs' 


is given by dy(z, 2’) = (z/2',z/|z|) if 2’ 40 and by gy(z,0) = (co, z). 
So we have that p : S? —> S? is locally trivial. This locally trivial bundle 
is called the Hopf fibration. 


4.5.11 Proposition. [fp : E —+ B is a locally trivial bundle and f : 
B! —+ B is continuous, then the map p': E' —+ B! induced from p by f is 
a locally trivial bundle having the same fiber F as p has. 


Proof: Suppose that b! € B' and that U is a neighborhood of f(b’) in B such 
that there exists a homeomorphism yy that makes the triangle 


UxF ° 


ar 


es 


commute. Put U' = f-'U. Then U’ is a neighborhood of b’, and the map 
ur: Ul x F — (p')1U" given by yy(a',y) = (2, pu(f(2),y)) is a home- 
omorphism that makes the triangle 


UxF eur (p')“1U" 


er 


ul 


commute. 
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4.5.12 EXAMPLE. Assume that R is the space of real numbers and consider 
the exponential map 
p:R—S! 

defined by p(t) = e"* ¢ S' CC. Clearly, we have that p(t) = p(t’) if and 
only if tt € Z. So we have that S! © R/Z as abelian groups and as 
topological spaces. Let us show that it is a locally trivial bundle with fiber 
Z (see Figure 4.5). Put U = S'— {1}, so that we have p-'U =R-Z. Then 
there is a homeomorphism ~#y that makes the triangle 


pu UxZ 


~, 


commute. It is given by y(t) = (e?™*, [t]), where [t] € Z satisfies t = [¢] +t 
with 0 <7?’ < 1. And its inverse yy : U x Z —+ plU is given by yy(¢,n) = 
n-+t, where € =e €U withO<t<1. 


Figure 4.5 


Analogously, if we put V = S! — {—1}, so that 


piV=R (+5) {rere nt pment, 


then we define py : p-'V —+ V x Z by dy(t) = (e?™*, [t+ 4]). Then its 
inverse yy : V x Z —+ p~!V is given by yy(¢,n)=n4+t forg= Pov 
with —} <t< }. 


Also in this example, by using 4.3.34 and 4.5.6, we get an exact sequence 
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4(Z) m,(R) m4(S') T-1(Z) 


(4.5.12) 
m(R) m(S') mo(Z) mo(R). 


Since we have 


Z ifq=0, 
Z) = 
ma(2) . ifq 40, 


and 
a(R)=0 if q>0, 


we obtain the next result. 


4.5.13 Theorem. The homotopy groups of S' are given by 


1_ JZ #¢q=1, 
n= {5 fq#l. 3 


That is to say, we have proved that S! is an Eilenberg-Mac Lane space 
of type K(Z,1) (see Chapter 6). 


4.5.14 EXERCISE. Let p: # —+ B be a covering map where B is path con- 
nected and locally path connected. To say that B is a locally path-connected 
space means that for each point b € B and each neighborhood U of 6b in 
B there is a neighborhood V C U of 6 that is path connected. Let X be 
path connected. Prove that for every map f : X —> B and for all points 
zo € X and yo € p'(f(z)), there exists a unique lifting f:X — E such 
that f(x) = yo if and only if fimi(X,20) C pymi(E,yo). (Hint: For each 
point « € X let a: J —> X bea path such that a(0) = zp and a(1) = a. 
Using 4.5.9, there exists a unique path a : J —+ E such that a(0) = yo 
and po @ = a. We then define f : X —> E by f(x) = a(1). Using the 
hypotheses, prove that fis well defined and continuous.) 


4.5.15 EXERCISE. Let p: # —> B be a covering map such that F is path 
connected. (This last condition is included by many authors in the definition 
of covering map.) 


(a) Prove that we have a transitive action of the fundamental group of 
the base 7(B,bo) on the fiber F = p~'bp such that if [a] € m:(B,bo) 
and y € F, then y- [a] = a(1), where a: J —> E is the lifting of a 
satisfying a(0) = y (see 4.5.9). In other words, prove that y-1= y 
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and that y- ((al[6)) = (v- lal) - [6], where 1, [a], [5] € 7:(B,bo) (that 
is, 7(B,bo) acts on F). Moreover, prove that for every y1, y € F 
there exists [a] € 7(B,bo) such that y; - [a] = yp (that is, the action 
is transttive). (Hint: The action is defined by using the unique path- 
lifting property 4.5.9. In order to prove that it is transitive, for any 
given y; and yo take a path @ from 4; to y2 and define a = po a.) 


(b) Prove that the homomorphism p, : 7(E£,y0) —> 7(B,b9) is a mono- 
morphism. (Hint: If @ : J —> BE is a closed path in F such that 
a(0) = @(1) = yo and such that a= pod ~ 0 in B, then there is a 
lifting of every nullhomotopy of a, which in turn defines a nullhomotopy 
of @.) 


(c) Assume that yo € F. Prove that the function [a] + yp - [a] defines 
an isomorphism (as sets) between F and the set of (right) cosets of 
p17 (E, yo) in ™(B,b9). (Hint: One has yp - [a] = yo - [8] if and only if 
pam (E, vo)lo] = pam (E, 40) [5]-) 


(d) Suppose that E is simply connected, that is, 7,(£) = 1. Conclude 
that 1(B,b)) = F as sets. A covering map p: E —+ B such that 
m,(E) = 1 is called a universal covering map. 


4.5.16 EXERCISE. Let p: R —+ S! be the exponential map, namely, p(t) = 
exp (2qit). Prove that p is a universal covering map, so that 7(S') © Z at 
least as sets. (See Figure 4.6, and compare this with 4.5.12.) 


ohhh 


Figure 4.6 


4.5.17 EXERCISE. Let p: S* —> RP” for n > 1 be the canonical projection. 
Prove that p is a universal covering map whose fiber F’ consists of two points. 
Conclude that 7(RP”) = Z/2. 
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4.5.18 NoTE. The results stated in Exercises 4.5.15(b) and (c) can be o 
tained from the long exact homotopy sequence of a Serre fibration (see 


4.3.34). 


4.5.19 EXERCISE. Let B be a path-connected space that is also locally path 
connected and semilocally 1-connected. This means that B has the property 
that for every point b € B there exists a neighborhood V C B of b such 
that the inclusion 7: V << B satifies ,7(V,b) = 1. Prove that there exists 
a universal covering map p : & —+ B, and in particular that # is path 
connected and simply connected (7|(#) = 1). (Hint: Suppose that bp € B. 
Take a cover V; with 7 € J of B consisting of sets that are open, nonempty, 
and path connected just like the open set V above. Then for each 7 take a 
path a; in B such that a(0) = bp and a(1) € Vj, and moreover, such that a; 
is the constant path whose value is bp if bp € V;. Next, for each b € Vin V; 
put gij(b) = [ax8:8; az") € m(B, bo), where ; is a path in Vi from a,(1) to 
b for k = 2,7 (see Figure 4.7). Form the disjoint union 


I] Yx fo} x LC Bx mB, bo) x J, 

3 
where 1(B,b9) and J are discrete, and identify (b, 7,7) and (b',7',i) ifb = 
bf and 7 = g;;(b)y, thereby obtaining a topological space E and a map 
p: & —+ B. This is the desired covermg map. Compare this with the 
construction of a vector bundle using cocycles in 8.1.1.) 


Figure 4.7 


4.5.20 EXERCISE. Let p: EB —+ B and p’: E’ —+ B be locally trivial 
bundles with compact Hausdorff fibers over the same base space B. Prove 
that y : EB —+ E' is a bundle isomorphism (that is, for each « € B, the 
restriction to the fiber y, : p7'(x) —> p(x) is a homeomorphism and y 
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covers the identity map of B) if and only if y itself is a homeomorphism. 
(Hint: Prove that the first condition implies that y is a continuous, bijective, 
and open map using the fact that the group of homeomorphisms of the fiber 
Homeo(F, F’) with the compact-open topology is then a topological group.) 


4.5.21 EXERCISE. Assume that p: EB —> B and p’: E' —> B' are locally 
trivial bundles with compact Hausdorff fibers. Prove that if f: E —> E’ is 
a bundle morphism, that is, there exists a continuous f : B —> B' such that 
fop=p’o f, and for each x € B, the restriction to the fiber f, : p(x) 
p(f(a)), then B ~ f*E’. (Hint: Apply the previous exercise to E and 
iB") 


4.5.22 REMARK. The assertions of the two previous exercises are equally 
true if the fiber is discrete instead of compact. They also hold for vector 
bundles, that is, for locally trivial bundles p : E —+ B such that their 
fiber F is a finite-dimensional vector space and given two trivializations yy : 
Ux F — plu", py : Vx F —> p'V and a point sr eC UNV, the 
homeomorphism restricted to the fiber gy! oyy: F — F is in fact a linear 
isomorphism (see 8.1.1 and compare with 8.1.13). 


For more general locally trivial bundles p : # —+ B, the problem is that 
the group of homeomorphisms of the fiber Homeo(F, F’) is not necessarily 
a topological group; that is, the function sending a homeomorphism to its 
inverse need not be continuous. Therefore, one might instead assume that 
for each trivializing U and V, the map UM V —+ Homeo(F, F) given by 
x +> ((yy|p7'(x))~) o (yy|p71(z)) lands, in fact, in some subgroup G C 
Homeo(F, F’) that with the relative topology is a topological group (this 
group G is the so-called structure group of p; see [69]). Then the assertions 
of the exercises also hold. 


Given a right action of a (discrete) group G on a space X, we say that 
the action is free if given g € G, then g 4 1 implies zg # g for alla € X. 
We say that the action is properly discontinuous if every point x € X has 
a neighborhood V such that VM Vg = @ for every nontrivial permutation 
g € G, where Vg = {xg | x € V}. In particular, this implies that the action 
is free. 


4.5.23 DEFINITION. Let p: EF —+ B bea covering map. A covering trans- 
formation is a homemomorphism F : F —+ E such that poF = F. Clearly, 
the set of all covering transformations is a group under composition. 


136 4 Homotopy EXTENSION AND LIFTING PROPERTIES 


4.5.24 DEFINITION. A covering map p: & —+ B is said to be regular if 
given any loop w in B, then either every lifting of w is a loop or none is a 
loop. 


The following exercises will be needed to prove the important Theorem 
4.5.29, below. 


4.5.25 EXERCISE. Let p : & —> B be a covering map. Prove that p is 
regular if and only if p,w1(B,e0) = pym1(E,e1) whenever p(eo) = ple). 


4.5.26 EXERCISE. Let p : E —+ B be a covering map and assume that 
E is path connected. Take e9,e; € E. Prove that there is a path w : 
p(eo) & per) such that pymi(E,e0) = Yupsmi(E,e1). Conversely, given a 
path w : p(eo) © x, in B, prove that there is a point e; € p-!(21) such that 
Gupem (EB, e1) = pm (EB, e0). Here y,, is as defined in 2.5.18. 


4.5.27 EXERCISE. Let p: EB —> B be a covering map and assume that # 
is path connected. Take x9 € B. Prove that the family {p,7(E,e) |e € 
p-'(ao)} is a conjugacy class in 7:(B,zo). (Hint: Use the exercise above, 


of. 4.5.15(c).) 


4.5.28 EXERCISE. Prove that if there is a properly discontinuous (right) 
action of a group G on a space E, then the quotient map g: E —> E/G 
mapping each element to its orbit is a covering map. 


4.5.29 Theorem. Let E be a path-connected space. If g: E —+ E/G is the 
quotient map and ep € E, then 


am (Ee) C mi(E/G, q(e0)) 


ts a normal subgroup, and there is a group isomorphism 
m (B/G, q€0))/am(E, eo) = G. 


Furthermore, the group of covering transformations of q is isomorphic to G. 


Proof: By Exercise 4.5.28, q: E —> E/G is a covering map. Set rp = 
g(ep). Then there is an action g~!(x9) x 1 (B/G, x9) —+ q7(aq) given by 
e- ([w] = @(1), where @ is the lifting of w such that (0) = e. Since E is path 
connected, this action is transitive. The zsotropy subgroup of eo, that is, the 
subgroup of 1(E/G,x0) leaving eo fixed, is clearly equal to q,7)(E, eo). 
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Let ae) : m(E/G,x0) —+ q71(z0) be given by a.,([w]) = eo-[w]. Then ae, 
induces a bijection @.. : m(E/G,q(eo))/q.1(E,e0) —+ q7'(xo) such that 
Geq ({w]}) = Oe ({w]). Since the action of G is free and the orbits of the action 
are precisely the fibers of g, we have another bijection 8., : G —> q7'(20) 


given by 8.,(g) = e0-g. Therefore, we get a bijection 


y= B;, 0 Gey : T1(E/G, geo) /Gm1(E, en) — G. 


Now take another point e; € q~!(xo). Since g~!(xq) is an orbit of the 
action of G, one has that e; = e9-g for some g € G. But g induces a 
homeomorphism R, : £ —+ E such that R,(e) = e- g, which is obviously a 
covering transformation. Using the functor 7; we get the following commu- 
tative diagram: 


m(E, eo) a ™(E,e0) 


w(E/G, 2x0). 


Hence 9,71(E, eo) = a01(E,e1), and by Exercise 4.5.25, g is regular. 

Since & is path connected, by Exercise 4.5.27, the family of subgroups 
{q.71(B,e) | e € q'(xo)} is a conjugacy class in 7(E/G,20). But all of 
these subgroups coincide, so that g,7(E, eo) is normal in 7(E/G,2xo), and 


es 


hen m(E/G, 20) /q.01(E, eo) is a group. By the definition of y, we have that 
p(w] [w2]) = B5,'(eo - ([w1][w2])). Let &, be the unique lifting of w, such that 
w,(0) = eg and let g, € G be the unique element such that eg - g, = @,(1) 


(v = 1,2). To evaluate eg - ({w|[we]), let G be the unique lifting of wy such 


+ 


hat (0) = @)(1). Then the product of paths @,@) is a lifting of wiw, 
starting at eo; hence eg - ([w][we]) = @2(1). 

Consider the homeomorphism R,, : E —> E and the path Ry, o Gy. 
Since R,, is a covering transformation, Ry, 0G: is a lifting of w. starting at 
@,(1). Hence, Ry, 0 = Bz, and then eg - ((w][w2]) = (1) = Ry, oGe(1) = 
Gg(1) + g1 = (€0- 92) - 91 = €0- (9291). Therefore, 


y (wl ay) = pn =" (41) g (Fd) : 


We define 
ym (E/G, (60) /aem (E, €0) — G 
by &([e]) = y([a)). Then w is an isomorphism. 


Finally, let G be the group of covering transformations of g. There is a 
homomorphism y : G —> G given by 7(g) = R,-1. Since the action is free, it 
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is also effective, so that y is injective. Now let fF: EF —> E be any covering 
transformation and take e9 € E. Since eo and F(ep) are on the same fiber, 
there exists g € G such that F(e9) = e9-g~!. Consider R,-1 € G. Then 
R,-1(eo) = F(eo). Since both R,-1 and F are liftings of q and E is path 
connected, thus connected, then by the uniqueness of the liftings, R,-1 = F’, 
hence ¥ is an isomorphism. ia 


4.5.30 EXERCISE. Let & be a Hausdorff space. Prove that if there is a free 
action of a finite group G on F, then the action is properly discontinuous. 
Conclude that the quotient map g: 2 —> B/G is a covering map. 


4.6 CLASSIFICATION OF COVERING MAPS OVER 
PARACOMPACT SPACES 


The purpose of this section is to classify covering maps, using similar meth- 
ods and results to those that will be used in Section 8.5 to classify vector 
bundles over paracompact spaces. There the classifying spaces will be the 
Grassmann manifolds. Here they will be configuration spaces, which are 
certain subspaces of the symmetric products, which will be systematically 
analyzed in the next chapter. 


Before starting with the classification, we need some general results on 
locally trivial bundles. These will also be of interest in Chapter 8. 


4.6.1 Lemma. Suppose that p: E —>+ Bx I is a locally trivial bundle whose 
restrictions to B x [0,a] and to B x {a,1] are trivial for some a € I. Then 
p: E> Bx! itself is a trivial bundle. 


Proof: By assumption we have homeomorphisms y : (B x [0,a]) x F —> 
p(B x [0,a]) and ye : (B x [a,1]) x F — p(B x [a,1]). These in turn 
induce a map 

(Bx {a}) x FP —@h p(B x fay) #17, (Bx fal) x F 


of the form (b,a,v) ++ (b, a, g(b)v), where g : B —> Homeo(F’) is continuous 
and Homeo(F) is the space of homeomorphisms of /' onto itself with the 
compact-open topology and |, ~2| denote the appropriate restrictions. 


Next we define y : (B x I) x F —+ E by 


bt ift< 
Ce i a at 
Yo(b,t,g(b)v) ift >a. 


Then y is a trivialization, as desired. oO 
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4.6.2 Lemma. Letp: EF —> Bx I be a locally trivial bundie. Then there 
exists an open cover {U} of B such that p-\(U x I) —+U x I is trivial for 
every U in the cover. 


Proof: Take b € B. Then for each t € J there exists a neighborhood U; of b in 
B and there exists a neighborhood V, of t in J such that p~!(U, x V,) is trivial. 
Since J is compact, there exists a finite subcover {V,, | r = 1,...,m} of the 
cover {V¥,|t eI}. Put Uy = (2, U;, and choose 0 = sp < 81) < +++ <8, =1 
such that the differences s;—s;_; for? = 1,...,n are all less than the Lebesgue 
number of the cover {V;,}. Then p~(Us x [s:-1, 8:]) —+ Us x [si-1, si]) is 
trivial. And so by iterating and using Lemma 4.6.1 we have that p7!(U, x I) 
is trivial as well. Repeating this construction for every b € B we get an open 
cover {U;} of B such that each p~!(U; x I) —+ U; x I is trivial. o 


4.6.3 Proposition. Letp: E —> Bx I be a locaily trivial bundle, where B 
is a paracompact space. Letr: B x I —>+ Bx I be the retraction defined by 
r(b,t) = (b,1) for (b,t) € Bx I. Then there exists a bundle morphism 


Therefore, E =r* BE. 


Proof: Using 4.6.2 and the paracompactness of B there is a locally finite 
open cover {U,}aca of B together with a subordinate partition of unity 
{nakeca such that p-'(U, x I) —+ U, x I is trivial. For each a € A, define 
bea 1 B —>+ I by 
Ned 2) 

max{na(x) | 6 < Ay” 

Due to the fact that only a finite number of the ng(x) are nonzero, the 
function max{ng(x) | 8 € A} is continuous and nonzero. Therefore, ji. is 
continuous, has support in U,, and for each x € B satisfies max{p..(x)} = 1. 


Ha(x) = 


Let Ya : U, x Ix F —+ p\(U, x 1) for each a € A denote a local 
trivialization. For each a € A we then define a bundle morphism 
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y setting, in the base space, r.(b,t) = (b, max (.(b),t)) for (b,t) ¢E Bx I 
and by setting, in the total space, f, to be the identity outside of p~'(U, x I) 
and by setting f.(y.(b,t,v)) = Ya(b, max (ju..(b),t),v) inside of p-!(U, x 1). 
Let us choose a well-ordering < on A. By local finiteness we have that 
or each b € B there exists a neighborhood W, of b such that W, U, is 
nonempty only for finitely many a in A, say for a in the finite subset A, = 
{a1,0Q,..., Am} with ay ~ ag < +++ < a,,. We now definer: Bx I —> Bx] 
by r\(W, xX LT) = Tan oTam1O'''°%a,, and we define f : H —+ E by 
flp7\(Ws x TD) = fam © foam 4 0°** ° fy. Since ra on W, x I and f, on 
p'(W, x I) are the identity if a ¢ As, we can view r and f as infinite 
composites of maps almost all of which are the identity in a neighborhood of 
any point. (Here “almost all” means “all except a finite number.”) Since each 
f. is an isomorphism on every fiber, the composite f also is an isomorphism 


on every fiber. oO 


4.6.4 Theorem. Let p’ : E’ —+ B’ be a locally trivial bundle and B a 
paracompact space, and suppose that we have two homotopic maps f,g : 
B—- B’. Then we have a bundle isomorphism ft E! = gt E’. 


Proof: Let F: B x I —+ B' be a homotopy from f to g. Also let i, : B — 
B x I be the inclusions 2,(b) = (6, v) for b€ B and y = 0,1. It then follows 
that f= FPoig andg=Fo. 


Let r : Bx I —> Bx I be the retraction defined by r(b,t) = (0,1) 
for (b,t) € Bx I. Then by applying 4.3.10, 4.6.3, and 4.5.21 we have that 
ftE! = (Fo ig)"E! © ib FE! & itr FYB! & (0 ig) FYE! & PVE! & g BI, 
where we have also used ro ig = 2}. o 


We move on to the solution of the classification problem. 


4.6.5 DEFINITION. Let X be a topological space. We define its nth config- 
uration space F(X) by 
F,(X) = {(x1,22,...,2n) EX” | a, F x; for iF J}. 


If ¥,, denotes the symmetric (or permutation) group of the set {1,...,n}, 
then there is a right free action of this group on F;,(X) given by 


(@1,...52n)O = (Lo(1),-.+,Lo(n)), TEX. 


The quotient space of this action can be considered as the space of subsets of 
cardinality n of X. This quotient space can be also viewed as a subspace of 
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the nth symmetric product SP”X, which will be defined below (see 5.2.1). If 
X is a Hausdorff space, then by 4.5.30 the action is properly discontinuous. 
Hence the action is free, and by 4.5.29 the quotient map pn : F(X) —> 
F,(X)/=,, is a covering map. Since the fiber is D,, the multiplicity of the 
covering map (that is, the cardinality of the fiber) is n!. There is also an n- 
fold covering map, that is, a covering map of multiplicity n, m, : E,(X) —> 
F,(X)/Z,, associated to F,,(X) and defined as follows. The total space is 
given by £,,(X) = {(C,x) € F,(X)/¥, x X | x € C} and the projection by 
Tr(C, x) = C. 


We shall consider only the case X = R*, where 1 < k < co. It can be 
shown that the space F),(IR°) is contractible. 


4.6.6 DEFINITION. Let p: EF —+ Bandp’: EB’ —+ B becovering maps. We 
say that they are equivalent if there is a bundle isomorphism y : F —+ E’, 
that is, a homeomorphism such that p'o y = p. The map y is called an 
equivalence of covering maps. In particular, fiberwise, y is an equivalence of 
sets. 


Corresponding to 4.5.20, one can directly prove the following special case. 


4.6.7 EXERCISE. Let p: E —+ B and p’ : E’ —+ B be covering maps. 
Assume that y: 2 —+ BE’ is such that p'oy =p and y|p-'(x) : pa) 
p(x) for each x € X is an equivalence of sets, i-e., is bijective. Prove that 
y is an equivalence. 


4.6.8 Lemma. Let p : E —+ B and q: E' —+ B' be covering maps. 
Assume that there are maps F : E —+ E' and f : B —+ B' such that 


(i) qoF = fop, 


(ii) F restricted to each fiber of p is a bijection onto the corresponding fiber 
of q. 


Then p: E —+ B is equivalent to the covering map q: f*E' —+ B induced 
from q by f. 


Proof: Consider the pullback diagram 


pel te py 


f 
B-4>B 
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and the maps F : E —> EF’ and p: E —+ B. The map y: E —> f*E’ given 
by yv(e) = (ple), F(e)) coincides fiberwise with F. Therefore, it is a bijection 
of the fibers, and thus, by Exercise 4.6.7, y is an equivalence. ia 


The following concept also has a version for vector bundles (see 8.5.2). 


4.6.9 DEFINITION. Let p: E —+ B be an n-fold covering map. A Gauss 
map isa map g: FE —+ R*, 1 < k < 00, such that glp-'(x) : p-1(x) — R* 
is injective for each x € B. 


4.6.10 Proposition. Let p: E —>+ B be an n-fold covering map. Then 
there exists a Gauss map g : E —+ R* for p if and only if there is a map 
f:B— F,(R*)/¥, such that E is equivalent to ftE,(R"). The map f is 
called a classifying map. 


Proof: Let g: E —+ R* be a Gauss map for p. Define f : B —> F,(R*)/D, 
as follows. For each z < B, choose a bijection h : 7 —> pla), where 
n= {1,2,...,n}. Since goh: 7% —> R* is injective, set 


F(x) = m.(gh(Q),--.,gh(n)). 


This is well defined, since given any other bijection kh! : 7 —> p7'(z), the 
composite o = A'—' oh belongs to E,, and 


(gh'(1),...,gh'(n))o = (gh(1),..., gh(n)). 


To see that f is continuous, take a trivializing cover {U} with trivializing 
maps yy. Then, for each x € U, the composite 


pa), U xn 


is a bijection and f(x) = ,(g((projo yy) *(x)),..., g((proj ° yu) ~!(zx))). 


Now we define F : E —>+ E,(R*) by F(e) = (fp(e),g(e)) and get the 
following commutative diagram: 


EB ae ES E,(R*) 


| |» 


B—> F,(R)/Eq. 


Since F is a bijection on fibers, by Lemma 4.6.8, f*#,,(R") & EB. 
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Conversely, let kh: E —+ f*E,(R*) be an equivalence of covering maps. 
Then g: E —> R* defined by 


ft E,(R*) > B,(R*)\—> F,(R*) /E_ x RE 


h [psi 


is clearly a Gauss map. oO 


4.6.11 EXERCISE. Let p: # —+ B be an n-fold covering map. 


(a) Prove that the above construction establishes a bijection between the 
set, of bundle morphisms 


E—=+E,(R') 


le cal 


B—> Fe(R4)/En 


and the set of Gauss maps g: E —> R*. 


(b) Prove that if G: EB x I —> R* is a homotopy such that G,: E —> R* 
is a Gauss map for every t € I, where we define G:(e) = G(t,e) for 
e © &, then we can use the above construction in order to obtain a 
bundle morphism 

F 


Ex! E,(R*) 


“| 


BX I> F,(R*)/En, 


with the following property. If f. : B —> F,(R*)/D, for v = 0,1 
are the functions associated to G, for y = 0,1, then F is a homotopy 
between fo and fy. 


In order to prove that every finite covering map over a paracompact space 
has a Gauss map we shall need the next important lemma, whose special 
case for covering maps we shall use below and whose special case for vector 
bundles will be used in Chapter 8. 


4.6.12 Lemma. Let p: EF —> B be a locally trivial bundle over a paracom- 
pact space B. Then there exists a countable open cover of B, say {W,,} with 
n> 1, such that p'W,, is trivial for alln > 1. 
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Proof: Let {Uz\«ex be an open cover of B such that p-'(U,) —> U, is 
trivial for all a € A. Since B is paracompact, there exists a partition of 
unity {to }ae Subordinate to {U.}aca. For each b € B let us define S(b) to 
be the finite set of those a € A that satisfy 7.(b) > 0. Also, for each finite 
subset S Cc A, let us define W(S) = {b € B | n.(b) > ng(b) whenever a € 9 
and 8 ¢ S}. 

We claim that W(S) is open in B. In fact, Bag = {b € B | nab) > ne(b)} 
is open, since Bag = (a — 7g)~'{0, 1]. Now for any given bo € W(S) there 
exists a neighborhood V(bp) of bo such that only 7,,%.,..., 7s, ave different 
rom zero in V(b) for some finite integer r. We put N = [),,-5{Bo,a, Ba, 
++ Ba,g,), which is open, being a finite intersection of open sets. We then 
have bp € NM V(bo) C W(S), and therefore W(S) is open. 


If S and S’ are two distinct subsets of A each having m elements, then 
(S)NW(S’) = @. This is so, since there exists a € S' such that a ¢ S’ and 
there exists 6 € S’ such that 6 ¢ S and therefore be W(S) M W(S') would 
imply that 7.(b) > 7g(b) and that 79(b) > n.{b), a patent contradiction. 


Now we define W,, = | J{W(S(d)) | |S()| = n} for every integer n, where 
here |- | denotes the cardinality of a set. 


If a € S(b), then W(S(b)) C nZ1(0, 1] C Uz, and therefore we have that 
p-!W(S(b)) —> W(S(b)) is trivial. Since for each n the open set W,, is a 
disjoint union of sets of the form W(S(8)), it follows that p-'W,, —> W,, is 
also trivial. a 


4.6.13 NOTE. From the proof it is clear that any locally trivial bundle p : 
& —+ Bisa locally trivial bundle of finite type wherever B is paracompact; 
that is, it has a finite trivializing cover. This is because each b € B belongs 
to at most m subsets U,, and so we have that W; = for 2 > m. Therefore, 
there exists a finite open cover {W;} for i= 1,...,m such that p-1W; —> W; 
is trivial. And this establishes the claim. 


4.6.14 Proposition. Every n-fold covering map over a paracompact space 
has a Gauss map. 


Proof: Let B be paracompact and p: & —+ B be an n-fold covering map. 
Since B is paracompact, by 4.6.12 there is a countable trivializing cover 
{W,}o2, of B. Let y;: p7'(W;) —+ W; x 7 be a trivialization and let {n;}%, 
be a partition of unity subordinate to {W;}. For each 7, define g;: E —> R 
by 
ie eo -projyi(e) ife < p-'(W)), 
0 ife dp '(W,), 
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where proj: W; x 7 —>7 C R is the projection. 


Now we define g: EF —+ R® by g(e) = (gi(e),..., g:(e),---). o 


4.6.15 DEFINITION. Let X be a paracompact space. We denote by C,(X) 
the set of equivalence classes of n-fold covering maps over X. 


By Propositions 4.6.10 and 4.6.14, we have the following. 


4.6.16 Theorem. Let X be a paracompact space. Then there is a bijection 
[X, F(R) /En] — Cn(X) 


given by [f] > [f*#,(R™)]. 


Proof: By 4.6.4, the function is well defined. Propositions 4.6.10 and 4.6.14 
show that the function is surjective. 


To see that the function is injective, we consider Rf? = {(t;) € R® | to; = 
0,2 = 1,2,3,...} and RS = {() € R® | tay. = 0, ¢ = 0,1,2,...}, so that 
R® = R#@ Rs°. Next we define two homotopies h', hk? : R° x I —> R® by 


hi ((t1,te,t3,...),t) = (—2t)(ti,te,ts,...) + t(t1,0,t2,0,t3,...), 
h? ((t1,to,t3,...),t) = (1—t)(ti,to,tz,...) + t(0,t1,0,t2,0,t2,...), 


where (¢),t2,t3,...) € R® and ¢ < JI. These homotopies start with the 
identity and end with maps that we denote by 


Ai: R° —+ R& CR® and Ai: R° —> R&C R®. 


The composites hi op: : E,(R®°) —> R® for v = 1,2 are Gauss maps, where 
po: E,(R°) —> R® is the projection on the second coordinate. According 
to 4.6.11(a), these maps induce two morphisms of covering maps, namely, 


E,(R°) —*—> E,(R®) 


| | 


F,(R®)/Zn > F(R) /En; y=1,2. 


The composites h” o(po xid) : E,,(R°) x I —+ R® for vy = 1,2 are homotopies 
that start with p2, since h’(q x id)(e,0) = h’(po(e),0) = po(e) for e € 
£,(R®), and that end with RY op. Moreover, the restrictions of these 
homotopies to the slices at each fixed ¢ < J are Gauss maps. Using 4.6.11(b) 
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we then have that y, for y = 1,2 is homotopic to the map induced by po, 
which is obviously the identity. So we have shown that y, ~ id for vy = 1,2. 


We are now ready to show that the function is injective. Suppose that 
we are given f, : B —> F,(R®)/S,, for v = 1,2 satisfying ffE,(R®) & 
fSE,(R°°). So to prove injectivity we must show that f; and f: are homo- 
topic. 


Denoting f*E,(R°°) by E and using the above isomorphism, we get two 
morphisms of covering maps 


pE—*~E,(R®) 


| 


B—>F(R°)/En, v= 1,2. 


Let g, : & —+ R@ for vy = 1,2 be the associated Gauss maps; that is, 
Q=pr° fy. 
Consider the composites h{og, : EH —+ R° fory = 1,2. These are Gauss 


maps, and according to 4.6.11(a) they induce two morphisms of covering 
maps of the form 


pa E,(R°) —* + E,(R™) 


! 


B—> FA(R™)/En > Fa(R™)/En,  ¥ = 1,2. 


We then define G : E x I —+ R® by G(e,t) = (1 — t)htgile) + thiga(e) 
for (e,t) € Ex I. This is a homotopy between hi o g; and hi o go. Since 
A(R) M AF(R%) = 0, it follows that G, is a Gauss map for each t € I. 
Therefore, using 4.6.11(b) we have that yo fi © yo fk. But we have 
already seen that y, ~ id for y= 1,2, and so f; ~ fo follows. ia] 


4.6.17 REMARK. Consider the covering map 
Pn: F(R‘) —> F,(R*)/En- 
Using the homotopy exact sequence of p,,, we have that 


ZS, ifé=1, 
m(Fa(R!)/2n) = ‘; zi # ; 


Therefore, the space F,(R°)/E, is an Hilenberg-Mac Lane space of type 
(©, 1) (see 6.1.1). Since the space F,(R°) = colim,F,(R*) is a CW- 
complex (see 5.1.1), it is paracompact. Moreover, because p, is a closed 
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map, F,,(R®)/E, is a Hausdorff space and hence paracompact. Therefore, 
Py is a numerable principal E,,-bundle with contractible total space. By [24], 
this means that p, is a universal X,-bundle, and the space F,(R®)/E, is 
then a classifying space for the group ©,,; this space is usually denoted by 
BY, This argument shows that if X is paracompact, then there is a bijection 
Cr(X) & [X, BE, ]. 


Let X be a connected CW-complex with a 0-cell zp as base point. Let w : 
[X, xo; BD, *] —+ Hom(m(X, 2), ¥,) be the function given by ¥[f] = fy. 
Using obstruction theory (see [67]) one can show that ~ is a bijection. The 
action of the symmetric group D,, on [X,2o; BY, +] (see 4.4.1) corresponds 


under % to the action of ¥,, on Hom(m(X,20),¥,) given by conjugation. 
Therefore, there is a bijection 


[X, BE,] & Hom™"!(1;(X, a), En). 
Hence, by Theorem 4.6.16, we get a bijection 
Ca{X) S Hom?)()(X, 20), En) 


for every connected CW-complex X. 
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CHAPTER 5 


CW-COMPLEXES AND HOMOLOGY 


We start this chapter by defining and studying a very important class of 
spaces, known as the CW-complexes; in the next chapters these will be the 
spaces with which we shall mainly work. 


Some of their properties will be derived applying a very useful homotopy 
extension and lifting property. Therefrom, well-known results on the topic 
due to J.H.C. Whitehead will be obtained. 


We shall introduce the notion of an “infinite symmetric product,” which in 
the next chapter will be crucial for defining the Eilenberg—Mac Lane spaces, 
as was done by Dold and Thom in the beautiful article [26]. A key result 
for doing that is the Dold-Thom theorem, which will be discussed here. Its 
proof, however, will be postponed to Appendix A. 


Using the results on infinite symmetric products, we shall define the ho- 
mology groups and derive many of their properties. 


5.1 CW-COMPLEXES 


As already announced, in this section we are going to introduce an important 
class of topological spaces, which is obtained by successively adjoining cells 
of dimension n, for each n > 0. Many of the interesting spaces that we 
study in algebraic topology are found in this class. Furthermore, many of the 
constructions discussed in this and the next chapter generate CW-complexes. 


5.1.1 DEFINITION. Let {J,,}°25 be a sequence of disjoint sets such that 
Io # 0. Starting with this sequence we inductively construct a sequence 
of topological spaces {X”} as follows: 


(i) For n = 0 we put X° = Jp with the discrete topology on Ip. 
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(ii) If X"-! has already been constructed, then put X” = 


Xv lif —, = 


0. However, if I, # 0, we assume that we have a family of maps 


{yi : Sv-! —, xX"! | 2 € I}, called characteristic 
put D, = [];<,, DP and 8, = []jer, sr! c D,, where 
spo! = S°-!_ The family {y*} determines a map ¢Yp : 


maps, and we 
Dy = D” and 
Bos Rt 


defined by y,,|S?~! = y'. We then define X” = X"-! U,, Dp. 


(iii) Clearly, we have closed embeddings X"-! C X". We define X = 
"° ,X” with the union topology; namely, K C X is closed <> 


1X” is closed for all 7. 


A topological space homeomorphic to a space X obtained 
called a CW-complex. The subspace X” is called the n-skelet: 


It is easy to prove that every CW-complex is Hausdor: 
Moreover, every CW-complex is even paracompact (see [59] 
locally path connected. 


Let q, : D, 1X"! —+ X” be the identification map of 5. 
& = q,|D?. We call &® = G(D;) an open n-cell of X, which 


in this way is 
on of X. 


and normal. 
and [45]) and 


.1Gi), and put 


is open in X” 


though it is not open in general in X. It also is homeomor 
call &? = @(D?) a closed n-cell of X, which is closed both in 
However, in general it is not homeomorphic to D”. 


5.1.2 EXERCISE. Prove that a CW-complex X is the disjoint 
topological sum) of all its open cells e?, n e N,ie€ J,. 


hic to DB”. We 
X” and in X. 


union (not the 


5.1.8 EXAMPLES. The following are examples of CW-complexes. 


(a) The projective space CP”. This can be constructed, as we shall see later 


on in 5.2.26, so that it has one 0-cell, one 2-cell,..., and one 2n-cell. 


(b) The sphere S”. This has two O-cells (the poles), two I-cells,..., and 


two n-cells (the two hemispheres). 


(c) Simplicial complexes (polyhedra). See [67]. 


(d) Surfaces, as they were constructed in 3.2.12(c) and (d) or, more gener- 


ally, differentiable manifolds. 


5.1.4 EXERCISE. Prove that another possible decomposition of the sphere 


S” as a CW-complex has one 0-cell and one n-cell. In fact, 
decomposition is unique up to homeomorphism. 


this particular 
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CW-complexes have important properties, which we state in what follows. 


5.1.5 Proposition. /f X is a CW-complez, then the n-skeleton X” C X is 
closed for every n. oO 


5.1.6 Proposition. Let X be a CW-complex. Then the following hold: 


(a) X is locally path connected. 


(b) If X is connected, then it is path connected. 


Proof: (a) Attaching spaces obviously preserve the property of being locally 
path connected. Therefore, we have, inductively, that every skeleton X” 


is locally path connected. Moreover, unions of closed locally path-connected 
spaces with the topology of the union are again locally path connected. Thus 
X = (JX is locally path connected. 


(b) Any connected, locally path-connected space is path connected. Thus, 
if X is connected, then by (a) it is path connected. im 


5.1.7 Proposition. Let X be a CW-complezx. Then the following hold. 


(a) X is a T, space. 
(b) X is a normal space, thus also Hausdorff. 
Proof: (a) By induction we have that X” is a T; space. So, if ¢ © X, then 


{x}M.X® is either empty or consists of one point; therefore, it is closed. Thus 
{x} is closed in X, and so X is also T;. 


(b) Again using properties of attaching spaces and induction we have that, 
X” is normal for all n. Let A,B C X be disjoint closed sets. Then there is 
amap fo: X° —> I with 


fala) = $° ifee AN X®, 
Ow V1 fee BX. 


Assume that we have already constructed a map f,_; : X"-! —> I with 


0 ifeeANX™), 
hated ={' ifee Bax", 


such that f,_1|X"~ = fro, n > 1. 
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Take F = (AN X")U X"-1U (BN X") CX and define g, : F —> I by 


0 ife@ c AN X™, 
Gn(®) = § fai(z) ifee X"1, 
1 ifxe BOX”, 


Since X” is normal and F’ C_X is closed, one can extend g to a map f, : 
X” —+ I with the desired properties. 

Define f : X —> J in such a way that f|X” = f,. This map is well de- 
fined, and since X has the topology of the union, it is continuous. Moreover, 
f|A=0and f|B = 1. Thus X is normal, and being also T;, it is a Hausdorff 
space. o 


5.1.8 EXERCISE. Prove that the given definition of the concept of a CW- 
complex is equivalent to the following one. 


A CW-complex X is a Hausdorff space, together with index sets [,,n > 0, 
and maps 7, : D? —> X,i€ I, Io 4 9, such that the following conditions 
are fulfilled: 


@ X= U,;%,(D"). 


(ai) b7(D") n wnr(D") 0 unless n = m and i = j. 
(iii) ve|D” is bijective for alln > 0 andie I,. 


(iv) IF X” = Unensen, YD), 2 > 0, then Yr(S™) CX", for each 
m>landié Im. 


(v) A subset K CX is closed if and only if (¥?)~'(K) is closed in D” for 
each n > 0 andic I,. 


(vi) For each n > 0 andi € I, Y?(D”) is contained in the union of finitely 
many sets of the form vr(D"). 


An immediate consequence of (v) is the following. 


5.1.9 Proposition. A CW-compler X has the topology of the union of all 
tts closed cells. i 


The following is also an important property of CW-complexes. However, 
we formulate it more generally for any Hausdorff space X = || X,, where 
X,C Xo C X3 C--: and where X has the union topology. 
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5.1.10 Lemma. Let X =|) Xn, X1 C Xp C X3 C---, be a Hausdorff space 
with the union topology. Then every compact subset K C X lies inside X, 
for somen. 


Proof: If the conclusion were not so, then there would exist a sequence {z,,} 
in K satisfying x, ¢ Xn. Now, any such sequence forms a closed subset 
of X, since its intersection with each X,, is finite and hence closed in X,. 
Here we are using the fact that X is Hausdorff, implying that X,, is also 
Hausdorff, so that points are closed in X,. Therefore, the subsequences 
{ms Lm+i,lm42,---$, mM = 1,2,3,..., form a nested system of closed sub- 
sets of AK whose intersection is empty, although the intersection of every 
finite subsystem is nonempty. And this would give us a contradiction to the 
compactness of kK. oO 


ote that in order to get the conclusion of 5.1.10, it is enough to assume 
that X is a T; space, that is, that every pot z < X forms a closed subset 
of X. 


5.1.11 DEFINITION. If X is a CW-complex and A C X, then we say that 
A is a subcomplex of X if for every open cell e? of X we have that AMe? 4 
0 => & CA. We call the pair of spaces (X, A) a CW-pair. 


5.1.12 EXAMPLE. Every n-skeleton X” of a CW-complex X is a subcom- 
plex. 


We have the following consequence of Lemma 5.1.10. 


5.1.13 Corollary. Suppose that X is a CW-complex and K C X ts com- 
pact. Then we have K C X” for some n. More specifically, K CY for a 
subcompler Y C X, where Y has only a finite number of cells. 


Proof: The first part follows immediately from Lemma 5.1.10. For the second 
part, in a similar way to the proof of 5.1.10, if K intersects an infinite number 
of open cells, then we would have an infinite number of points in K, each in 
an open cell. This set would contain a sequence {z,} that is similar to the 
one in the proof of 5.1.10, thus contradicting the compactness of K. im 


5.1.14 Proposition. Let X be a CW-compler and A C X a subcomplex. 
Then A= |J{e? | ep NAF O}. 
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Proof: If ef 0. A # 9, then by definition, €? C A. Thus, if J, = {2 € I, | 


eP NAF O}, then 
LU) acAc J gc U @. 


neNsicly neN;ies, neN;ieJ, 


= zn 
Hence A= nenies, &: q 


5.1.15 Corollary. Let X be a CW-compler and AC X a subcomplex. Then 
A is closed in X. 


Proof: Let e? be some cell in X. Since €? is compact, it meets only a finite 
number of open cells ef!,...,e;" in A. Hence ep? 7 A= Uses e? neé;’, which 
is a finite union of closed sets and thus closed in é?. This holds for any n, 2, 
and since X has the topology of the union of all its closed cells, A is closed. 


oO 


5.1.16 EXERCISE. Let X be a CW-complex. Prove that the following are 
equivalent: 


(a) X is path connected. 
(b) X is connected. 
(c) X? is connected. 


(d) X? is path connected. 


(Hint: Since CW-complexes are locally path connected, (a)<(b), (c)<=(d) 
follow immediately, as does (c)=(b). To prove (b)=(c), assume to the con- 
trary the existence of a continuous surjective map f, : X' —+ {0,1} and 
inductively extend it to f : X —+ {0,1}.) 


The CW-complexes form the most convenient class of topological spaces 
for doing homotopy theory. In the following discussion we shall mention some 
very important results concerning these spaces. 


5.1.17 DEFINITION. Let n > 1 be an integer. A map f : X —> Y between 
arbitrary topological spaces is called an n-equivalence if for each « € X the 
homomorphism 
fe + mq(X, x) —+ mY, f(a)) 

is an isomorphism for g < n—1 and is an epimorphism for g = n. We say that 
f is a weak homotopy equivalence if it is an n-equivalence for all n > 1. We 
also say that f : (X,A) —> (Y,B) is a weak homotopy equivalence of pairs 
if both f : X —+Y and f|A: A —> B are weak homotopy equivalences. 
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5.1.18 EXERCISE. Prove that if f : X —> Y is a homotopy equivalence, 
then f is a weak homotopy equivalence. 


We shall show below in 5.1.37 that if X and Y are CW-complexes, then 
the converse of this statement is also true. 


5.1.19 DEFINITION. Suppose that X is a pointed space and that n > 0. 
We say that X is n-connected if 7,(X) = 0 for r <n. In particular, X is 
0-connected if and only if X is path connected. More generally, we say that 
a pair of spaces (X, A) is n-connected if AN X, ¥ Q for all path components 
X, of X and 1,(X, A) = 0 for 1 <r <n; in particular, (X, A) is 0-connected 
if the first. condition holds. 


These concepts of n-connectedness of a pair and n-equivalence are closely 
related as seen in the following exercises. 


5.1.20 EXERCISE. Prove that the pair (X,A) is n-connected if and only 
if the inclusion map 7: A <> X is an n-equivalence. (Hint: Analyze the 
homotopy exact sequence of the pair.) 


5.1.21 EXERCISE. More generally than in the previous exercise, prove that 
amap f : X —+ Y is an n-equivalence if and only if the pair (M;,X) is 
n-connected, where My is the mapping cylinder of f and X is considered as 
a subspace by identifying it with the top face. 


5.1.22 EXAMPLE. The sphere S” is (n — 1)-connected. Indeed, take ¢ < n; 
if € € 1,(S") is represented by a map 7 : S? —> S”, then take the composed 
map of pairs 

yp: (DY,St-!) 4 (St,4) 4 (8%,4), 

where * denotes the corresponding base points and p is the canonical quotient 


map. Then yp 1(S” — *) D’ is open, and using the smooth deformation 
theorem, one can find a map 


ees" 


such that: 


(1) dly-(S” — B) : p-(S” — B) — S® — + is smooth (where B is a small 
ball containing + and S” — + is identified with R” by the stereographic 
projection). Because g < n, this map misses a point. 
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(2) play-1(S* — *) = y|&p-1(S* — +), where the boundary is taken in the 
disk. 


(See Theorem 2 in Basic Concepts and Notation.) Therefore, the map of 
pairs 

B: D1, S™) — (8",+) 
such that 


Q|D* — yp" \(S" — +) = y|D*-p"(S"— +) and Gp" —¥) = 4 


is continuous and homotopic to y relative to S?!. Thus it induces a map 
H : (S%,*) —> (S",*) homotopic to 7, and 7 is nullhomotopic, since it is not: 
surjective. Hence € = [7] = [7] = 0, and so 7,(S”) = 0 ifg<n—1. 


5.1.23 EXAMPLE. The pair (D"*!,S") is n-connected. Indeed, since S” is 
(n—1)-connected by 5.1.22 and D"*"' is contractible, the inclusion S’* 4 D+! 
is an n-equivalence. Hence by 5.1.20, (D"+!,S”) is n-connected. 


5.1.24 Proposition. Suppose X Ue"*! is the result of attaching to the topo- 
logical space X an (n+1)-cell. Then X C XUe"*', and the pair (XUe"*!, X) 
is n-connected. 


Proof: The proof is very similar to what we did in Example 5.1.22. Namely, 
if € € m,(X Ue"*!, X) is represented by a map 
yg: (DY,8*) — (Xue! X), 


and if e"+! = X Ue™t! — X is the open cell, then y-(e"*!) C D® is open. 
As in 5.1.22, there exists 


bio let 3 ett o Xue! 
such that: 


(1) dlp tle) : poe!) —s e+! is smooth (where e+! Ce! is a 
slightly smaller subcell). Because g < n, the map misses a point. 


(2) pjdp-1(S" — *) = yly-(e"*), where the boundary is taken in the 
disk. 


(See Theorem 2 in Basic Concepts and Notation.) Therefore, the map of 
pairs 
@: (D?,S7"!) — (X Ue™!, xX) 
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such that 
PID? — p*(e"*") = y|D?— yp (e"*!) and Gly Hert) = o 


is continuous and homotopic to y relative to S!~!. Since G misses a point in 
the cell e”+!, it can be deformed into a map with image in X, relative to X; 
that is, @ is nullhomotopic, and so too is y. Hence m,(X Ue"*+!, X) = 0 if 
qen. q 


5.1.25 Corollary. Let X be a CW-complex and leti: X" — X be the in- 
clusion map of the n-skeleton into X. Then the pair (X,X”) is n-connected, 
and consequently i is an n-equivalence. 


Proof: Let y : (D1,S*-') —+ (X,X™) represent an element in 7(X,X”). 
Since y(D*?) C X is compact, by 5.1.13 it meets only a finite number of cells 
in X, say p(D!) CX” VeT U---Uer*, an < my < mm <--- < mg. Thus, if 
gq <n, an iterated application of 5.1.24 a finite number of times shows that 
yg: (DI,S%1) — (X" Ue™MU--- Vem, X") G (X,X") is nullhomotopic. 
This shows that 1,(X,X”)=0 ifq<n. ao 


The following homotopy extension and lifting property (HELP) will be a 
very useful tool in proving some properties of CW-complexes. 


5.1.26 Theorem. (HELP) Let A be a topological space and let X be the 
result of attaching to A successively cells of dimensions 0,1,2,...,6h <n. 
Moreover, let e: Y —+ Z be an n-equivalence. Then, given maps f : X —> 
Zandg: A—+Y, anda homotopyH: AxI—+Z,H: flA~eog, there 
are maps g: X —+Y andH:XxI— Z such that g|A = g, H\|AxI =H, 
and H : f ~eog. Put ina diagram, if the following square commutes up to 
a homotopy H, 


then there exists g such that the upper triangle is commutative and the lower 
triangle is commutative up to a homotopy H that extends H. 


Proof: For convenience, we divide the proof into four steps. 


First step. Assume A = S?-!, X = D?. We may replace e : Y —> Z by 
the inclusion of Y in its mapping cylinder M.; that is, we may assume that 
Y Cc Z and the pair (Z,Y) is n-connected (see 5.1.21). Since the inclusion 
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St! . D* is a cofibration (see 4.1.18), one can change f up to homotopy 
to f’ such that the diagram commutes strictly. Renaming, we thus have a 
commutative diagram 

S7-1—_> pv 


me 
| a |; 
We 


y¥—> Z; 


that is, g = f\S%~', and we are looking for g extending g and homotopic to f 
when viewed as a map into Z. Then f is a map of pairs (D?,S?-!) —> (Z,Y). 
But since g < n, this map is nullhomotopic; that is, there is a homotopy 
H:DYxI—> Z, H: f < 4g, where g(D%) C Y. This proves this special 
case. 


Second step. Assume X = AU e?, where the gcell is attached to A by a 
map y: Si! —+ A. Consider the diagram 


si-1—_> ps 


°| le 


A—=> AUet 


e 


By the first step, there exist ¢ : D? —+ Y and H’: D? x I —> Z such that 
g' St = goy, H'\St!xI = Ho(yxid;), and H': fog ~ eog. Thus g! and 
g determine g: AUe? —+ Y, while H’ and H determine H: AUetxI—Z 
with the desired properties. 


Third step. Assume that A is any topological space and X is the result of 
attaching to A some number of q-cells. Specifically, suppose that there exists 
a map y: S, = [[S?-' —+ A such that X = AU, D,, where D, = [| Di. 
Next consider the diagram 


For each 2, the restricted previous diagram is the one considered in the second 
step, so we have g; : D? —+ Y and H! : D? x I —+ Z, which together are 
compatible with the attaching maps. Hence they determine g and H with 
the desired properties. 
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Fourth step. We prove now the general case. Let Xp be the union of A with 
isolated points. Then the result is immediate. Thus we have gp : Xo —> Y 
and Ho: Xp x I —> Z such that GIA =, H|A x I =H, and Ho: f\|Xox 
eo go. Assume that the result is already true for X,_1, where we have 
attached cells to A up to dimension q— 1; that is, we have gj; : Xg-1 —>+ Y 
and Hy, : X;1 x I —+ Z such that §,1|A = g, Hya|A x I = H, and 
Hy : f|Xq-1 & € © G1. Now apply the third step to 


Xq-1— Dg 


ist 
“a G 
a] 7 |x 
¥ 
y 


Y— 2 


to obtain g, : X, —> Y and H, : Xo x I — Z such that g,|Xq-1 = Gy-1, 
A,|Xq-1 X I = Hy-1, and Hy: f|X,~ eo Gq. 

By their compatibility, all the constructed maps g, and H, determine 
g: X —+Y and H: X x I—+ Z such that g|X, = g, and H|X, x I= Hy. 
So g and H have the desired properties. oO 


5.1.27 EXERCISE. Assume in HELP that Y = Z and e = idz. Prove that in 
this case the statement of HELP is equivalent to the fact that the pair (X, £) 
has the HEP (homotopy extension property), ie., A X is a cofibration. 


Assume in HELP, as in the previous exercise, that Y = Z and e = idz. 
Then e is an n-equivalence for all n and HELP implies that A 4 X isa 
cofibration. We thus have the following result. 


5.1.28 Lemma. Let A be a topological space and let X be the result of at- 
taching to A successively cells of any dimensions. Then (X,A) has the ho- 
motopy extension property. o 


The following is a very important special case of the previous lemma. 


5.1.29 Theorem. Suppose that X is a CW-compler and that A is a sub- 
complex. Then (X,A) has the homotopy extension property. Oo 


From these last two results we obtain an interesting application. 


5.1.30 Corollary. Let X be a path-connected CW-compilex of dimension n. 
Then we can cover X withn+ 1 open subsets that are contractible in X. 
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Proof: We shall construct the open subsets by induction on the dimension 
of the skeletons. In the first place let us note that any given discrete subset 
Y c X can be contracted in X to a point xo. Specifically, for each point 
x é/Y let w,:f—> X be a path that starts at x and ends at xp. Then the 
deformation Dy : Y x I —+ X defined by Dy(z,t) = w,(t) deforms Y to xo 
in X. 

If X° is the 0-skeleton of X, then the pair (X, X°) has the HEP by 5.1.29, 
and so there exists an open subset V° containing X° and a deformation 
D°:V°x I —+ X such that D°(x,0) = x and D°(x,1) € X° for x € V°. 
Then the homotopy defined by 

H(2,1) = eee f0<t< 
Dxyo(D(a,1),2t-1) if <t<1, 


deforms the open subset V° to zo in X. 


Let us assume now that we have already covered the (k—1)-skeleton X*~1 
with open subsets V°,V!,...,V*—! in X each of which can be deformed to 
goin X. 


Then we have that the difference X* — X*-! = [[e? = W® is an open set 
in X* that can be deformed to the discrete set X;, consisting of the centers 
of each open cell ef, since each one of these cells can be deformed to its 
center. Let F* : W* x I —+ X be such a deformation that starts with the 
inclusion and ends with a retraction r’ : W* —+ X,. On the other hand, 
again using 5.1.29, the pair (X,X*) has the HEP, so that there exists an 
open neighborhood V of X* in X and a deformation D : V x I —> X 
that starts with the inclusion and ends with a retraction r: V —> X*. We 
then define V* = r-'(W*) C V. Then we have X* — X*-! C V¥, so that 
{V°,Vt,..., V®1, V1 is a cover of X* by open subsets of X. We next define 
D* = D\V* x I, which then is a deformation that ends with the retraction 
rlV VE —s W*. Then H*: V* x I —+ X defined by 


D*(a,3t) if 
H* (x,t) = ¢ F*(r(a),3t — 1) if 
Dx, (r'r(x),3t — 2) if 


deforms the open subset V* to zp in X. 


In this way, X can be covered by n + 1 open sets, namely, 
VE VE ig VV 


each of which is contractible in X. oO 
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5.1.31 NOTE. We define the Lusternik-Schnirelmann category of a topolog- 
ical space X as the smallest number & such that there are k+ 1 open subsets, 
say V°,...,V*, that are contractible in X and that cover X. So 5.1.30 states 
that the Lusternik-Schnirelmann category of a connected CW-compler X of 
dimension n is less than or equal to n. 


The following result, due to J.H.C. Whitehead, is an immediate applica- 
tion of HELP 5.1.26. 


5.1.32 Theorem. /f X is a CW-compler and e: Y —> Z is an n-equiva- 
lence, then e, : [X,Y] —> [X, Z] is a bijection if dim X <n and a surjection 
of dim X = n. Furthermore, this is also valid for pointed homotopy classes 
of pointed spaces. 


Proof: lf [f] € [X,Z], take the pair (X,@) and apply HELP if dim X <n 
to obtain g: X —+ Y such that eog ~ f, ie., e,[g] = [f]. This shows the 
surjectivity. In the pointed case, one takes instead the pair (X,x), where 
xq < X is the base point, and the constant map {xj} —> Y. 


Now assume that [go], [9:1] <€ [X,Y] are such that e,[go] = ex[gi] and 
let f : e099 © e€0g;. Now take the pair (X x I,X x OJ) and the map 
g: Xx Ol —¥Y given by ofz,v) = g.{z), v =0,1. If dimX < n, apply 
HELP, taking H to be a constant homotopy, to obtain g : X x 1 —> Y, 
which is a homotopy from go to g;. This proves the injectivity of e,. In the 
pointed case, one takes instead the pair (X,X x OJ U{zp} x I) and the map 
g: X x OTU {xo} x I — ¥ given by g(z,v) = go. (x), v = 0,1, and by 
g(xo,t) = yo, where yo € Y is the base point. im 


5.1.33 Corollary. If X is a CW-complex and e: Y —> Z is a weak homo- 
topy equivalence, then e, : [X,Y] —> [X, Z] is a bijection. a 


5.1.34 DEFINITION. Given an arbitrary pair (X, A) of topological spaces, 
a CW-pair (X, A) together with a weak homotopy equivalence of pairs y : 
(X, A) —> (X, A) is called a CW-approximation of (X, A). 


5.1.35 Theorem. If y : (X, A) —+ (X,A) and wb: (Y,B) — (Y,B) are 
CW-approzimations and f : (X,A) —+ (Y,B) ts continuous, then there 
exists a map that is unique up to homotopy, say f : (X, A) — (Y, B), such 
that the diagram 

(X, A) + (X, A) 


i| |; 


(YB) > 8B) 
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commutes up to homotopy, namely, fop~ wo f (by means of a homotopy 
of pairs). 


Before passing to the proof, we state and prove the absolute case and 
then we give the proof in the relative case. 


5.1.36 Theorem. /fy: XX andy: Y¥ — Y are CW- approximations 
and f: X —+Y ts continuous, then there exists a map that is unique up to 
homotopy, say fs x Y, such that the diagram 


xX 
|: 
Y 


commutes up to homotopy, namely, fop ~wo f. 


~ @ 
Xo 


st 


n 


—> 
o 


Proof: Corollary 5.1.33 states that there is a bijection 
be: [X,Y] & [X,Y]. 


Then there exists a map fe Xo} Y, unique up to homotopy, such that 
wbs[f] = [f oy]. That is, bo f ~ f oy, as desired. i 


Proof of 5.1.35. First apply 5.1.36 to see that there exists fat As B, 
unique up to homotopy, such that H:wvpo far fowa, where ys = ylA: 
A Aand yp =y|B:B B. 

We now use HELP to extend fa to f: XY. Namely, we consider 
the diagram 


together with the homotopy H : fi opo ifn po 5 ° fa given above. Then 
HELP implies the existence of fe X —+Y such that f ot=jo fagi Le. ae is 
a map of pairs (X, A) — (¥, B), and the existence of a homotopy of pairs 
H: fop~wo f, as desired. 


5.1 CW-CoMPLEXES 163 


The uniqueness up to homotopy is another straightforward application of 
HELP and is left to the reader as an exercise. oO 


Later on, we shall prove the existence of a CW-approximation. See 6.3.20 
and 6.3.21. 


It is a consequence of this property that if the pairs (X, A), y and (x, A), 
yp! are CW-approximations of (X, A), then there exists a (weak) homotopy 
equivalence h : (x, A) — (xX, A), which is unique up to homotopy and 
satisfies yp! oh ~ w. (See 5.1.37 below.) 


A well-known theorem of J.H.C. Whitehead is the following. 


5.1.37 Theorem. Every n-equivalence e: Y —> Z between CW-complezes 
of dimension less than n is a homotopy equivalence. Moreover, a weak ho- 
motopy equivalence between CW-compleres is a homotopy equivalence. 


Proof: Let e: Y —+ Z fulfill one of the assumptions. Since in either case, 
by 5.1.32 or 5.1.33, e, : [Z,Y] —> [Z, Z] is a bijection, there is a map 
f : Z— + Y such that eo f ~ idz. Then it follows that eo foe ve 
and, since also e, : [Y, Y] —> [Y, Z] is a bijection, foe x idy. Thuse isa 
homotopy equivalence. oO 


A corresponding result holds also for CW-pairs; we have the following. 


5.1.38 Theorem. A weak homotopy equivalence between pairs of CW com- 
plexes is a homotopy equivalence. Therefore, CW-approximations are unique 
up to homotopy. 


Proof: If e : (Y,B) —+ (Z,C) is a weak homotopy equivalence, then the 
restrictions eg : B —> C andey : Y —+ Z are weak homotopy equivalences, 
and by the previous theorem, they are homotopy equivalences with homotopy 
inverses fg : C —> B and gy : Z —+Y. In principle, gy|C ¥ fz, but since 
these maps are homotopic and since the inclusion C' <> Z is a cofibration 
by 5.1.29, one can replace gy with a homotopic map fy : Z —+ Y whose 
restriction to C' satisfies fy|C = fz. Then f : (Z,C) —+ (Y,B), where 
f\|Z= fy and f|C = fg, is a homotopy inverse of e. ia 


5.1.39 EXERCISE. Let X be an n-connected CW-complex for all n > 0. 
Prove that X is contractible. 
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5.1.40 EXAMPLE. If X is not a CW-complex, then a weak homotopy equiv- 
alence need not be a homotopy equivalence. An example is the space de- 
fined as follows. Let A = {(z,y) € R? | 0 < 2 < 1, y = sin(x/z)}, 
B = {(0,9) €R®|-$<y <1} nd C= {(0,9) | ye [-$,-IUL(@,-9) € 
R? | x € 0,1} U{(1,y) | y € [-$,0]}. Then the space X = AUBUC is 
called the Polish circle (see Figure 5.1). So ,(X) = 0 for all n > 0, since a 
map a: S” —+ X cannot be surjective. Therefore, X is n-connected for all 
n; that is, the projection X —-+ * is a weak homotopy equivalence. However, 
X is not contractible (cf. Exercise 5.1.39). 


Figure 5.1 


5.1.41 EXERCISE. Prove that the subspace X = {0}U{4 | n=1,2,3,...} 
R is not a CW-complex. (Hint: If it were one, then the map NU {0} —> X, 
nh 4, 0+ 0, would be a homotopy equivalence.) 


5.1.42 EXERCISE. Provide the details left out of the previous proof. Namely, 
prove that there exists fy : Z —> Y such that fy ~ gy and fy|C = fe. 
Moreover, prove that f and e are homotopy inverses as maps of pairs. 


5.1.43 DEFINITION. Let (X,A) and (Y,B) be CW-pairs. A map of pairs 
g: (X, A) — (Y, B) is called cellular if g/X"U A) C Y"UB for every n > 0. 


The next theorem on cellular approximation plays a very important role 
in the homotopy theory of CW-complexes. 
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5.1.44 Theorem. Let (X, A) and (Y, B) be CW-pairs, and let f : (X,A)—> 
(Y,B) be a map of pairs. Then there exists a cellular map g : (X,A) — 
(Y,B) such that g ~ frelA. 


Proof: We proceed inductively over the skeletons. We need g homotopic to 
f such that for every n the following is a commutative diagram, 


xX $y 
X"UA—>Y" UB, 


where g, = g|X” UA. For n = 0, just take a path y; : f(a;) © y; for 
every point z; € X° — A, where y; is any point in Y°. Then define Hy : 
(X°U A) x I —> ¥ by Hofa,t) = f(a) for a € A and Hp(2,,t) = 7;(t) for all 
x; € X°— A. This is a homotopy from f|AU X° to gj: XYUA—+ Y°UB 
relative to A. 


Assume inductively that we have g,, as in the diagram above, and that 
H,, : (XU A) x I —> Y is such that H, : f|X” UA & 2, 0 gn, where 
i, : Y°U BY is the inclusion. For each attaching map y : S* —> X” of 
acell @: D°+! —+ X, one applies HELP to 


grc—_= +1 
Seth we oe 
gro ee fof 


2 
yout U Be y 


and the homotopy H,, 0 (y x idy) to obtain g/,,,: D°*! + Y"*!U Banda 
homotopy Hiys: fOG © ing © dogs: 

All gi, for the (n + 1)-cells and f|X” U A glue together to produce 
grt. : X"*1U A —> Y"+1U B extending g,,, and the homotopies H!, glue 
together to produce a homotopy Hnyi: iny1 0 f[XPt1U A & gry rel A. 


Since X has the weak topology determined by its skeletons, we have that 
the maps g,, determine a cellular map g: X —+ Y and that the homotopies 
H,, determine a homotopy H : X x I —+Y such that H: f ~ grelA. o 


We obtain the next result as a consequence of 5.1.25. 


5.1.45 Corollary. Suppose that X is a CW-compiex with exactly one 0-cell 
and with the rest of the cells all having dimension bigger than n. Then X is 
n-connected. 


166 5 CW-CoMPLEXES AND HOMOLOGY 


Proof: By hypothesis we have X” = +. Applying 5.1.25, we obtain that 
i, : 1 (X") —> a,(X) is an epimorphism for r < n, and consequently 
m(X) = 0 forr <n. o 


Suppose that X and Y are CW-complexes whose characteristic maps are 
{y? : DP > X lie, n> 0} and (y" : D™ — Y|j € Im, m> 
O}, respectively. Next let us consider the product X x Y together with its 
characteristic maps {yp x yr : D® x D™ ~ D™" —; X x ¥ | (i,3) 
In X Im, n> 0, m > O}. In order for this to define a CW-complex structure 
on X x Y we have to impose some sort of restriction on X x Y. One possibility 
is given in the next result, due to Milnor [45, II.5]. 


5.1.46 Proposition. Let X and Y be CW-compiezes. If 


(a) either X or Y is locally compact, or if 


(b) both X and Y have countably many cells, 


then X x Y is a CW-complez. oO 


5.1.47 NoTE. Another way to realize X x Y as a CW-complex is to change 
its topology to the compactly generated topology of k(X x Y). See 4.3.20. 


Suppose that X is a CW-complex whose characteristic maps are {y? : 
sv! _, X |ie1,, n > 0} and that AC X is a subcomplex whose cells 
are labeled by a subfamily H,, C JI,, for each n > 0. We define a family by 
K, =I, —H, for n > 0 and by Ko = (Io — Ho) U {io}, where ig € Ho. Let 
p: X —+ X/A denote the quotient map, and consider the family of maps 
{por : St! 5 X/A|ie Ky, n> 0}. 


5.1.48 EXERCISE. Prove that the family {po y? : S™! — X/Alie 
K,, n > O}, as just defined, determines a CW-complex structure on the 
quotient space X/A. 


Let us now consider the following definition, which in some sense is dual 
to 2.9.1. 


5.1.49 DEFINITION. Let X and Y be pointed spaces with base points x 
and yo, respectively. We define their smash product X AY to be the quotient 


X x ¥/X x {yo} U {xo} x Y. 


5.2 INFINITE SYMMETRIC PRODUCTS 167 


5.1.50 EXERCISE. Prove that the reduced suspension ©X of a pointed space 
X (as defined in 2.10.1) is exactly the smash product S! A X (at least when 
X is a CW-complex). Using this and the fact that the latter product is 
associative, show that S’ = S' A... A S!, where we take n copies of S!. Then 
conclude that the reduced n-suspension of X satisfies D°X =S" A X. (Just 
how general can we make this statement?) 


5.1.51 Proposition. Let X be a CW-complex with skeleton X™~! = {x}, 
and let Y be a CW-complex with skeleton Y*-! = {x}. Moreover, suppose 
that both of them have countably many cells and that thetr common base point 
is *. Then their smash product X AY is an (r+s—1)-connected CW-complez. 


Proof: Using Proposition 5.1.46 we have that the product X x Y is a CW- 
complex with cells of the form {*} x e7, ef" x {x} or ef x e? form > r and 
n > s. The cells of the first two types form the subcomplex X VY of X x Y. 
Then using Exercise 5.1.48 we get that X AY = X x Y/X VY is a CW- 
complex with exactly one 0-cell and with the rest of its cells having dimension 
larger than r + s— 1. Then Corollary 5.1.45 implies that 7,(X AY) = 0 for 


aq<r+s—l. o 


5.1.52 Corollary. Let X be a pointed CW-compler. Then its n-suspension 
u"X is a CW-complex that is at least (n — 1)-connected. 


Proof: This is an immediate consequence of 5.1.51 and Exercise 5.1.50. O 


5.2. INFINITE SYMMETRIC PRODUCTS 


Up to now, we have met two instances of Eilenberg—Mac Lane spaces, both 
of type (G,1). Infinite symmetric products, which we are about to define, 
allow us to generalize the definition of the Eilenberg-Mac Lane spaces of 
type (G,n) for any abelian group G and any n, starting from certain spaces 
that are called Moore spaces. 


Given a topological space X, however complicated from the homotopical 
point of view, its infinite symmetric product SP X is a homotopically simpler 
space still reflecting many topological properties of X. More precisely, these 
infinite symmetric products have the property of being topological abelian 
monoids. Since topological abelian monoids are characterized by their ho- 
motopy groups, as we shall see, then it is natural to consider these homotopy 
groups 7,,(SP X). 
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We shall assume throughout this chapter that all the spaces considered 
are pointed spaces and that all the maps between them preserve the base 
points. 


5.2.1 DEFINITION. Let X be a pointed topological space, and let X” = 
X x -++» x X be its nth Cartesian product for n > 1. If ¥,, denotes the 
symmetric (or permutation) group of the set {1,...,n}, then there is a right 
action of this group on X”, which permutes the coordinates, that is, for 
ao €&, we define 


(£1,..-,En)O = (Lo(1))-++ Lo(n))s rex. 
The orbit space of this action 
SP"X = X"/E, 


(i.e., we are identifying F € X” with Zo €¢ X” for every o € Dp) provided 
with the quotient topology is called the nth symmetric product of X. The 
equivalence class of (11,...,%,) will be denoted by [z1,...,2z,]. Using the 
base point zo € X we define inclusions 


sP°x —> spt! xy 
by 
[21,-+-,2n] 9 [20,21,---52nl 


for n > 1. Then we can form the union 


sP.X =||sP"x 


equipped with the union topology; namely, B C SP X is closed if and only 
if BN SP”X is closed for each n > 1. We call SP X the infinite symmetric 
product of X. 


In this way the elements of SP X can also be considered as unordered 
n-tuples [21,...,,], where n is any positive integer. Then SPX turns out 
to be a pointed space with base point 0 = [xq]. Moreover, we have a natural 
inclusion ¢: X G SPX since X = SPX. 


5.2.2 NoTE. Let X be a CW-complex with countably many cells. One can 
give a natural cell structure to. X” such that each o € ©, is either the identity 


on a cell or a homeomorphism of the cell onto some other (different) cell. In 
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this way the quotient space SP°X = X x--- x X/¥, has also a CW-complex 
structure such that SP°-!X is a subcomplex, and since 


SP X = colimSP°X 


has the colimit topology with respect to SP”X, for n = 1,2,..., then SPX 
is a CW-complex. If, more generally, X is an arbitrary CW-complex, then 
one should take the compactly generated topology in each product instead 
(see [80]). 


5.2.3 EXERCISE. Let A be a partially ordered set of indices and let X), 
 € A, be pointed spaces such that if A < pw, then X, C X, is a closed 
subset. Prove that if X = |), X, has the union topology, then, for each n, 
U, SP”.X) = SPX. 


5.2.4 EXAMPLE. Let us consider the 2-dimensional sphere S* as the Rie- 
mann sphere consisting of the complex numbers together with the point 
at infinity, denoted by co. A point in SP"(S*) is an unordered n-tuple 
1,02,...,@, of complex numbers or co. There exists a nonzero polyno- 
mial, unique up to a nonzero complex factor, of degree less than or equal to 
n whose roots are precisely a1,Q2,...,@,, where we consider co to be a root 
of the polynomial if its degree is less than n. Considering the coefficients of 
this polynomial as homogeneous coordinates on the complex projective space 
Cpe” = Ct! _ 0/~ (using the identification x ~ Ax for nonzero A € C) we 
get a homeomorphism SP” (S?) ~ CP”. 


5.2.5 NOTE. We now give another way of understanding the infinite sym- 
metric product SP X of a pointed space X. First define BX = {(x1,22,...) | 
a; € X, x; = * for all but finitely many indices i € N}, considered as 
a set. We give PX the colimit topology induced by the subspaces X= 
{(v1,...,@n,*,*,...)}, which themselves have the product topology. Now let 
Neo be the group of those permutations of the natural numbers N that leave 
pointwise fixed all but a finite number of the natural numbers. Then ©... acts 
on @ X by defining (a1, 22, @3,...)0 = (%o(1), Fo(2), Lo(3),---) for 9 € Yeo. Fi 
nally, we form the orbit space of this action, and we get @X/D.. = SPX. 


5.2.6 EXERCISE. Prove that the alternative definition of SP X, given in the 
previous note, in fact agrees with Definition 5.2.1. 


If f : X —+ Y isa (pointed) map, then it induces maps f” : X" —> Y", 
which are compatible with the action of ¥,,. Actually, these maps in turn 
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induce maps f!) : SP?X —+SP"Y, which give us a commutative diagram 


SP°X sprt! x 
| | prt) 
SP"Y sp™*ly 


and therefore induce a map 


f:SPX —+SPY. 


5.2.7 Proposition. The construction SP has the following functorial prop- 
erties: 


(a) f =idy > f = idgp x. 
(b) f:X 3 Y andg:¥ 3 Z>(gof)=Gof:SPX—SPZ. a 
5.2.8 Proposition. Let A be a closed (respectively, open) subset of X that 


contains the base point, and let i: A X denote the inclusion map. Then 
i”): SP"A —3 SP"X andi: SP A —+ SPX also are inclusions. 


Proof: Let us consider the diagram 


A" —— x" 
aI | of 
SP"A =e SP°X, 


where p and p’ are the relevant identification maps. The maps @”, p, and p! 
are closed (respectively, open), which means that they send closed subsets 
to closed subsets (respectively, open subsets to open subsets), and therefore, 
i”) is also a closed (respectively, open) map. Thus i) is an inclusion, and 
its image #")(SP"A) C SPX is closed (respectively, open) in SP”.X. 


Because SP X = | |SP”X has the union topology, it follows that 
a”)(SP” A) = W(SP A) NSP”.X 
is closed (respectively, open) in SP"X. Thus, USP A) is closed (respectively, 
open) in SPX so that 7: SP A —> SPX is an inclusion. im 


If we are now given a (pointed) homotopy F : X x I —+ Y, then we 
obtain homotopies 
FO). (SP"X) x I — SP"Y 
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that are compatible with the inclusions. Consequently, we get a homotopy 
F: (SPX) x I—+SPY. 


So we have proved the following result. 


5.2.9 Proposition. Suppose that X and Y are pointed spaces and that f,g: 
X —3Y are pointed maps. If f ~ g, then f™ ~g™ and f x G. oO 


We deduce the next property from 5.2.7 and 5.2.9. 


5.2.10 Corollary. if f : X —+ Y is a homotopy equivalence, then fs 
SPX —> SPY also is a homotopy equivalence. oO 


5.2.11 EXAMPLE. The Riemann sphere without its poles (namely, S? — 
{0,co}, where S? = CU {oo}), that is, the punctured plane C — 0) has 
the same homotopy type of the circle S'. Specifically, the inclusion S! Cc 
S? — {0,cof = C —0 is a homotopy equivalence with inverse C —_0 —> S! 
given by z ++ z/|z| (see Figure 5.2). 


- <> 


Figure 5.2 


So from the point of view of homotopy theory, analyzing SPS! is equiv- 
alent to analyzing SP (S’ — {0,co}). (See 5.2.23.) 


Recall that a topological space X is contractible if there exists a homotopy 
equivalence between it and a one-point space or, equivalently, if there exists 
a homotopy F': X x J —+ X that starts with the identity and ends with the 
constant map e(x) = xg, namely, if idy is nullhomotopic. Such a homotopy 
F is called a contraction. 


5.2.12 Corollary. If X is contractible, then so also are SP”X and SP X.0 
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5.2.13 EXAMPLE. A typical example of a contractible space is the unit in- 
terval I. Specifically, we have a contraction given by 


P:IxI —+ 7, 
F(s,t) = 1—-(1-—s)(1-?). 
More generally, the hypercube J” is contractible with contraction given by 
F:I’xI — I", 
F((s1,...,8n),¢) = (1-(1-s1)(1-t),...,1-(1—s,)(1-2)). 


Consequently, any space homeomorphic to J”, such as the disk D”, for ex- 
ample, is contractible as well. 


5.2.14 EXAMPLE. Another typical example of a contractible space is the 
cone CX over any space X. In this case 


F:CXxI —+ CX, 
F(@,s),t) = (@1—d—s)7—9), 


defines a contraction. 


5.2.15 DEFINITION. We say that a neighborhood U of a subspace A of X 
can be deformed to A in X, or is deformable to A in X, if there exists a 
homotopy 

D:XxXIX 


such that for all 2 ¢ X we have 
D(z,0) =a, 
D(Ax DCA, DUxDCU, 
DU x {1}) CA. 

5.2.16 EXAMPLE. Consider A C X. Let X'= X UA I be the mapping 
cylinder of the inclusion map, and let A’ C X’ be the image in X! of Ax {1}. 
Then A’ has a neighborhood that is deformable to A’ in X'. Specifically, we 
define U to be the image in X’ of A x G, 1], and we define D : X' x I —+ X’ 
by D(x,s) =a for « € X and by 
(a,t(1 + s)) ift 
(a,t(1—s)+s) ift 


D(a,t,s) = \ : 


for (a,t) € AXJ. It is straightforward to verify that the homotopy D satisfies 
all the conditions of the previous definition. 
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The following is the key result of the paper by Dold and Thom. However, 
its proof is rather long, so we delay that until Appendix A. 


5.2.17 Theorem. (Dold-Thom) Suppose that X is a Hausdorff space and 
that A is a closed path-connected subspace that has a neighborhood deformable 
to Ain X. Then the quotient map p: X —+ X/A induces a quasifibration 
p: SPX —+ SP (X/A) such that for every  < SP (X/A), we have p-'(z) ~ 
SP A (where ~ denotes homotopy equivalence). ia 


5.2.18 Corollary. Suppose that X and Y are Hausdorff spaces with Y path 
connected and take f : X —+Y. Consider the sequence of maps 


XSy— 40, Ex. 
Then 
p: SP (Cr) —> SP (ZX) 
is a quasifibration with fiber p-\(z) ~ SPY. 
Proof: The quotient map of Cy that identifies Y to a point, namely p : 


Cy —+ XX, satisfies the hypotheses of the Dold-Thom theorem; therefore, 
the result follows. oO 


So in particular, from the sequence 

x 4.x 40x 35x 

we get the quasifibration 
SP (CX) —> SP(EX) 

with fiber SPX, and thereby the next result. 
5.2.19 Corollary. Jf X is Hausdorff and path connected, then for every 
q> 0 we have an isomorphism 

T41(SP (UX)) = 1,(SP X). 
Proof: First, we start with the quasifibration SP(CX) —> SP (ZX) with 
fiber SPX, and we apply the long exact sequence (see 4.3.41) to get 

+++ + To41(SP (CX)) — mo4.1(SP (ZX)) — 
— 1,(SP X) — 1,(SP(CX)) —---. 


Then because C'X is contractible, we know that SP (CX) is also contractible 
by applying 5.2.12. It follows that 7,(SP (CX)) = 0 for g > 0. So we get the 
desired isomorphism from the previous exact sequence. oO 
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5.2.20 EXERCISE. Prove that the inverse of the isomorphism given in the 
proof above is provided by 


[f:S? > SPX] 4 [grt 4 rsp x ~ SPEX]. 


Let X' = X U(Ax I) and A’ = Ax {1}, as in 5.2.16. By the Dold~Thom 
theorem, the quotient map p’ : X' —+ X‘/A’ induces a quasifibration 


pl: SPX! —s SP (X'/A) 


with fiber p (2) ~ SPA’. Therefore, using Example 5.2.16 we have the 
next assertion. 


5.2.21 Proposition. Let X be a Hausdorff space and A C X a path-con- 
nected subspace. Then the canonical map 


SP (X U(A x I)) —> SP(X UCA) 
2s a quasifibration with fiber SP A. im] 


Suppose that X is a Hausdorff space with a subspace A C X such that the 
inclusion is a cofibration. Then using 4.2.3 and the remarks that follow 4.2.7 
we have that X UA I has the same homotopy type of X and that XUCA has 
the same homotopy type of X/A. Moreover, under these homotopy equiva- 
lences the quotient maps X —+ X/A and XUAx I —+ XUCA correspond 
to each other, at least up to a homotopy equivalence. By applying 5.2.21, we 
obtain in this way the following version of the Dold~Thom theorem 5.2.17. 


5.2.22 Theorem. Suppose that X is a Hausdorff space with a path-connected 
subspace A such that the inclusion is a cofibration. Then the quotient map 
p: X —> X/A induces a quasifibration p : SPX —> SP(X/A) with fiber 
p\(@) ~ SP A for every F< SP(X/A). oO 


This version of the Dold~Thom theorem is the most useful in applications, 
since usually either the hypothesis that A — X is a cofibration is easy to 
verify or it is well known that it holds in the given case. 


We finish this section with two crucial results that will be useful for several 
applications. 


5.2.23 Proposition. (Dold-Thom) The natural inclusion S' G SPS! of 
the circle in tts infinite symmetric product is a homotopy equivalence. There- 
fore, 

Z #¢q=1, 


ieee iy ay 
rsh) 2 m1) = fa#l. 
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Proof: As a representantive of the homotopy type of S!, let us take the Rie- 
mann sphere punctured in its poles, namely S*— {0,00} (see 5.2.11). Accord- 
ing to 5.2.4, SPS? is nothing other than the space of nonzero polynomials 

ir a;z' of degree no greater than n. Then SP” S! consists exactly of those 
polynomials that have neither 0 nor oo as a root, and this means those for 
which ap 4 0 and a, #0. In other words, SP” S! is obtained from the com- 
plex projective space CP” ~ SP” S? by removing the hyperplanes ag = 0 and 
a,, = 0. When we restrict the quotient map C” — 0 —+ CP”! to the sphere 
S?r-! we get another quotient map y : S*°-! —> CP’-!. The reader can 
check that if we add the disk D?” to CP”! using y, then we get CP” (see Ex- 
ercise 5.2.25 below); namely, we have D?"U,CP*"! = D*? UCP"! /~ = CP”, 
where D*” > S*--! 5 2 ~ y(z) € CP™". 

It follows from this that removing the hyperplanes aj = 0 and a, = 0 
from CP” corresponds to removing two copies of CP”! that are embedded 
as 0 x CP”! and CP”! x 0. Removing the first of these leaves an open 
disk D”, and then removing the second amounts to removing (cP! x O)- 
(0 x CP? x 0) = (CP*"! —0 x CP*) x 0 = p’”® x 0. Then what 
remains is pb x (D —0), which clearly has the same homotopy type of 
S'. Therefore, SP”'S! has the same homotopy type of the circle, and the 
injection S' Cc SP” S! is a homotopy equivalence. 


Finally, by 4.5.13, 


Z ifq=1, 


sps}) 2 
mee S) {i fg. 


and this proves the proposition. ia 


Since as we have seen, the only nonvanishing homotopy group of SPS! 
is the fundamental group, which is isomorphic to Z, and since S* = DS', we 
can use 5.2.19 and 5.2.23 to get 


(SPS?) © n,_1(SPS!) © my-1(S') , 


and so 
Z ifqg=2, 


m(SP (8) = i‘ ifq 42. 


By using ©S°-! = S” and by then applying 5.2.19 again, we inductively get 
the next assertion. 
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5.2.24 Proposition. For each integer n > 1 


Z ifqg=n, 


m,(SP'S”) = ‘ ee 


5.2.25 EXERCISE. Let X be a Hausdorff space and let A C X be closed. 
Assume that there is a map y : D” —+ X such that y(S°-!) C A and such 
that y|D" — S*-! : D® —S"-! w X — A. Prove that X ~ A Ujjge-1 D”. 


From the proof of 5.2.23 and the previous exercise we obtain the following 
result (cf. 5.1.3(a)). 


5.2.26 Corollary. For alln > 1 the complex projective space CP” has the 
structure of a CW-compler with one 2k-cell for each kk, O< k <n. Its 2k- 
skeleton is CP*, and the attaching map of the (2k + 2)-cell ts the canonical 
quotient map pry: S**+! — CP. ia 


5.38 HOMOLOGY GROUPS 


The infinite symmetric product SP X introduced in the previous section is 
determined by its homotopy groups, as we shall see later on in Section 6.1 
(see 6.4.17). In this section we shall study these homotopy groups (SPX), 
which will turn out to be the ordinary homology groups with integral coeffi- 
cients of the given space X. 


We shall first define the reduced groups, and from them shall define the 
relative groups. 


5.3.1 DEFINITION. Let X be a path-connected CW-complex with base point 
xo. We define its nth reduced homology group (with coefficients in Z) forn > 0 
as 


H,,(X) = (SPX), 


where the homotopy group is defined with respect to the base point in SP_XY 
determined by xo. For n <0 we define H,,(X) = 0. 


In general, the functor 79 does not give usa group. Nonetheless, according 
to 5.2.19, we immediately have the following statement. 
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5.3.2 Proposition. [f X is a pointed path-connected CW-complez, then 
H,(X) = Hyyi(DX), 


for alin, where SX denotes the reduced suspension of X. ia] 


On the one hand, this allows us to extend the definition of reduced homol- 
ogy groups to spaces that are not necessarily path connected. Specifically, 
since ©X is always path connected, we define 


H,(X) = Hyyi(DX), 
for every pointed CW-complex X and x > 0. On the other hand, it allows 


us to assert that Ho(X) © Hy\(SX) & Ha(D2X) m(SP_E?X) is not only a 
group but that it is abelian, as are all the other groups H,,(X). 


If f : X —> Y isa pointed map of pointed CW-complexes, then the map 
f:SPX —>SPY induces a homomorphism 


fe: Ha(X) — H,(Y). 
These groups and homomorphisms have the following properties. 


5.3.3 Functoriality. if f: X —+ Y andg: Y —+ Z are maps of pointed 
CW-complezes, then 


(9° Pe = 94° fo: Ha(X) — Ha(Z). 
Moreover, if idx : X —> X is the identity, then 


idx. = lgcxy : Ha(X) — HX). 


5.3.4 Homotopy. If f &g:X —>Y (a pointed homotopy), then 


f= 94: A(X) — H,{Y). 


5.3.5 Exactness. For every pointed map f : X —+ Y we have an exact 
sequence 


HX) 3H (Y)+H,(C}), 


where Cy denotes the mapping cone of the map f andi: Y — Cy ts the 
canonical inclusion. 
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5.3.6 Dimension. For the 0-sphere S° we have 


i,(s°) = i nee 

0 nF. 
Proof: The functoriality property is an immediate consequence of the func- 
toriality of the symmetric product construction (see Proposition 5.2.7) and 
the functoriality of homotopy groups (see Theorem 3.5.8). The homotopy 
property is an immediate consequence of Proposition 5.2.9. To prove the 
exactness property, we use the diagram 


2; —>Cy, 


which is commutative up to homotopy. Here Z; is the reduced mapping 
cylinder of f, which we define to be the result of identifying the line segment 
{xo} x I in the mapping cylinder My (cf. (3.1.2)) of f to a single point. 
Moreover, the map Z; —+ C+ is the canonical identification of the cylinder 
to the cone, namely the map that identifies X x {1} to a single point. The 
canonical inclusion Y <> Z; is obviously a homotopy equivalence. (See 
Exercise 5.3.11 below.) By the Dold-Thom theorem 5.2.17, the induced 
map SP(Z;) —+ SP(C;,) is a quasifibration with fiber SPX. By using 
Proposition 4.3.40, we therefore have an exact homotopy sequence 


(SPX) —+ m4(SP (Z5)) —+ m(SP (Cy), 


which, up to the homotopy equivalence mentioned above, is equivalent to the 
exact sequence 


(SP X)5n(SP Y)—m,(SP (C;)). 


Then by using the definition of reduced homology group, we get the desired 
exact sequence. 


Finally, the dimension property is an immediate consequence of Propo- 
sition 5.2.23, namely that the natural inclusion S' G SPS! is a homotopy 
equivalence. Therefore, we have that 


Z ifn=0, 


H,(S°) = Hn+i(S') = toai(SPS') © tnei(S') = (0 ifn £0 
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All given axioms of functoriality, homotopy, exactness and dimension are 
the so-called Evlenberg—Steenrod axioms for a reduced ordinary homology 
theory. 


For the one-point space, or more generally for any contractible space, one 
sees immediately that it has trivial reduced homology. Specifically, we have 
the next assertion. 


5.3.7 Proposition. Let D be a contractible space. Then we have H,(D) =0 
for alin. Oo 


5.3.8 Proposition. Suppose that n > 0. Then we have 


sen, _ JS Fq=n, 
Als)= {4 qAn. 


Proof: Using Proposition 5.3.2 and the fact that S’ = E”S° we obtain 
H,(S") = H,_,(S°), so that an application of the dimension property 5.3.6 
gives us the desired result. Alternatively, the result follows immediately from 
5.2.24. aq 


One very interesting and important consequence of Propositions 5.3.7 
and 5.3.8 is the following famous theorem, known as the Brouwer fixed point 
theorem, whose special case for dimension n = 2 was proved in Chapter 
2 (Theorem 2.4.23). The proof looks exactly the same, but instead of the 
degree, which (implicitly) uses the fundamental group, we use here the (re- 
duced) nth homology groups. 


5.3.9 Theorem. Suppose that n > 1 and that f : D” —> D” és continuous. 
Then there exists a point xo € D” satisfying f(xo) = xo. We call xo a fixed 
point of f. 


Proof: If there were no such x9, then we would have f(x) # x for every 
x € D”. So the points x and f(x) would determine a ray starting from f(x). 
This ray would intersect S*~! in exactly one point, say r(x) (see Figure 5.3). 
The map r : D? —+ S$”! is well defined and continuous and is actually a 
retraction. However, the existence of such a retraction contradicts the next 
proposition. oO 


5.3.10 Proposition. Suppose that n > 1. Then there does not exist any 
retraction r : D" —s Sr-}, 
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Figure 5.3 


Proof: If such a retraction did exist, we would have the commutative triangle 


grt 


where i: S°-! —+ D® is the inclusion. Consequently, we would get the 
following commutative triangle of reduced homology groups with coefficients 
in Z: 

A,-1(D”) 


H,_.(S"-) ; #,_(S"-!). 


But this is impossible, since according to Proposition 5.3.8, this would imply 
that 1z factors through the group H,,_;(D”), which is trivial by Proposition 
5.3.7; however, H,,_:(S°~') is nontrivial. o 


5.3.11 EXERCISE. Prove that the canonical inclusion 7 : Y — Zy is a ho- 
motopy equivalence satisfying jo f ~ k, where k: X <> Zy is the canonical 
inclusion induced by x + (2, 1). 


We can define homology groups of pairs as follows. 


5.3.12 DEFINITION. Let (X, A) be a CW-pair. We define the nth homology 
group of (X, A) to be 


H,(X, A) = H,(X UCA), 


where X U CA is the mapping cone of the inclusion map of A into X. If 
f : (X,A) — (¥,B) is a map of CW-pairs, then the induced map on the 
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cones, namely f’ : XUCA —+ YUCB defined by f'(z) = f(x) € Y forx e X 
and f/(a,t) = (f(a),t) € CB for (a,t) € CA, induces a homomorphism 


fc: H,(X, A) — H,{Y, B). 


In particular, in the case A = @ we have that H,(X) = H,(X*+), since by 
definition CA = * and X UCA= X* = X LU + in this case. 


In the same way as in the cases of reduced homology, we have the following 
properties. 


5.3.13 Functoriality. If f : (X,A) —> (Y,B) and g: (Y,B) — (Z,C) 
are maps of CW-pairs, then 
(9° fs = 94° f : Hp(X, A) — H,(Z,C). 
Moreover, if idix,a) : (X,A) —> (X, A) is the identity, then 
idix,a), = Lan(x,a)? H,({X, A) —> H,,(X, A). 
5.3.14 Homotopy. if f ~ g : (X,A) —> (Y,B) (a homotopy of pairs), 


then 
fe = 9: H,(X, A) — H,{Y, B). 


5.3.15 Excision. Let (X;X1,X2) be a CW-triad; that is, X; and Xz are 
subcomplezes of X satisfying X = X;UX2. Then the inclusion j : (X1, Xi 
X2) —> (X, X2) induces an isomorphism 


Je Ay(X1, X11 X2) —> H,(X, Xa), n> 0. 


5.3.16 Exactness. For every CW-pair (X, A) there exists a long exact se- 
quence 


Hyyi(A) + Hoy (X) > Hyii(X, A)sH,(A) +, 


where 0 is called the connecting homomorphism in homology, which is a nat- 
ural homomorphism; namely, for every map of pairs f : (X,A) —> (Y,B), 
we have a commutative diagram: 


Hyyi(X, A) > H,(A) 


r| |. 


Hy4(¥, B) > HB). 
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5.3.17 Dimension. For the one-point space * we have 


H,(+) = Z ifn=0, 
mM 10 ifn 40. 


Proof: The functoriality and homotopy properties follow immediately from 
the corresponding properties in the reduced case. 


To prove the excision property, we first recall Corollary 4.2.3, namely 
that the identification X UCA —+ X UCA/CA = X/A is a homotopy 
equivalence, which implies that 


(5.3.18) H,(X, A) = H,(X/A) 


for every CW-pair (X, A). So to prove 5.3.15 it is enough to note that the 
conditions imposed on X, X;, and X2 imply that 


X/Xp and X,/X1N Xp 


are homeomorphic. 


In order to prove the exactness property we are going to define 
O: Hyi(X, A) — H,{A) 


by using the map 
X/A?sX+UCAt25DAt, 


where p is the homotopy inverse of the quotient map Xt UCAt —> X/A 
and p! is the quotient map that collapses X*+. Specifically, we define 0 to be 
the composite 


8: Hysi(X, A) —> Hye (X/A) 2s Hi, (DAY) = 
© H,(A*) = H,(A). 


We prove the exactness at H,,,(X) by taking the exact sequence for the 
reduced case for the inclusion 7: At — X* and so get the exact sequence 


Hy s(A*) — He (X*) 3 Hy (C), 
which is the same as 
Fiy41(A) — Hyyi(X) — Hoyi(X, A), 


since Hyii(C;) = Hyii(X, A). 
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The exactness at H,,1(X, A) is now shown by taking the exact sequence 
for the reduced case for the inclusion 7 : X G X*+ UCAT, namely 


Fyas(X*) S Hgus(X*+ UCAt) — Ayas(C). 


It is easy to prove that C; ~ NA+ (see Section 3.3, particularly equation 
(3.3.4)), which implies that the previous exact sequence becomes 


Hayi(X) — Hayi(X, A) — H(A), 


where the last homomorphism is precisely 0. 


Finally, the exactness at H,(A) is proved by considering the exact se- 
quence for the reduced case for the identification p: X*UCAt —> DAT 
and by noting that C, ~ SX+. This means that the sequence 


Hyyi(X* UCAt) —> Hy (EAt) — Hg (EX*+) 
becomes the sequence 
Fy4i(X, A) —> H,(A) — H,{X), 


where the first homomorphism is exactly 0 and the second homomorphism 
is induced by the inclusion A X. 


__ The dimension property follows immediately from the fact that Ais) = 
H,(S°). d 


All axioms of functoriality, homotopy, exactness and dimension given 
above are the so-called Hilenberg—Steenrod axioms for an ordinary (unre- 
duced) homology theory. 


5.3.19 EXERCISE. Verify the details of the proof of the exactness property. 
In particular, show that C, ~ ©X+* and that up to precisely this homotopy 
equivalence, the map At —+ C, corresponds to the inclusion. 


5.3.20 NoTE. The proof that we have given of the exactness property for 
the case of pairs (starting from the corresponding property for the reduced 
case) is not the simplest. However, it is worthwhile to present this, since it 
gives a general way of proving that any functor satisfies a relative exactness 
axiom (such as 5.3.16), provided that it satisfies a reduced exactness axiom 
(such as 5.3.5). This is particularly important in the study of generalized 
theories of homology (or cohomology). A simpler proof of 5.3.16 is possible, 
as we request the reader to provide in the next exercise. 
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5.3.21 EXERCISE. Construct an alternative proof of the relative exactness 
axiom (5.3.16) using the long exact homotopy sequence (4.3.41) of the quasifi- 
bration SP Z; —> SP C; that is induced by the identification map Z; —> C;, 
where i: A —+ X is the inclusion. 


5.3.22 EXERCISE. Assume that X is contractible. Prove that, 
HX, A) = H,-1(A) 


ifq> 1, and 7 
H,(X, A) = Ho(A). 


5.3.23 EXERCISE. Take AC BC X and assume that the inclusion AG B 
is a homotopy equivalence. Prove that the inclusion of pairs (X, A) — (X, B) 
induces an isomorphism 


H,(X, A) —> H,(X, B) 


for all g. 


5.3.24 NOTE. We can extend Definition 5.3.12 to arbitrary pairs (X, A) by 
defining H,(X,A) = H,(X, A), where (X, A) is a CW-approximation of 
(X, A). For any continuous f : (X, A) —> (Y, B) we define f, = fi. These 
definitions are well defined due to Theorems 5.1.35 and 5.1.44. 


5.3.25 EXERCISE. Prove that if f : (X,A) —> (Y,B) is a weak homotopy 
equivalence of pairs of topological spaces, then 


HX, A) — H,{Y, B) 


is an isomorphism for all g. This is the so-called weak homotopy equivalence 
axiom. (Hint: See 5.1.35.) 


The definitions of the previous paragraph clearly satisfy the axioms of 
functoriality, homotopy, exactness, and dimension as formulated above. But 
they also satisfy the following excision axiom that corresponds to 5.3.15. 


5.3.26 Excision. (For excisive triads) Let (X;A,B) be an excisive triad; 
that is, x ws a topological space with subspaces A and B such that AUB = XxX, 
where A and B denote the interiors of A and B, respectively. Then the 
inclusion j : (A, AN B) —> (X, B) induces an isomorphism 


J, H,(A, ANB) —+ H,{X,B),  n>0. 
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Proof: In order to show that we have this property we take a CW-approxima- 
tion of ANB, say yp: ANB —> AN B, and extend it to an approximation 
of A, say yi: A — Aa A, and to an approximation of B, say 2 : B= B, 
in such a way that ANB =AnB. Thus we can define a map @ : X= 
AUB —s AUB =X such that Q|A = v1, OB = = %, and GAN B = yy. 
Using the hypothesis AUB = X wecan now prove that ¢ is a weak homotopy 
equivalence; that is, @ is a CW-approximation of X (see 5.1.34). Using this 
result it is clear that the excision axiom for excisive triads follows from the 
excision axiom (5.3.15) for CW-triads. i 


5.3.27 EXERCISE. Prove that the excision axiom for excisive triads is equiv- 
alent to the following axiom. Suppose that (X, A) is a pair of spaces and that 
U C A satisfies U C A. Then the inclusion 7 : (X — U,A—U) —> (X, A) 
induces an isomorphism H,,(X —U,A—U) = H,,(X, A) for each n > 0. 


5.3.28 Lemma. For every pointed topological space X we have that 


_ fix) ifa #0, 
BIOs eee ifg=0. 


Proof: The cone C; = CX U + of the natural inclusion j : X — Xt has the 
same homotopy type of the 0-sphere S°. So for each g > 0 there exists an 
exact sequence 
HAX)+H{X*) — H,{S°). 

Note that the natural projection p: X* —+ X, which sends + to the base 
point of X, satisfies po 7 = idy. So the previous exact sequence splits, 
implying that the group in the middle can be expressed as the sum of the 
other two groups; that is, 


H{X)= H(X*) = HX) ® H,(S°). 


The statement now follows immediately from the dimension property 5.3.6. 


ia 
As an immediate consequence of 5.3.8 we obtain the following result. 
5.3.29 Proposition. Suppose that n > 0. Then we have that 
HON Gegten = 
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Reduced homology groups have an additional property with respect to 
infinite unions of CW-complexes. In particular, this allows us to compute the 
homology of any CW-complex from the homology of its finite subcomplexes. 


5.3.30 Proposition. Suppose that X is a pointed topological space and that 
{X)} is a system of closed (or open) subspaces that contain the base point 
of X. The inclusions i : X, —> X, determine a directed system of groups 
when one applies to them the functor Hy, for any q. We then have an iso- 
morphism 

colim H,(X) & H,(X), 


which is determined by the inclusions i, : X, —> X. 


Proof: The inclusions ON and 2) induce inclusions 7 : SPX, —> SP X, and 
i: SPX, —> SP X, which in turn induce a continuous and bijective map 
colim SPX, —> SPX. In general, the inverse function is not continuous, 
except on compact subsets. For example, it is continuous if X is compactly 
generated (see 4.3.22). However, what we know is enough to guarantee that 
the inverse function induces isomorphisms of homotopy groups. For just this 
very reason we have z,(colim SP X)) = colim 7,(SP X,). And so we have the 
desired result. oO 


The next result establishes the so-called wedge axiom for homology. 


5.3.31 Proposition. If X = \/,2, X,, then 


H,(X) = BAAX) : 


ACA 


Proof: First case. Assume that X, and X, are CW-complexes whose base 
point is a O-cell and take X = X; V Xo. Ift: X; G X is the canonical 
inclusion, then by 4.2.3 the canonical quotient map C; = XUCX, — X/X, 
X_ is a homotopy equivalence. Therefore, by the homotopy property of H, 
one has a short exact sequence 


0 —s H,(X1) — H,(X) — H,(X2) 0, 


which obviously splits. Therefore, 
H,(X) © H,(X1) © HX). 


This implies that for any finite wedge X = Ve X), 


HX) = BAX) 4 
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General case. If X = Wek X), is an arbitrary wedge of CW-complexes, 
then we can take the system of all finite wedges Xp = Vie X),,0 C A finite. 
By the previous step, 


H(Xp) = BAX). 
Aer 
Therefore, by 5.3.30, 


H4(X) = colim GB H4(Xy) = QB H,(X).- 
Aer AEA 


In the general case, if the given spaces are not CW-complexes, then one 
takes a CW-approximation X, —+ X) for each A and takes as a CW- 
approximation of X precisely the wedge 


X=\VH—G\VX=X. 
Then the result follows from the CW-case for any spaces. oO 
5.3.32 EXERCISE. Let (X, A) = [][(X,, Ay). Prove that for all q, 


HAX, A) = BH (X, A). 
d 
This is the so-called additivity axiom for homology. 


5.3.33 NOTE. In homology there is a way of introducing coefficients in a 
general group G. This will be done at the end of the next chapter in Section 
6.3. In what follows, among other things, we shall show another way of 
introducing coefficients in a cyclic group using a variation of the infinite 
symmetric product. 


In the article [26], Dold and Thom introduce another construction related 
to the infinite symmetric product of a space. This is the free topological 
abelian group over a topological space X with base point zo, which serves 
as the zero element of the group. This topological group has properties 
analogous to those of the infinite symmetric product. The construction enjoys 


the desired properties when the space X is a connected CW-complex with 
o as one of its vertices. 


To define this topological group we construct the wedge X V X of two 
copies of X and then take the map 7: X VX —+ X V X that interchanges 
the two terms and next define an equivalence relation on SP (X VX) by 


evata2 +7’), 
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where x and 2’ are elements in X (considered as a subset of X V X, which 
in turn is a subset of SP(X V X)) and the sum + is that of the symmetric 
product SP (X V X) given by juxtaposition of the elements. The resulting 
quotient space AG X of equivalence classes is an abelian topological group. 
Obviously, this construction is functorial. Jf X ts a countable simplicial 
complex, then AG X has the structure of a CW-compiez. If, instead, X is a 
countable CW-complex, then AG X has the homotopy type of a CW-complex 
(see [45]). (In case of a general CW-complex, one should take the compactly 
generated topology in the products.) 


For any positive integer m we can consider the subgroup m-AG X of AG X 
consisting of the elements divisible by m. And then we can form the quo- 
tient group AG X/m-AG X and so functorially get a new topological group 
AG (X;m), which is nothing other than the free topological Z/m-module over 
the space X. 


Corresponding to the Dold-Thom Theorem 5.2.17, which is the principal 
result about infinite symmetric products, we have a result for free abelian 
topological groups. Let A be a subcomplex of a countable simplicial complex 
X, which has xp as a vertex. Ifp: X —+ X/A is the quotient map, then 
the induced map p: AG X —+ AG(X/A) is a locally trivial bundle with fiber 
AGA. Actually, this is a principal fiber bundle with both fiber and structure 
group equal to AG A. 


It follows analogously to the construction SP that the construction AG 
is such that the groups HI(X) = 1,(AG X) and Hi(X;m) = m,{AG(X;m)) 
coincide with the reduced ordinary homology of X with coefficients in Z, 
respectively in Z/m, in the category of countable simplicial complezes. 


CHAPTER 6 


HOMOTOPY PROPERTIES OF 
CW-COMPLEXES 


In order to define cohomology groups, as we shall do in the next chapter, we 
have to define some special spaces, called Eilenberg-Mac Lane spaces, which 
we have already mentioned. These spaces will be constructed starting from 
the concept of an infinite symmetric product introduced in the last chapter. 
This construction will be applied to the so-called Moore spaces, which by 
construction are CW-complexes. 


A very useful tool for analyzing properties of CW-complexes and espe- 
cially of the Moore spaces is the homotopy excision theorem of Blakers— 
Massey, which will be proved here. 


6.1 EILENBERG—MaAc LANE AND MOORE SPACES 


As we have already noted, one way of defining cohomology groups is by means 
of Eilenberg—Mac Lane spaces. In this section we shall construct these spaces 
and study some of their properties. In order to define Eilenberg-Mac Lane 
spaces we shall need some knowledge of a family of spaces that are associ- 
ated to abelian groups or, more precisely, to their primary decomposition. 
These are the so-called Moore spaces, they possess some interesting homo- 
topy properties which we shall present in this section. 


6.1.1 DEFINITION. A space A is said to be an Filenberg—Mac Lane space of 
type K(G,n) or, more briefly, to be a K(G,n), if 


G ifq=n, 
A) & 
ma(A) : ifgfAn. 
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To prove the existence of these spaces we shall avail ourselves of the ideas 
about infinite symmetric products that are developed in [26] and were dis- 
cussed in the last chapter. 


Proposition 5.2.24 provides us with the first and very important examples 
of Eilenberg—-Mac Lane spaces. 


6.1.2 Proposition. For each integer n > 1 the infinite symmetric product 
SPS” is a K(Z,n). a 


Since the space S! is an H-cogroup (see 2.10.2 and 2.10.8), we can consider 
the composite map 


v 


a:S'—>sitvs! ~;s!, 
where vy is the comultiplication and » maps each copy of S! in the wedge by 
the identity. Clearly, we have that 


a2, : m(S') — m(S') 


+ 


is multiplication by 2 in 7(S') = Z. Analogously, 


v 


a3: S! sivgsi @Y4, giygi_’ .¢g! 


induces 
az, :m(S') — (85), 


which is multiplication by 3. Inductively we can define 


oy, : 8! 2-4 si vg! S24 givgi _? 5g! 


so that 
ay, : ™(S') —> 1, (S'), 


is multiplication by k. Let us consider the sequence of maps 


(6.1.3) sg! —%_,! om s. 


We usually write C.,, as the attaching space S! Ug, e?, since it is the result 
of attaching to S! the cell CS! ~ é? by means of the map ax on its boundary. 
The portion 

si; s'u,, & 3 S$? 


of the previous sequence induces a quasifibration 


SP (S! Ug, e?) —> SPS? 
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with fiber SPS!. So we get a long exact sequence 
+++ —+ n,(SPS!) — 1,(SP (S! Ug, e”)) — 1,(SPS*) 
—> m4-1(SPS') —.--- 
from which we obtain 
(SP (S! Ug, e*)) = 0 if ¢# 1,2 
and 
0 —+ m(SP (S! Ug, e)) — 1(SP (S*)) — (SP (S!)) 3 
—> ™(SP (S! Ug, e?)) 0. 
Using (6.1.3) we can deduce that the map 72(SP S*) —+ m1(SPS') in this last 
sequence is just multiplication by & in Z, and so we have (SP (S'Uq,e”)) = 0 


and (SP (S! U,, e?)) = Z/k. So we have proved that SP (S! U,, e”) is a 
K(Z/k, 1); that is, we have the next result. 


6.1.4 Proposition. The infinite symmetric product SP (S! U,, e?) ts an 
Eilenberg-Mac Lane space of type (Z/k,1); that is, 


Zk ifa=1, 


mq(SP (S' Us, €)) = 6 fe 
Oo 


If we generalize this construction, we obtain the next definition. 


6.1.5 DEFINITION. The attaching spaces S"U,,e"+!, k > 2, are called Moore 
spaces of type (Z/k,n), where now a, : S* —+ S” denotes the (n — 1)-fold 
suspension of the map a, defined above, n > L.. 


Now applying 6.1.2 and the same reasoning that led us to 6.1.4, we get 
the next result. 


6.1.6 Theorem. The infinite symmetric product of a Moore space, 
SP(S*Ug, e"*!), where n>1, 
is a K(Z/k,n); that is, 


Zk ifq=n, 


nm n+1y\y) __ 
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6.1.7 EXERCISE. Consider S! as the unit circle in the complex plane C, and 
define G, : S' —+ S! by @,(e?™*) = e?™. Here k can be any real number. 
Prove the following: 


(a) For each integer k > 1, we have a homotopy a, ~ a, : S! —> Ss}. 


(b) For k > —1 we have that a_; : S' —+ S! is the reflection in the real 
axis of C. 


(c) If we now let @_, : S” —+ S” denote the (n — 1)-fold suspension of the 
map @_, of part (b), then this new @_ is a reflection in a hyperplane. 


Suppose that X and Y are well-pointed spaces. Recall that this means 


that the inclusions of the base points xg and yp in X and Y, respectively, are 
closed cofibrations. Then the inclusions Y — X VY and X — XVY also are 
(closed) cofibrations. Consequently, if X and Y are 0-connected, then they 
satisfy the hypotheses of version 5.2.22 of the Dold-Thom theorem. And 
then since X V Y/Y » X and X V Y/X * Y, we have that the canonical 
maps X VY —> X and X V Y —+ Y induce quasifibrations 


SP(XVY)—+SPX,  SP(XVY)—3SPY, 


with fibers SPY and SPX, respectively. Since the inclusions X — X VY 
and Y <> X VY induce sections of these quasifibrations, we have that the 
canonical map SP (X V Y) —+ SP X x SPY induces isomorphisms 


(6.1.8) n,(SP(X VY)) & 2,(SP._X) @ x,(SPY) 


for every g. Moreover, if i: X ~ SPX and 7: Y SPY are the canonical 
inclusions, we have the commutative diagram 


m(X VY) T(X) O 1(¥) 


(6. .9) wie| [nos 
1 (SP (X VY)) = 14(SP X) ® 1,(SPY). 


Because 7, and SP commute with colimit, (6.1.8) and (6.1.9) hold for infinite 
wedges. We should mention here that there is a direct proof of (6.1.8). Or 
more accurately put, without using the Dold~Thom theorem and without the 
hypothesis that X and Y are well pointed, one can show that the canonical 


map that induces the isomorphism (6.1.8) is a weak homotopy equivalence. 


(See [26, 3.14].) 
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Let us recall from algebra the well-known result called the primary de- 
composition theorem. This says that if G is a finitely generated abelian 
group, then there is a unique decomposition 


(6.1.10) G=Z0::-O®Z0Zu,0-:-OZy,, 
where dj|d2, d2|d3,...,dx—1|dx. Corresponding to such a decomposition of G 


we define a space X by 


(6.1.11) X =SV---VSVV(S" Us, eT) V+ V (S" Ua, ent). 


in 


6.1.12 DEFINITION. The space X defined in (6.1.11) is called a Moore space 
of type (G,n). 


Note that by construction, a Moore space of type (G,n) is a CW-complex 
with exactly one 0-cell and with all the other cells in dimensions 7 andn +1. 


We deduce the next theorem from (6.1.8) and 6.1.6. 


6.1.13 Theorem. Let X be a Moore space of type (G,n). Then SP X is an 
Eilenberg-Mac Lane space of type K(G,n). In other words, this means that 
forn > 1 and for ali q we have 


m4(SP (S°V-- VS" V(S* Una, e711) V-+ V (S? Une, €7*7))) 


- 


_ |G fq=n, 
~ 0 ifqg#n. 


6.2 HomoTopy EXCISION AND 
RELATED RESULTS 


We start this section with the following very important result in homotopy 
theory, which can be interpreted as the homotopy version of the cohomology 
(or homology) excision theorem (see 7.1.16). We give here a homotopical 
proof following [51]. 


6.2.1 Theorem. (Blakers-Massey) Suppose that X is a pointed space and 
that A and B are pointed subspaces of X such that 
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(@) X = AUB and 


(ii) the inclusions ANB A and AN B @ B are cofibrations. 


If the pair (A, ANB) is (m—1)-connected and the pair (B, ANB) is (n—1)- 
connected, m > 2,n > 1, then the homomorphism induced by the inclusion, 
namely i, : (A, ANB) — 1,(X, B), is an isomorphism for q<m+n-—2 
and is an epimorphism for q=m+n-—2. 


Before passing to the proof of this theorem we can obtain as a consequence 
two very useful results, which we shall present in the following discussion. 


6.2.2 Proposition. Suppose that Yo — Y its a cofibration, that the pair 
(Y, Yo) ts (r — 1)-connected, and that the subspace Yo is (s — 1)-connected. 
Then the homomorphism induced by the quotient map, namely 


Ps: T(Y, Yo) —> 14(¥/Yo), 


is an isomorphism for q<r+s—1 and is an epimorphism forq=r+s—1 


(r > 0). 


Proof: By hypothesis Yo  Y is a cofibration, as also is the inclusion Yo G 
CY in the cone (see 3.1.6). Since Yo is (s—1)-connected, we can use the exact 
homotopy sequence of the pair (CY, Yo) to show that the pair is s-connected. 
Then using Theorem 6.2.1, we get that i: 7,(Y,¥o) —> 1,(Y UCYo, CY) is 
an isomorphism for g < r+s—1 and is an epimorphism for g=r+s—1. But 
4.2.3 says that the quotient map (Y UCYo, CYo) —> (Y/Yo,*) is a homotopy 
equivalence. Therefore, we have the desired result. ia 


Let us recall that the suspension of a pointed map f : X —> Y be 
tween pointed spaces is denoted by Uf : YX —> SY and is defined by 
Uf(e At) = f(x) At (see 2.10.1). For a pointed space X we define the 
suspension homomorphism D : 14{X) —> %41(2X) by Y[a] = [La], where 
a:S%—+ X represents a pointed homotopy class and Na: S#+! —+ DX is 
its suspension. 


6.2.3 EXERCISE. Suppose that X is a pointed space, 
ps (CX, X) —+ (CX/X,{+}) 
is the quotient map and that 


O: Ta (CX, X) — 1(X) 
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is the connecting homomorphism (see 3.4.5). Prove that the diagram 


Maz(CX, X) > may i(CX/X, {*}) 


o| |= 


n4(X) Tq4i(DX) 


= 


commutes up to sign. (Hint: see 3.3.6 and 2.10.7.) Moreover, we have a 
commutative diagram, up to sign, 


eX) —2—> try s( BX) 
| |e. 
(SP X) — mu(SP (2X), 


where the lower horizontal arrow is the isomorphism in Corollary 5.2.19. 


From the first part of Exercise 6.2.3, from the exact homotopy sequence 
of the pair (CX, X) (see 3.5.8(e)) and from the fact that CX is contractible, 
we get that ©: 1,(X) —+ m,41(2X) is an isomorphism if and only if p, : 
Mgt (CX, X) —+ t41(CX/X,{*}) is an isomorphism. If X is (n — 1)- 
connected, then the pair (CX, X) is n-connected. So by applying 6.2.2 we 
get the next result, which is known as the Freudenthal suspension theorem, 
where we shall call a pointed space well pointed if the inclusion map of the 
base point into the space is a cofibration. 


6.2.4 Theorem. Let X be an (n—1)-connected well-pointed space. Then ¥: 
Mg(X) —+ 141(2X) ts an isomorphism for q< 2n—1 and an epimorphism 
for g=2n-1. ia] 


6.2.5 EXERCISE. 
(a) Prove that m(S*) & Z by using the Hopf fibration 
sios4,¢ 


defined in 4.5.10. (Hint: From the exact homotopy sequence of the 
fibration p we get the exact sequence 


m(S°) 12(S*) m(S') m(S*), 
where the groups on either end are zero by 5.1.25. Then apply 4.5.13.) 


(b) Prove that 1,,(S") = Z for n > 2. (Hint: Apply 6.2.4.) 
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(c) Prove that 13(S*) © Z. (Hint: In the portion 


3(S') 13(S*) 13(S?) 1(S') 


of the exact homotopy sequence of the fibration p the groups on the 
ends are zero.) 


(d) Prove that in parts (a) and (b) the class [idg«] is a generator of m,,(S”) 
for n > 1, and thereby conclude that in part (c) the class [p] is a 
generator of 73(S*). 


6.2.6 EXERCISE. Conclude from Exercise 6.2.5(b) that 
m(D",S°)£=Z for n>1, 


and that a generator of this group is represented by idipsgx-1). (Hint: Use 
the exact homotopy sequence of the pair (D",S°~!).) 


We have a commutative diagram 


a(S?) —=—> 1 (S!) 


| 


m(SP S*) —z> m(SP s}), 


where the isomorphism on the top of the diagram comes from the exact 
sequence in 6.2.5(a), the isomorphism on the bottom of the diagram comes 
from 5.2.19, and the isomorphism on the right comes from 5.2.23. It follows 
that the homomorphism on the left of the diagram is an isomorphism. 


Suppose that n > 2. From the second part of Exercise 6.2.3 we have, up 
to sign, a commutative diagram 


Tn(S”) —=— tng i(S"t4) 


| ! 


1a(SPS") > tay (SPS), 


where the isomorphism on the bottom of the diagram is from 5.2.19. Using 
6.2.4 the homomorphism on the top is an isomorphism as well. 


In the case n = 2, the homomorphism on the left is an isomorphism. 
Therefore, the homomorphism on the right is also an isomorphism in this 
case, but this is precisely the isomorphism on the left for the case n = 3. 
Continuing inductively we can prove the next result. 
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6.2.7 Proposition. The natural inclusion i : S° — SPS” is an n-equiva- 
lence. a 


To prepare for the proof of 6.2.1, we need some concepts. 


6.2.8 DEFINITION. Given a triad (X; A, B) with base point xp € C = ANB, 
we define the triad homotopy group 


1q(X; A, B) = m-1(P(X; 20, B), P(A; 20, C)), 


where P(X; 20, B), respectively P(A;x0,C), is the homotopy fiber of the 
inclusion B < X, respectively A  X, namely the set of paths in X, 
respectively A, starting in zg and ending in B, respectively C, and g > 2. 
Specifically, 7,(X; A, B) is the set of homotopy classes of maps of tetrads 


(1%; 19? x {1} x F921 x {1}, Jt? x TUT! x {0}) 


| 


(X;A, B, x0). 


From the exact homotopy sequence of the pair 
(P(X; 20, B), P(A; 20, C)) , 
we obtain 


+++ > Wg41(X; A, B) (A, C) 1(X, B) 1X; A,B) +--+ 


(see (3.4.6). 


Coming back to the Blakers-Massey theorem 6.2.1, we have that the 
conditions m > 1 and n > 1 imply only that mo(A MB) —+ mo(A) and 
mo(A MB) —+ mo(B) are surjective. The condition m > 2 guarantees that 
m(X, B) = 0. By the long exact sequence just given, 6.2.1 is equivalent to 
the following. 


6.2.9 Theorem. Under the same assumptions as the Blakers—Massey theo- 
rem, 
T(X;A,B)=0 for 2<q<min-2 


and for any base point x9 © ANB. 
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Proof: We prove the theorem only in the case that (X; A, B) is a CW-triad. 
We do it in several steps. 


First step. Assume that X is a CW-complex and that A and B are subcom- 
plexes, each obtained from C = AN B by attaching a cell. 


We have that A = CUe”™ and B = CUe”, where m > 2 andn> 1. Also 
take rm EC. 


Given a map of tetrads 


(1% 19-? x {1} x 1,197 x {1}, Jt? x TUT! x {0}) 


|r 
(X; A, B, 20), 


where 2< q< m+n -— 2, we must prove that f is nullhomotopic as a map 
of tetrads. Given interior points x € e” and y € e”, there are inclusions of 
pointed triads 


(A A, A—{x}) C (X — (yp A,X — {2,9}) C 
c (X; A,X — {x}) > (X; A,B). 


The first and third inclusions induce isomorphisms in triad homotopy groups, 
thanks to the radial deformations away from x of X — {x} onto B and away 
from y of X —{y} onto A. It is immediate to verify that ,(4; A, A) = 0 for 
all r and any A’ c A. We shall be done if we can show for adequate x, y that 
f regarded as a map of pointed triads into (X; A, X — {x}) is homotopic to 
a map f’ whose image lies in (X — {y}; A, X — {z,y}), since this will imply 
that f is nullhomotopic. 


Let els Cc e™ and in Cc e” be the subcells of half of the radius. We may 
subdivide the cube J? into subcubes J? in such a way that for each a, f(I%) 
lies in the interior of e” if it intersects ete and lies in the interior of e” if it 
intersects ety: We may now deform f to be homotopic as a map of tetrads 
to a map g whose restriction to the (n — 1)-skeleton of I? with its cubically 
subdivided CW-structure does not cover et and whose restriction to the 
(m — 1)-skeleton of I? does not cover ety. Moreover, one may assume that 
g can be so selected that the dimension of g~'(y) is at most q—n for some 
point y € eye that is not in the image under g of the (n — 1)-skeleton of [¢. 
(This very important step in the proof can be achieved if one uses Theorem 
2 in Basic Concepts and Notation to deform f to g in such a way that g is 
smooth in a smaller subcell, and then choose y as a common regular value of 


the restriction of g to each cell.) 


Now let « : [7 —+ I~! be the projection on the first g— 1 coordinates 
and let K = a—\(r(g-'(y))). Then the dimension of K can exceed by at 
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most one the dimension of g~!(y), so that 
dimK <q-—n+l<m-l. 


Therefore, g(K) cannot cover efi Choose a point x € ety. such that x ¢ 
g(K). Since g(OI7-! x I) C A, we have that the sets r(g~!(x)) UOI*~! and 
g'(y) are disjoint closed subsets of J7-'. Applying Urysohn’s lemma (see 
60]), one can find a map v : [7~! —+ I such that 


u(a(g-'(x)) VOI7) =0 and v(g(y)) = 1. 
Define now h: [¢+! —+ I? by 
A(r,s,t)=(r,s—sto(r)) for rei?! and s,tel. 


Then let f’ = goh,, where hy(r,s) = A(r,s,1). We claim that f’ is as desired. 
First observe that 


h(r,s,0) = (r,s), A(r,0,t) = (7,0) and h(r, s,t) = (7,8) ifr € OF. 


oreover, 


h(r,s,t) = (r,s) if h(r,s,t) eg '(a), 
since r € m(g7!(zx)) implies u(r) = 0, and 
A(r,s,t) = (r,s — st) if A(r,s,t)eg"(y), 


since r € (g~'(y)) implies v(r) = 1. Then go h is a homotopy of maps of 
tetrads 


(1%, 19? x {1} x T,It-+ x {1}, Jt? x TUIT! x {0}) 


(X; A,X — {x}, 20) 
from g to f’, and f’ has image in (X — {y}; A,X — {x,y}), as we wished. 


Second step. Assume that X is a CW-complex and that A and B are sub- 
complexes, each obtained from C = AN B by attaching a finite number of 
cells. 


We suppose that CC A’ C A, where A is obtained from A’ by attaching 
asingle cell. Let X’ = A’Uc B. If the statement of the theorem holds for the 
triads (X'; A’, B) and (X; A, A’), then the result holds for (X;.A, B). To see 
this, we apply the five lemma to the following commutative diagram, which 
is obtained from the naturality of the exact sequence of a triple (see 3.5.10): 


mqai(A, A) — mQ( A’, C) — 14( A, C) = 1,(A, A!) — (41, C) 


Mat i(X, X') > 1,(X', B) > 14(X, B) > 14(X, X') > 1y-1(X", B). 
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We suppose now that C Cc B’ Cc B, where B is obtained from B’ by 
attaching a single cell. Let X” = A Uc B’. If the statement of the theorem 
holds for the triads (X”; A,B’) and (X;X’,B), then the result holds for 
(X; A, B), since the inclusion (A, C) — (X, B) factors as the composite 


(A, C) > (X", B')  (X,B). 


Third step. Assume that X is a CW-complex and that A and B are subcom- 
plexes such that XY = AU B. 


Let again C = ANB. Since (A,C) is (m — 1)-connected and (B, C) is 
(n — 1)-connected, we may assume that there are only q-cells in A — C with 
q > mand in B—C with g > n. We may also assume that (A,C) and (B,C) 
have at least one cell since otherwise the result would hold trivially. im 


6.2.10 REMARK. The general case of 6.2.9 for any excisive triad (X; A, B) 
follows from the cellular case just proved by approximating it with a CW- 
triad of the same weak homotopy type. One easily sees that this does not 
change the triad homotopy groups. This approximation can be achieved 
using the cellular approximation theorem 5.1.44. As a matter of fact, in the 
third step of the proof we assume that there are only g-cells in A—C with 
g>m and in B—C with g>n. This follows also from 6.3.20. We should 
remark that the proof of 6.3.20 is straightforward and does not require the 
Blakers—Massey theorem 6.2.1. 


The next proposition allows us to study some of the homotopy properties 
of the Moore spaces. 


6.2.11 Proposition. Let (X,A) be a CW-pair such that all of the cells of 
X — A have dimension larger than n. Then the pair (X, A) is n-connected. 


Proof: We have to prove that ™,(X,A) = 0 for gq < n. Suppose that f : 
(D*,S¢-!) —+ (X, A) represents an arbitrary element [f] € m,(X,A). Now 
[f] = 0 if and only if f ~ grelS?! for some g : (D%,S%!) —+ (X, A) 
that satisfies g(D?) C A. According to 5.1.44 there exists a cellular map 
gy : (D%,S!-!) —+ (X,A) such that f ~ yrelS*!. But by hypothesis we 
have X” C A, and then since ¢ is cellular, it follows that y(D?) Cc X7U AC 
X"UAH=A. o 


6.2.12 DEFINITION. Suppose that X is a CW-complex and that 2: X¥ G 
SP X is the canonical inclusion into its infinite symmetric product. Then 7 
induces a homomorphism 


hx : T7(X) —> H,(X) 
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for each q; this is called the Hurewicz homomorphism. 


In the following section, in Theorem 6.3.24, which is the famous and 
important Hurewicz theorem, we shall analyze under what circumstances it 
is an isomorphism. 


6.2.13 REMARK. Equation (6.1.8) can be rewritten in terms of homology as 
H,(X VY) © H,(X) ® H,(¥) 


for any (pointed) spaces X, Y and g > 0 (cf. 5.3.31). Moreover, (6.1.9) 
implies the compatibility of the Hurewicz homomorphism with the sum de- 
composition; namely, one has a commutative diagram 

TX V Y) —+> 1,(X) © 1,(Y) 

sel [sco 


H,{X VY) > H,{X) ® H,{Y). 


6.3. HOMOTOPY PROPERTIES OF THE 
MOORE SPACES 


In this section we shall go deeper into the study of the properties of Moore 
spaces. This will be useful for us in later chapters. 


In order to apply Proposition 6.2.11 in the previous section to Moore 
spaces we shall use the following result. 


6.3.1 Lemma. The nth homotopy group of the wedge \/ ,S% of n-spheres is 
given in terms of the inclusion maps i, : S” = SE. \/,S% as follows. 


(a) Forn > 1 we have that 7,(\/,,S2) is the free abelian group generated 
by the classes [i,]. 


(b) Forn = 1 we have that 11(\/,S1) is the free group generated by the 
classes [i.|. 


Proof: First. we shall consider the case of a finite wedge S? V Sf V--. VS? 
for some finite r > 1. (The case r = 1 is already known.) Assuming that 
each sphere S? has a CW-structure with one 0-cell and one n-cell, then by 
Proposition 5.1.46 the product Sf x S$ x --- x S? is a CW-complex that 
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contains the wedge as the subcomplex consisting of those products of cells, 
say €, X-+- X e,, where all except for possibly one of these cells is the 0-cell 
of S”. Consequently, the cells of S? x S? x --- x SP-SPVS}ZV--. VSP 
have dimension greater than or equal to 2n, and so, by Proposition 6.2.11, 
we have that 


m4(St x SB X «+x SP, SP VSEV--- VSP) =0 
for g < 2n—1. Using the exact homotopy sequence of a pair (see 3.5.8(e)), 
we get that the inclusion 7 : Sp VSYV--- VSP G SP x S}x---x S? induces an 
isomorphism m,(S} V Sp V--- VS") —+ 1,(S? x S$ x-+- x SP) for g < 2n—2. 


On the other hand, for g > 1 we have an isomorphism (1, ,p2,,..., Pry) 
m(St x Sy x +++ x St) —> m,(Sf) x m(S3) x +++ x a(S?) induced by the 
projections of the product onto its factors. Because p, o 7 0%, = id holds, 
it follows that (p1,,72,,-.-,Pr.) Fx 0 Piey the = 1, and thus Pj_, tes is an 
isomorphism for g < 2n — 2. 


Suppose now that the set of indices is infinite. But any (pointed) map 
f : S” —+ \/, Sz has a compact image, which is therefore contained in a 
subwedge \/7._, Sj, for some finite r > 1. Since the diagram 


Ba a (83) Ty (V SE 


J 


Bhs toys 


ja % (S2,) am, (Vin 85,) 


commutes, we conclude that €, ta. is surjective. 


Bg tas 


Similarly, any homotopy H : St x J —> \/,S% has a compact image, so 
that ,, tex is injective. Therefore, PD, ia. is an isomorphism for g < 2n—2. 
Part (a) is then obtained from the fact that ,,(S") © Z (see 6.2.5(b)). 


Finally, part (b) is obtained inductively from the Seifert-van Kampen 
theorem for the fundamental group; see 3.2.6. Oo 


6.3.2 Lemma. Let n > 1 be an integer. Suppose that L(A) and L(B) are 
the free groups (abelian ifn > 1) generated by the elements of two given sets 
A and B, respectively. Suppose that f : L(A) —+ L(B) is a homomorphism. 
Then there exists a map y: \/,-4S% — V pes 3, unique up to homotopy, 


such that f = px: tn (Vae4Sh) tn (Voce Sp). 


Proof: According to Lemma 6.3.1, there are isomorphisms 


(4) m( V8) and 1B) mo( V8) 


eA BEB 
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given on generators by a ++ (2, : S" = Sf G \/,S®) and by 6 4 (ig: S" = 
So Ve Sj), respectively. Then f(a) corresponds to the homotopy class of 
some map, say y(a) : S° —> \/,2S3. We define y: \V,248 —> Vee Se 
by y|S2 = y(a) for each a € A. Obviously, we have y, = f. 


In order to prove uniqueness up to homotopy, consider any map w : 
Vaca 82 —> V pcx S3 that satisfies , = f. Then for each a € A we have 
[ta] = Ysléa]. This means that 7|S% ~ y|Strel{+*}, and therefore it also 
follows that w ~ yrel {+}. i 


We shall now examine in more detail the construction of Moore spaces. 


For every integer n > 1 and every group G (which is assumed to be 
abelian if 2 > 1) there is a CW-complex, denoted by M(G,n), that has 
exactly one O-cell and, at the most, cells of dimension n and n + 1 and that 
also satisfies 7,,(M(G,n)) & G. If G is free, then according to 6.3.1 it follows 
that the space M(G,n) = \/, S® fulfills these conditions, where {a} is a set 
of generators of G. If G is not free, then we consider a free resolution of G, 
that is, a short exact sequence 


0— + L(A) 5 L,(B) 3 G1. 


By Lemma, 6.3.2 there exists a map y : \/,.4S% —> V pes Sg satisfying 
f= Oe Tn (Vick Sn) —> ™ (ee s3). Using this discussion, we arrive 


at the following alternative definition of a Moore space. 


6.3.3 DEFINITION. We define a Moore space of type (G,n), denoted by 
M(G,n), to be precisely the mapping cone C,, of (some) y. If ~ is an- 
other map such that ~%, = f, then the mapping cones C,, and Cy have the 
same homotopy type. 


6.3.4 NOTE. Suppose that the abelian group G is finitely generated. Then 
we consider its primary decomposition as given in (6.1.10), and we use 
the notation of (6.1.10) in the following. Now we can take a free res- 
olution of G, as discussed above, such that B has r + k elements, say 
Bi... Br Bryts.++,8-4~, and A has k elements, say a,,...,a,. Moreover, 
we define f : L,,(A) —> L,(B) by fla;) = d;8,4; for j = 1,...,k. In this 
case, the map y: Vee Si, — tt Sj, that corresponds to f has the prop- 
erty that C, = (S"V--- VS") V(S" Ua, et) V+ V (SP Ung, et) = X, 
where X is defined in (6.1.11). Therefore, the previous definition of M(G,n) 
extends that of 6.1.12. 
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The space M(G,n), that we have just defined has the property that 
Tr(M(G,n)) = G. In order to see this let us recall that in general, if y : 
X —+ Y is continuous, then its mapping cone Cy, satisfies C, = M,/X, 
where M, is the mapping cylinder of y and X is included as the top face of 
M,. As we already have mentioned (see 4.2.8), the inclusion into the upper 
face 2: X <> Mg is a cofibration, the canonical inclusion 7 : Y + M, is a 
homotopy equivalence, and jo y ~ ? holds. 


Let us now consider the exact homotopy sequence of the pair of spaces 
(My, \/, 82) for the case n > 1, namely the top of the following diagram: 


> in (Vg, 82) > ta( Mo) —> tn(Mo, V83) > Tm~1 (Vo 82) > 


“ON. ahi. 
2 Tn (V B $3) pa |= 
Ln(A)—L>Ln(B) ta M(G,n)), 


where p: (M,,\/,S%) —> (M(G,n),*) is the identification map. Because 
M, —\/,,S% only has cells of dimension n and n + 1, we then have by Propo- 
sition 6.2.11 that the pair (M,, \/,S2) is (n—1)}-connected. Analogously, the 
wedge \/,S® is (n — 1)-connected as well. Thus from Proposition 6.2.2 we 
get that p, is an isomorphism. Since m,_;(\/,S%) = 0, the exact sequence 
can be rewritten as follows: 


0 —> tn (V,82) > ta(My) —> tn (Mo, Vi, 82) —> 0 


1 4 


L(A) —— Lp(B) tto(M(G,n)). 


Consequently, this gives us the isomorphism 7,,(M(G,n)) = G. 
On the other hand, by applying the Seifert-van Kampen theorem, it is 
easy to prove that m(M(G,1)) =G. 


The next proposition shows that not only groups can be realized topologi- 
cally using Moore spaces, but that we can also realize group homomorphisms. 


6.3.5 Proposition. Let f : A —+ A’ be a homomorphism between the 
groups A and A’. Then there exists a map y : M(A,n) —> M(A',n) such 
that yp, = f. 
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Proof: Let us consider the following free resolutions of A and B: 


0 L(A) + L,,(B) 2+ A 0 


a 


0—= L(A) —= L,,(B’) Fra — 0, 


ra 
Because the rows are exact, we clearly can define g and h so that the diagram 
commutes. According to Lemma 6.3.2 there exist maps A, 4’, x, and y 
such that the left square in the previous diagram can be realized as the nth 
homotopy functor applied to the left square in the diagram 


Vq83 + VpS3— > C 


| 
| |r 1¢ 
¥ 
V 4/82 = Veer Spe Cy. 
Because the topological realization of a homomorphism is unique up to ho- 
motopy by Lemma 6.3.2, it follows that yo A ~ X’o x. Using Proposition 
3.1.7, we have that j/o \’ ~ 0, and therefore j/oyoA x j/ oN ox & 0 holds. 
Using Proposition 3.1.7 again, there exists a map y : C, —> Cy, such that 
the above diagram of spaces commutes. 


Now let us consider the exact homotopy sequence of the pair (M,,\/, 8%), 
namely 


0 + ttn (Vag 82) > to My) —> tn (Ma, V.,82) — 0, 
which we have already studied earlier, and let us also consider the diagram 


V. SE—> M,—> (My, V),, 83) 


The left. square commutes up to homotopy by 4.2.8(c), and the right square 
obviously commutes. In this way, the exact sequence of the pair (M), \/, St) 
can be rewritten as 


(6.3.6) 0 + ta (Vo 88) ate (Vp $3) 1) 3 0. 
A similar result holds for 4’. So we have obtained the following commutative 
diagram: 
0—> tn (Vz, 82) “> tn (Vig 83) 2 ta(Cx) 0 
xe=h| (was |e 
0= t, (V,,S%) ym (Ve =) Zz Tr(Cy) > 0. 
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By the universal property of the cokernel, we then have that y, = f, as 
desired. oO 


6.3.7 Proposition. Suppose that f : X —> Y ts continuous, that X is 
(s—1)-connected, and that f is an (r —1)-equivalence. Then there exists the 
following exact sequence truncated on the left: 


Tr4s-2(X) > trgs-2(¥) > trs-a(Cp) 
—> Wyps3(X) > mepea(¥) 
Proof: Let us consider the exact sequence of the pair (M;, X), 


m(X) + (My) ts m(M;,X) ys ma(X) es, 


and the diagram 
M; 


oy 


where poi = f and jo f ~ i. Moreover, 7 is a cofibration. Since f is 
an (r — 1)-equivalence, that is, f, : t,(X) —+ 2,{Y) is an isomorphism for 
q<r-—2 and an epimorphism for g = r — 1, we have that the pair (My, X) 
is (r — 1)-connected. So by Proposition 6.2.2 the quotient map induces an 
isomorphism 1,(My,X) —+ m(C;) for k < r +s —1. When we substitute 
me( My) by m(¥Y) and 1,(My,X) by m,(Cy) in the portion of the homotopy 
sequence of the pair (M;,X), where k < r + s — 2, we obtain the desired 
exact sequence. o 


The following exercises will be used later in some applications. 
6.3.8 EXERCISE. Let X be any space and let M be locally compact. Prove 
that (CX) AM = C(X AM), where C represents the reduced cone construc- 
tion. Conclude that for every pointed map f : X —>Y, Cyaiay &% Cy AM. 


6.3.9 EXERCISE. Given a pointed pair (X, A) and a pointed space Z, prove 
that (X/A) AZ (XA Z)/(AA Z). 


6.3.10 EXERCISE. Given the diagram 


x—+y—+¢, 


aa, 


Xie 
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where the left square is homotopy commutative, prove that there exists a map 
7: Cp —> Cy that makes the right square commutative. (This amounts to 
saying that the mapping cone construction is a functor.) 


The assertions of 6.3.8 still hold up to homotopy if M is not locally 
compact. One has the following results. 


6.3.11 Proposition. /f f : X —+ Y is a map between pointed spaces and 
Z is a pointed space, then Cyriaz ~ Ce \ Z holds. 


Proof: Recall that if g : B — Y is a cofibration, we have that C, ~ Y/B 
(see 4.2.3) and that g Aidzg : BA ZY A Z is also a cofibration. Then 
we have Cyriaz © (Y A Z)/(BA Z), and the latter space is homeomorphic to 
(Y/B) \Z~C, A Z, according to 6.3.9. It follows that 


(6.3.12) Conde @ CGA Z 
whenever g is a cofibration. 


Now let us transform an arbitrary map f into a cofibration ¢ in the usual 
way. So we have the homotopy commutative diagram 


(6.3.13) a| |. | 


and then, according to 6.3.10, 
(6.3.14) CG, 2 Cp. 


We can now apply (6.3.12) to g =i: X —+ Mg, thereby obtaining Ciia, © 
C;, \ Z, and so, by using (6.3.14), it follows that 


(6.3.15) Ciniag % Cp AZ. 
Next we apply 6.3.10 to the diagram 


XAZ*EM; AZ—> Caz 


a wwe |. 


XAL> Fuaz Y A Z— Chaiaz 


and get that Crriag ~ Ciriag ~ Cy A Z, where the latter homotopy equiva- 
lence is just (6.3.15). o 
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6.3.16 Proposition. Suppose that X and Y are CW-complezes, each one 
having countably many cells. Moreover, suppose that for some r,s > 1 we 
have trivial skeletons X’~! = {x\ and YS"! = {x}. Then the homomorphism 


hia (X)@a(¥) — tr4s(X AY) 
defined by 
[a] @ [6] > [a AB] 


as an isomorphism. 


Proof: Since x,(X) = ,(X7*!) by Proposition 5.1.25 and since X7~! = {+}, 
we have that X’ = \/,,Sj and that X’*! = Cy, for some map A: \/,,S, —> 
Ve Sj. Let us consider the diagram 


(Vg SE) @ ms) ~2 a, (Vp Sp) @ mY) 2% a(X"4) @ mY) 


1 |e c 
rts (Va Si AY) —— tras (VpSp AY) —> ma(X"41 AY), 


where f, g, and A’ are defined in the same way as h was. 


The first row in this diagram is the tensor product of the exact sequence 
(6.3.6) with 7.(Y), so that it is also exact, except that A,@1 is not necessarily 
a monomorphism. 

Let us now take the map AAidy : \/, SE AY —> Ve SZAY. As we saw in 
the proof of Proposition 5.1.51, we have trivial skeletons (\/,, SZ AY)"**7! = 

rts—l 
(Ve Si A Y) = {*}. So each of these spaces is (r + s — 1)-connected. 


Moreover, by using Proposition 6.3.11, we have Cyniay © CAAY = X™HAY, 
and so the second row of the diagram is the exact sequence of Proposition 


6.3.7. 


Obviously, we have \/, S,AY ~ \/ (SAY), which implies 7,4; (\V,S% AY) = 
Tr+s(\V (Si AY)). Using the same method as in the proof of Lemma 6.3.1 


we get, that 
Tes (v SLA r) = Br4.(S, AY). 


But by the Freudenthal suspension theorem 6.2.4, we have that 7,4.(S" A 
Y) &72.(Y), and so m,45(\/, SLAY) = @, a.(Y). By Lemma 6.3.1, we have 
a, (\V,82) = @, Z, which then gives us 


Ty (v =} any) = Bay). 


6.3 HOMOTOPY PROPERTIES OF THE Moore SPACES 209 


From this we get that f is an isomorphism, and in exactly the same manner 
we obtain that g is an isomorphism. It then follows from the five lemma that 
h! is also an isomorphism. Finally, because (X7™*! AY)"ts+! = (X¥ AY)rtst! 
holds, we have that the inclusion X7+!AY G X AY isan (r +s +1)-equiva- 
lence and that the square 


1 (X) @ 1(Y) E> tyye(X7H AY) 


at (X)@a(Y) Tros(X AY) 


hk 


commutes, implying that h is an isomorphism as well. Oo 


We shall now show that the natural inclusion  : M(G,n) —> SP M(G,n) 
induces isomorphisms in homotopy up to dimension n and an epimorphism 
in dimension n + 1; that is, 7 is an (n + 1)-equivalence. In order to do this 
we shall need the following fundamental lemma. 


6.3.17 Lemma. Let y : X —> Y be a map, where X and Y are (n — 1)- 
connected spaces. If the inclusion mapsi: X —~ SPX andj: Y @G SPY 
are (n + 1)-equivalences (see Definition 5.1.17), then the inclusion k : C, 
SP C, is also an (n + 1)-equivalence. 


Proof: We shall assume that n > 1 and shall leave the case n = 1 to the 
reader. Let M, be the mapping cylinder of y. We consider the exact homo- 
topy sequence of the pair (M,, X), 


4(X) (My) (My, X) — tq-1(X) 4, 


as given in 3.5.8(e). Since both X and M, ~ Y are (n — 1)-connected 
(which means that m,(M,) = 0 = 1 ,1(X) for q <n —1), it follows that the 
pair (My, X) is (n — 1)-connected. By Propostion 6.2.2, the quotient map 
p:M, — M,/X = C, induces an isomorphism p, : 7,(My, X) —> 1,(C,) 
for g < 2n — 1. Then for every such g the diagram 


1X) * mY) (Co) q—1(X) ——>"++ 


«| a |), | 


nq(SP X) —+ 1,(SP Y) —~1,(SP C,) —> 1,1(SP. X) —=--- 


commutes, where the horizontal sequences are exact. (The lower one is exact 
by the Dold-~Thom theorem.) Using the five lemma, we immediately conclude 
that the inclusion k is an (n + 1)-equivalence. ia 
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6.3.18 Lemma. Let S% be a copy of the n-sphere S” for every a € A, where 
A is an arbitrary set. Then X = \/,-4S% is (n — 1)-connected, and the 
canonical inclusion i: X — SP X is an (n + 1)-equivalence. 


Proof: We assume that n > 1. Since the (n — 1)-skeleton of X is a point, X 
is (n — 1)-connected. First let us assume that the set A is finite. According 
to 6.3.1(a) the canonical inclusions i, : S% < X induce an isomorphism 
@r,(S2) —> t,(X). Moreover, by induction, the commutativity of the 
diagram (6.1.9) implies that we have a commutative diagram 


aie “i ) 
@ a,(SP SZ) —> 1,,(SP X), 


where the horizontal arrows are isomorphisms. By Proposition 6.2.7 the 
vertical arrow on the left is also an isomorphism, and so it follows that the 
vertical arrow on the right is an isomorphism as well. 


Using Theorem 6.1.13, we have that m,4;(SP X) = 0, and so the inclusion 
is an (n + 1)-equivalence in this case, namely, in the case that A is finite. 


In the case that the set A is infinite, we use the fact that X is the colimit 
of finite wedges and that SP X is the colimit of infinite symmetric products 
of finite wedges. Since the infinite direct sum is also the colimit of its finite 
subsums, by passing to the colimit we extend the result of the finite case to 
the present case. 


The case n = 1, with due care, follows analogously using 6.3.1(b) instead. 
o 


6.3.19 Theorem. Let X be a CW-complex whose (n—1)-skeleton is a point. 
Then the inclusion i: X —+ SP X is an (n + 1)-equivalence. 


Proof: Because the (n — 1)-skeleton of X is a point, its n-skeleton X” is a 
wedge of n-spheres \/ S%, and its (n + 1)-skeleton is obtained as a mapping 
cone; that is, there is a map y” : \/SZ —> \/ Sj such that Xt! = Cyn. 
Therefore, by Lemma 6.3.18 the hypotheses of Lemma 6.3.17 are satisfied, 
and consequently, the canonical inclusion i”*! : X"+! <4 SP X"+! is an 
(n + 1)-equivalence. 


Let us assume inductively that the canonical inclusion i°+* : XP+*® G 
SP X"** is an (n + 1)-equivalence. Once again, the (n + & + 1)-skeleton 
is obtained as a mapping cone of some y”** : V sgt —> X"+* so that 
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Xt! = Cnn. Since Vs and X"+* are (n — 1)-connected, 2?+*+! ; 
Xrrktl _. sp X+F+1 is an (n + 1)-equivalence by Lemma 6.3.17. 


Finally, since X and SP_X are colimits of X°+* and SP X”*+*, respectively, 
we have the desired result. im 


The next result that we prove gives us, in particular, the CW-approxima- 
tion of any topological space (see 5.1.35). 


6.3.20 Theorem. Let X be an (n—1)-connected pointed topological space. 
Then there exists a CW-approzimation xX ; that is, there exist both a CW- 
complex whose (n —1)-skeleton X-lisa point and a weak homotopy equiva- 
lence ip : XS If, in particular, X is a CW-complez, then ~ is a 
homotopy equivalence. 


Proof: First we assume that X is connected, which means that n > 1. Then 
we have that 7,(X) = 0 for g <n. Put * = Y° =--- = Y*"! and define 
n-1: ¥Y"-! —+ X by yp_1(*) = *, where * denotes also the base point of 
X. Then ¢,_; is an (n — 1)-equivalence. 


Let us assume inductively that we have already constructed an m-equiva- 
lence Ym : Y" —> X form >n—1. Then (ym)x : ™(Y™") —> 1q(X) is 
an isomorphism for g < 7m —1 and an epimorphism for g = m. In order to 
change this last map into an isomorphism, we shall do the following. 


Let ® : L(B) —> ker((Ym)+) C tm(Y™) be a free resolution, and define 
Axe V pes Sf — Y™, where S3 = S™ for all 8, so that each hg = h|SP : 
Ss” —+ Y™ represents a generator of ker((y,,.),). Therefore, y,, oh ~ 0, and 


so Y,, determines a map %m41 1 C, —> X such that the diagram 


\Vspz sym —+o, 
iy 


| brett 
v 
X 


m 


commutes. The map %,,41 induces isomorphisms in homotopy up to dimen- 
sion m. Then Z”+! = C, is a CW-complex of dimension m + 1, whose 
m-skeleton is Y™. 


However, the homomorphism 
(bmti)e? Km(Z™*") > Tmt 1 (X) 


is not necessarily an epimorphism. 
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Define the set A = tmyi(X) — ma t)a(tmyi(Z"*')). The map Ym41 = 
(mts (a) Y= ZH v (VSM!) — X, where 7, : St! = 
s+! __, X represents the element a € A, induces isomorphisms in homo- 
topy up to dimension m and an epimorphism in dimension m + 1; namely, 
Pm+1 18 an (m + 1)-equivalence that extends Y,,. 


So we have constructed a chain of CW-complexes 
$52 Y" 1 CWC YVHe 2 CYP CL eymic:.: 


such that the maps y,, : Y” —+ X are compatible in the union X= Wh 
and determine the desired weak homotopy equivalence y : X —> X. 


If X is not connected (which means that n = 0), then we construct a 
CW-approximation for each connected component of X as above. im 


Here is the relative version of the previous theorem. 


6.3.21 Theorem. Let (X, A) be an (n — 1)-connected pair of spaces. Then 
there exists a CW-approximation (X, A); that is, there exist both a CW-pair 
whose (n — 1)-skeleton is such that X°-l= 4 and a weak homotopy equiva- 
lence p: (X, A) — > (X,A). If, in particular, (X, A) is a CW-pair, then p 
is a homotopy equivalence of pairs. 


Proof: The proof is very similar to the above. Namely, first construct a CW- 
approximation y4 : A—>+Aas pointed spaces, and then proceed as in the 
former proof, but instead of starting the construction with a singleton + we 
do it starting with A. 


More specifically, we take A=yo=yt= = Y™! and take yp_1 = 
ya. Then Yp-1 : Y°~! —> X is obviously an fe — 1)-equivalence, since the 
pair (X, A) is (n — 1)-connected (see 5.1.20). 


Inductively we may assume that we have already constructed an m- 
equivalence y,, : Y™ —>+ X,m > n—1 such that ml A = ya. Then 
Ymx ? Tqa(¥™) —+ t(X) is an isomorphism for gq <_m— 1 and an epimor- 
phism for g =m. The rest of the proof follows exactly as before. 


At the end, we obtain a weak homotopy equivalence » : X — X such 
that y|A = : A —+ A is also a weak homotopy equivalence. Thus, 
yp: (X, A) ox, A) is a weak homotopy of pairs, as desired. oq 


6.3.22 EXERCISE. Given a CW-complex Y and maps f : X —+ Y and 
g:Y —+X such that go f ~ idx, prove that X has the homotopy type of a 
CW-complex. In this case one says that Y dominates X. (Hint: Prove that 
every CW-approximation ~ : X—>Xisa homotopy equivalence.) 
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The next theorem, which follows from 6.3.16 and 6.3.20, will be handy in 
the next section. 


6.3.23 Theorem. Suppose that X and Y are CW-complexes, each with 
countably many cells that are (r — 1)-connected and (s — 1)-connected, re- 
spectively. Then the homomorphism 


hi at(X) @1(Y) — tr4s(X AY) 


defined by 
[a] 8 [6] > [a8] 


as an isomorphism, provided that r,s > 1. 


Proof: According to Theorem 6.3.20, X and Y have the same homotopy type 
as some CW-complexes X and Y that satisfy Xv! = {+} and Ys! = {+}. 
Since h : «,(X) @ x(Y) —> m,4,(X AY) is an isomorphism by Proposition 
6.3.16, we can substitute X with X and Y with Y and thereby get that 
h:n-(X) @1(¥) — m,4s(X AY) also is an isomorphism. o 


As one consequence of Theorems 6.3.20 and 6.3.19 we have the following 
fundamental result. This will be reformulated below as the Hurewicz theorem 


(6.3.25). 


6.3.24 Theorem. Let X be an (n — 1)-connected CW-complez. Then the 
canonical inclusion i: X —+ SP X into the infinite symmetric product is an 
(n + 1)-equivalence. 


Proof: We have to show that i, : 7,(X) —> a,(SP X) is an isomorphism for 
q <n and an epimorphism for g = n+ 1. By Theorem 6.3.20, we have a 
weak homotopy equivalence h : —_— X, where Xisa CW-complex whose 
(n — 1)-skeleton is a point. Actually, because X is a CW-complex, it follows 
that h is a homotopy equivalence. By applying 5.2.10, we then have that 
h: SPX —3 SPX isa homotopy equivalence. On the other hand 6.3.19 
implies that the natural inclusion @ : X —> SPX isan (n + 1)-equivalence. 
Consequently, since we have a commutative diagram 


n,(X) > n,(SP.X) 


| ali. 


m(X) Sa m(SP X), 


whenever %, is an isomorphism (respectively, epimorphism), then 2, is an 
isomorphism (respectively, epimorphism). im 
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As an immediate consequence of the previous theorem, we obtain the 
famous and important Hurewicz theorem. 


6.3.25 Theorem. (Hurewicz isomorphism theorem) Let X be an (n — 1)- 
connected CW-complex. Then the Hurewicz homomorphism hx : 1(X) — 
H,(X) is an isomorphism for q <n and an epimorphism forq=n+1. UO 


The following proposition relates our definition of the Hurewicz homo- 
morphism with the most usual one as given by other authors. Recall that 
HS?) = Z and that the canonical generator g, € H*%(S*) is the image 
of [idgs] under the Hurewicz homomorphism hg: : 7,(S?) —> 1,(SPS?) = 
HS). 


6.3.26 Proposition. [f € € 1,(X) is represented by a mapa: S! — X, 
then hx(§) = a4(gq)- 


Proof: Consider the following commutative diagram: 


1,(S?) 2+ 2,(SPS*) 


Oe or 


n(X) 72> n,(SP X). 


Chasing [idgs] € m,(S*) along the diagram shows the desired result. o 


There is a relative version of the Hurewicz isomorphism theorem. First 
we have a relative version of the Hurewicz homomorphism. To that end recall 
that by 6.2.6, 7,(D",S"-!) © Z for n > 1, generated by gh = [id(D”,S”-')}. 


6.3.27 DEFINITION. Suppose that (X,A) is a CW-pair. Then the homo- 
morphism 


hex,a) : Tq(X, A) —> H,(X, A) 


for gq > 1 such that for an element 7 € 7,(X,A), represented by a map 6 : 
(D",S"-!) — (X, A), we have hex,a)(n) = B.(g!,), where gl, € T(D", S"-1) 


is the generator, is called the relative Hurewicz homomorphism. 


The next result follows immediately from 6.3.26. 
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6.3.28 Proposition. Let (X,A) be a pair of spaces. Then for q > 1, the 
following diagram commutes: 


Ta A) —> 1 g(X) —= eX, A) — 1A) 


hal bx| hocay| al 


> if,(A) > H,(X) > H,(X, 4) > Hf, (A) 


where on the top it is the homotopy exact sequence of the pair and on the 
bottom its homology exact sequence. Oo 


6.3.29 Theorem. (Relative Hurewicz isomorphism theorem) Let (X,A) be 
an (n — 1)-connected CW-pair such that A # 0 andn > 2. If A ts 1- 
connected, then the Hurewicz homomorphism hx,a) : T(X, A) —> H,(X, A) 
is an isomorphism for 1 <q <n and an epimorphism forg=n+1. In 
particular, H,(X,A)=0 forl1<q<n-—1. Furthermore, Ho(X,A) =0. 


Proof: Let p : (X,A) —> (X/A,*) be the quotient map. By Proposition 
6.2.2, 

Pa: TeX, A) —+ 1e(X/A, *) 
is an isomorphism for 1 < g <n and an epimorphism for g = n+ 1. By 


(5.3.18), H,(X, A) = H,(X/A) for all g. Moreover, by the Hurewicz isomor- 
phism theorem 6.3.25, we have that 


hxyy : %q(X/Y) —> H,(X/Y) 


is an isomorphism for g < n and an epimorphism for g = n+ 1. From 
the naturality of the Hurewicz homomorphism, it follows that the following 
diagram is commutative 


ma X, A) > 4(X/A) 


rca] |p 


H,({X, A) > H{X/A). 


Hence hyx,4) : %(X,A) —> H,(X, A) is an isomorphism for 1 < q <n and 
an epimorphism for g=n + 1. 

Since (X, A) is 0-connected, that is, A is 0-connected and intersects each 
path component of X, it follows that Ho(X,A) = 0 (in fact, since A is 
O-connected, so also is X). Oo 
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6.3.30 REMARK. For general (n—1)-connected spaces X, respectively pairs 
of spaces (X, A), recall that their homology is defined by taking a CW- 
approximation X —+ X, respectively (X, A) —> (X, A), and then defining 


H,(X) = A(X) , respectively H,(X,A) = H,(X, A) ; 
Since by the very definition of a CW-approximation 
mAX) = m(X) , respectively 1,(X,A) = m(X, A) ; 


then both the Hurewicz isomorphism theorem and the relative Hurewicz 
isomorphism theorem hold immediately in the general case. 


A nice and important consequence of Proposition 6.3.28 and both Hure- 
wicz isomorphism theorems is the following result, known as the Whitehead 
theorem. 


6.3.31 Theorem. Let X and Y be simply connected pointed spaces. Let 
f : X —+Y be a map such that f, : HX) —> H,{Y) is an isomorphism 
for alig. Then f is a weak homotopy equivalence. In particular, if X and Y 
are CW-complexes, then f is a homotopy equivalence. 


Proof: By Theorem 4.2.8, one can replace f, up to homotopy equivalence, 
by the inclusion 7 : X <> My of X in the top face of its mapping cylinder. 
Therefore, without losing generality, we can assume that f: X @ Y is an 
inclusion. 


By 6.3.28, for all g > 1, we have a commutative diagram 


q(X) > q(¥) —> me ¥, X) —> y-1(X) > my al¥) 


ee ee 


H,(X) &> Hv) — HY, X) — 8x) > B,), 


where the vertical arrows are the corresponding Hurewicz homomorphisms. 
By assumption, 7(Y) = 0 and a(X) = 0, and hence from the exactness 
of the top row in the diagram, also (Y,X) = 0. Furthermore, 7(X) = 
0, so by the relative Hurewicz isomorphism theorem, H,(Y,X) = 0 and 
m(Y,X) & Ho(Y,X). Since f induces isomorphisms in homology, now from 
the exactness of the bottom row H2(Y,X) = 0, and so m(Y,X) = 0. By 
induction, 7,(Y,X) = 0 for all g > 1. Again the exactness of the top row 
shows that f, : ™(X) —+ 7,{Y) is an isomorphism for all g, and hence f is 
a weak homotopy equivalence. o 
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We finish this section by stating a very interesting result of J.P. Serre, 
whose proof can be consulted in [66]. 


6.3.32 Theorem. Let X be a finite, simply connected, noncontractible CW - 
complex with dimension at least 2, e.g., X =S*. Then X has infinitely many 
nonzero homotopy groups. o 


The Whitehead theorem 6.3.31 is thus surprisingly strong. If the (finitely 
many) homology groups of two such CW-complexes are mapped isomorphi- 
cally, then so are all homotopy groups of those spaces. 


6.4 HomMoTopy PROPERTIES OF THE 
EILENBERG—MaAc LANE SPACES 


In Section 6.1 we constructed the Eilenberg-Mac Lane spaces K(A,n) for A 
a finitely generated (abelian) group. For the general case, recall that if A is 
an abelian group, then there exists a short exact sequence 


0 — L(A) —2 5B) A—0 


such that L(A) and L(B) are free groups generated by the sets A and B, 
respectively. We have also already shown that this sequence can be realized 
by a sequence of topological spaces and maps 


Vaca Sz —> V pes 83 —> Cy 
in such a way that C, = M(A,n) is a Moore space of type (A,n). This 
sequence can be replaced by the sequence 
Veed sects M,—>Cy, 
where M, is the mapping cylinder of the map y, the inclusion 2 is a cofibra- 
tion, and the mapping cone of ¢ satisfies C, = M,/\/,.4S%- 
The Dold~Thom theorem 5.2.22 implies that we have a quasifibration 


SP M, —+ SPC, 


with fiber SP(\/<4S%). Since My, ~ \/gegS3, we have a long exact se 
quence 


+++ —+ 14(SP (V pep S3)) — t4(SP Cp) — 


(6.4.1) X 
— 14-1(SP (Vaca SE))——> 5 
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where \ = @,. By the infinite version of (6.1.8), we have isomorphisms 


i (se (vy =) = @Bx,(SP sz) 


BEB BEB 


and 


Tq (se (v =) = x,(SP S82). 


eA ae A 


Moreover, if g # n, then 1,(SPS”) = 0 by Proposition 6.1.2, and this in turn 
implies that 7,(SP C,) = 0 ifg #4 n,n +1. Furthermore, if g=n +1, then 
we have that the homomorphism 4 can be factored as the composite 


d: ta(SP (Vea 82) © t(Vaea 82) & LAN 3 
— L(B) = TV ges Sg) = (SP (Vees Sp). 


It follows that \ is a monomorphism and also that we have 


(6.4.2) 


(6.4.3) Tnp(SP C,) = 0. 


This means that SPC, is an Eilenberg-Mac Lane space. We therefore get 
that the sequence (6.4.1) can be reduced to a short exact sequence 


a (se (v =) —> Tn (s (v =) —+ mt, (SP.C,) 0, 
aed feB 


which, by using (6.4.2), is isomorphic to 


0— L(A) —2 51 (8) — 1,(SP C,) 0. 


So we have arrived at the next result. 


6.4.4 Theorem. Suppose that A is an abelian group and thatn > 1. Then 
SP M(A,n) = SP C, is an Eilenberg-Mac Lane space of type (A,n), namely, 


SP M(A,n) = K(A,n). - 


For an alternative construction of K(A,7) see 6.4.20. 


The properties of Eilenberg—Mac Lane spaces that we shall study in this 
section will be used to establish the multiplicative structure of cohomology 
groups in the next chapter. 


Given that A is an abelian group with countably many generators, it 
follows that the Moore space M(A,n) is a CW-complex with countably many 
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cells, one in dimension 0 and the rest in dimensions n and n + 1. According 
to 5.2.2 the corresponding Hilenberg-Mac Lane space K(A,n) = SP M(A,n) 
is a CW-complex, which, in particular, is (n — 1)-connected. 


Suppose that r,s > 1. Since the Hilenberg-Mac Lane spaces X = K(A,r) 
and Y = K(B,s) satisfy the hypotheses of Theorem 6.3.23, we obtain the 
next result. 


6.4.5 Proposition. Suppose that r,s > 1. Then h induces an isomorphism 


hys 1 T;(K(A,r)) @ m.(K(B, s)) — 1-45(K(A,r) A K(B,8)). Oo 


The next proposition gives a sufficient condition for realizing a given 
homomorphism of homotopy groups as the homomorphism induced by a 
continuous map. 


6.4.6 Proposition. Let X be a CW-complex whose (n—1)-skeleton X"~! is 
equal to {*} for somen > 1 and let Y be a pointed space satisfying n;(Y) = 0 
forj>n. Let f:1,(X) —+2,{(Y) be a homomorphism. Then there exists 
a pointed map p: X —>+Y, unique up to homotopy, such that yp, = f. 


Proof: Because X"-! = {+}, we have that X" = \/_S%. Leti: X7 GX 
be the inclusion. By Proposition 5.1.25, i, : t(X”) —+ m,(X) is surjective, 
and by Lemma 6.3.1, 1,(X") = 7,{\/, S%) is a free abelian group generated 
by the inclusions i, : S* = S2.<G \/, St. If we define y, : \/,S% — Y so 
that ,|S® is a representative of the class fix{[éa]) € m({Y) for each a, then 
we have the following commutative diagram: 


nV gS) > ta(X) & tal V.,82)/ker(és) 
(6.4.7) Ss | f 
TAY), 
where the horizontal arrow 2, is an epimorphism. We can now extend ,, to 
the (n + 1)-skeleton, which is obtained by adding (n + 1)-cells ett by using 


attaching maps g; :S" —+ X”. In order to extend yp to X" Us, ent, we 
consider the following diagram: 


gos xn OG, = X" Uy, et"! 


as 
5 
ae 
po &n 


Y. 
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According to Propositiom 3.1.7, %, exists if and only if y, o g; is nullhomo- 
topic, that is, if and only if y,.[g;] = 0. But again by Proposition 3.1.7 we 
have i,{g;] = 0, so that using (6.4.7), it follows that y,+(9;] = fes[gj;] = 0 
holds. Doing the same for every cell, we get the desired extension y,+1 
xm _syy, 


In order then to extend y,4; to the rest of the skeletons, we use Proposi- 
tion 3.1.8, since m(Y) = 0 for k > n, thereby obtaining a map y : X —> Y. 
Because y is an extension of y,, we have that y,ot, = Yr, and so for, = nx 
by using 6.4.7. Thus we get y,é([éo]) = fé.([é.]), which in turn implies 
pa = f. 


Uniqueness up to homotopy is proved similarly. im 


6.4.8 EXERCISE. Prove the uniqueness up to homotopy of the map y whose 
existence was just shown above. 


6.4.9 EXERCISE. Prove that the previous result is true if instead of requiring 
X”-! = {x}, we require only that X be (n — 1)-connected. (Hint: Using 
Theorem 6.3.20, substitute X with a CW-complex whose (n — 1)-skeleton is 
one point.) 


We now present the next definition, which we shall use in Section 7.2 of the 
next chapter and which will play a critical role in defining the multiplicative 
structure of cohomology groups. 


6.4.10 DEFINITION. Let A and B be groups with countably many genera- 
tors. We define maps 


9,3: K(A,r) A K(B,s) — K(A@B,r +s) 


as follows. 


We first note that K(A,r) \ K(B,s) = SP M(A,r) ASP M(B,s) is an 
(r+s—1)-connected CW-complex. Next, by Proposition 6.4.5, we have that 


Tr+s(K(A,r) A K(B,s)) = A@B. 
Then, if we consider the composition of this isomorphism with 
A® B—+A@B7,,,(K(A® B,r+s)), 


then by 6.4.9 we get the map ¥,,,, which induces this composition in homo- 
topy. 
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Once one has Moore spaces, it is possible to introduce coefficients in 
homology, as follows. This could already have been done in Section 6.1 for 
finitely generated coefficient groups. 


6.4.11 DEFINITION. Let G be an abelian group and let X be a pointed CW- 
complex. We define its nth reduced homology group with coefficients in G for 
n>O0as 
H,(X;G) = try(SP (X A M(G,1))). 


For n < 0 we define H,(X; G)=0. 


Observe that H,(X; G)= By (X A M(G,1)). Then, it is easy to verify 
that these groups satisfy the Eilenberg-Steenrod axioms for a reduced homol- 
ogy theory with coefficients in G. Functoriality follows simply because the 
smash product with the Moore space M(G;, 1) is already a functor from Jop, 
to Jop,; Homotopy follows from the fact that smashing pointed homotopic 
maps with any map (in this case idye,1)) yields homotopic maps. For Ex- 
actness, it is enough to observe that given any pointed map f: X —> Y, 
5.3.5 applied to f A idyye1) : X A M(G,1) —> Y A M(G,1) implies the 
exactness of 


~ (fAidy(e,1y)s ~ 
Biyy(X A MG, 1) LO Fa AM(G,D) 


(Aidaey)+ x 


Faai(Ceamya,1)) - 


Since there is a homotopy equivalence Chaidure i C; \ M(G,1), the pre- 
vious exact sequence becomes 


H,(X;G)23H,(Y; G)=3.H,(C,;G). 


Finally, since for the 0-sphere S° one has SP (S° A M(G, 1)) SP M(G,1) = 
K(G,1), we have 


G ifn=0, 


H,(S°; G) = tp(K(G, 1) = {0 stat 


so that Dimension for coefficients in G is proved. 


6.4.12 EXERCISE. Prove that for any pointed CW-complex X, a group ho- 
momorphism y : G —>+ G' induces another group homomorphism 
H,(X;G)" HX; G') 


in such a way that the association G++ H,(X;G) becomes a functor. (Hint: 
By 6.3.5, y determines a pointed map y, : M(G,1) —> M(G",1).) 
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As in 5.3.12, if (X, A) is a CW-pair, we define the nth homology group of 
(X, A) with coefficients in G to be 


H,(X, A; G) = H,(X UCA;G), 
where X U CA is the mapping cone of the inclusion map of A into X. In 
particular, H,,(X;G) = H,(X,9;G). 
As in (5.3.18), we have 


H,(X,A; @) = H»(X/A;G) 
for every CW-pair (X, A). 


There is, of course, a version of the axioms 5.3.13, 5.3.14, 5.3.15, 5.3.16, 
and 5.3.17 for the unreduced homology with coefficients in G, whose formu- 
lation and proof are left to the reader as an exercise. 


In particular, a version of Lemma 5.3.28 holds; namely, for any pointed 
topological space X we have that 


H,(X;G) ifn 40, 


BA) Eee @G ifn=0. 


To finish this chapter we are going to consider the properties of the infinite 
symmetric product as a topological abelian monoid. First we need another 
concept. 


The weak product Th Z; of pointed spaces Z; consists of all elements 
rE Tk: Z; such that all but a finite number of coordinates x; of x are 
the base points. However, its topology is not the relative topology, but the 


topology of the union of the finite products Th Z; ol pa Zi. 
6.4.13 EXERCISE. Prove that 7, (Ie, za) = OL, 1, (Zi). 


6.4.14 EXAMPLE. Consider any pointed space X and the weak product 


TI, K(m{X),i). Then by the previous exercise, both of these spaces have 
the same homotopy groups. However, in general, there is no weak homotopy 
equivalence between them. We shall state sufficient conditions for this to 
happen. 


More precisely the next theorem, generalizing a result of J.C. Moore, 
shows that the infinite symmetric product of X is determined by its homotopy 
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groups. First we define a weak topological abelian monoid to be a space Y 
provided with an associative and commutative multiplication Y x Y —> Y 
with a neutral element and such that the multiplication is continuous on 
compact subsets of Y x Y. 


6.4.15 Theorem. Let Y be a path-connected weak topological abelian mo- 
noid. Then there is a weak homotopy equivalence 


II, Ka), +. 
For the proof we refer the reader to [26]. q 


6.4.16 Corollary. Let Y and Y' be path-connected topological abelian mo- 
noids that have the homotopy type of CW-complexes. If 1:(Y) = mY") for 
alli > 1, then Y and Y' have the same homotopy type. 


Proof: By the previous theorem there are weak homotopy equivalences 


IL, «@masy, TL, kewray. 


Since Y and Y’ have the homotopy type of CW-complexes, these are in- 
deed homotopy equivalences. On the other hand, by 6.4.6 and 5.1.37, the 
isomorphisms m,;(Y) = a,;(Y’) induce homotopy equivalences K(m,:{Y),2) ~ 
K(n{¥"), ¢) for all 2 > 1, and these in turn induce a homotopy equivalence 
between the corresponding weak products. This proves the result. ia 


Given any pointed topological space X, we have a multiplication SP X x 
SPX —> SPX given by juxtaposition of the elements. It is easy to prove 
that this provides SPX with the structure of a weak topological abelian 
monoid (see [26, 3.8]). In fact, it is the free topological abelian monoid 
generated by X, where the base point of X plays the role of the neutral 
element (see Exercise 6.4.19 below). 


Since (SP X) = H,;(X), we have the following consequence of 6.4.15. 


6.4.17 Corollary. Let X be a path-connected space. Then there is a weak 
homotopy equivalence 


IL, K(H{X),i) — SPX. 5 
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Moreover, from Corollary 6.4.16 and 5.2.2, we have the following result. 


6.4.18 Corollary. Let X, X' be path-connected spaces that have the homo- 
topy type of a CW-complez. If HX) = H;(X') for alli > 1, then SPX and 
SPX! have the same homotopy type. oO 


6.4.19 EXERCISE. Prove that there is a bijection which is an isomorphism 
of monoids 


SPX —s F(X,NU {0}) 
= {a:X —+NU{0}| a(x) =0, and a(x) = 0 for almost all x} 


such that © = [x1,...,%n,20,%0,...] + ag, where ag = }>2;, and: X —> 
NU {0} is defined by Z = 0 and 


x)= {0 ify=a, 


0 ifyFa, 
if x # xp. Moreover, prove that there is a similar bijection 


SP’. X —3 F.(X,Nu {0}) 
= {a:X —+NU {0} | afxp) = 0, and a(x) ¥ 0 for at most r points x}. 


According to the previous exercise, one can alternatively define SP X as 
a certain set of functions F(X,N U {0}). By 6.4.4, SPS” is an Eilenberg— 
Mac Lane space of type (Z,n). Therefore, SPS” = F(X,NU{0}) isa K(Z,n) 
with the structure of a topological abelian monoid (in this case the operation 
is globally continuous and not only on compact subsets of SPS” x SPS”, as 
we shall see below). With this interpretation of SPS”, it is clear how to get a 
topological abelian group of type (Z,n); namely, one simply takes F(S”, Z). 
More generally, following [52] and assuming that G is a countable abelian 
group, we shall similarly construct an Eilenberg-Mac Lane space of type 
(G,n). 


6.4.20 DEFINITION. Let G be an abelian (additive) group. We denote by 
F(S”, G) the set of pointed functions a : (S", 29) —> (G,0) such that a(x) = 
0 for almost all « € S”, where zp is some base point in S”. #'(S",G) is then 
an abelian group under pointwise addition of functions. 


In order to endow F(S”,G) with a topology, we consider a filtration of 
F(S”,G) as follows. Let F.(S",G) = {a € F(S”,G) | a(x) 4 0 for at most r 
points x}. Then 


Fo(S”, G) C FSG) C.-C BS", G) C F.y(S",@) C+ C FS”, G). 
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Now, for every x < S” — {xo} and every g € G, we define a function gx € 


F(S",G) by 
n_ |g ife=z2', 
ga(z') = if2 42, 
and gro(x) = 0 for all 2 € S”. 
Let now p, : (G x S")"” —+ F,(S",G) be given by 


Pr (G1, 1), (g2,22)5+++5(GrsPr)) = gibi + gote +--+ + Gray. 


We consider (G x S”)’ with the product topology and give F,(S",G) the 
identification topology. One can easily show that pri F(S”,G) is a finite 
union of closed subsets of (G x S")"+!. Therefore, F.(S",G) is closed in 
F.41(S",G), and we endow F(S”, G) = , F.(S", G) with the union topology. 

Since S” is triangulable and G is discrete, there is a canonical simplicial 
structure on (G xS")". Hence [],(GxS”)" has also a simplicial structure. Let 
p: [[,(G x Sy’ —+ F(S",G) be the identification defined by p|(G x S”)" = 
i, op,, where i, : F.(S”,G) G F(S”,G) is the inclusion. Using the simplicial 
structure on [],(G x S”)’ and the map p one can provide F(S”,G) with 
a CW-structure (see [52]}. Since the group G is countable, F(S”,G) is a 
countable CW-complex. 


6.4.21 Proposition. If G is a countable abelian group, then F(S”,G) is a 
topological abelian group. 


Proof: Consider the following commutative diagram: 
IL(G x 8*Y x [L(6 x 8" —[L(@x "7 
| P 


F(S",G) x F(S*,G) F(S*,G). 


The map at the top is induced by the obvious homeomorphisms 
(GxS8"y x (Ex 8S") 4 (Exsy*s, 


and the one at the bottom is the sum in F(S”,G). 


Since [[,(G x S")’ is a countable simplicial complex and F(S”,G’) is a 
countable CW-complex, by [45] the usual topological product coincides with 
the compactly generated one. Therefore, by [70], p x p is an identification 
and hence the sum is continuous. 
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The continuity of the inverse follows from the commutativity of the fol- 
lowing diagram: 
[L(G xs" —-IL(6 x s"y 
>| lr 


F(S",G) F(S",G), 


where the top map is induced by the maps (G x S")" —+ (Gx S”)" given by 


((g1, 01), (92, @2),- ++, (Gry ®r)) > ((—91, 21), (92,22), -+-, (Grr) , 


and the bottom map is the inverse. Oo 


We consider the circle S! as the quotient space 1/07, and we denote a 
point in S' by Z, where ¢ € J. 


Let G be a countable abelian group. Since F(S",G) is a CW-complex, 
by [54] QF(S”, G) has the homotopy type of a CW-complex. Therefore, by 
4.3.22 the identity map from the k-construction kQF(S”, G) to QF (S”, G) is 
a homotopy equivalence. Combining this fact with [52, Thm. 10.4] we obtain 
the following result. 


6.4.22 Theorem. Let G be a countable abelian group. Then the map h : 
F(S",G) — QF(S! AS", G) given by 


A(giz, +--+ 9,2,)(t) = gE A21) +--- +9, Az,) 


as a homomorphism of H-spaces and aiso a pointed homotopy equivalence. O 


6.4.23 Corollary. Let G be a countable abelian group. Then F(S”,G) is an 
Hilenberg-Mac Lane space of type (G,n). 


Proof: By induction on n. For n = 0, it is clear that F(S°,G) ~ G. Assume 
that the result is true for F(S”,G). Then m4:(F(S"*!, G)) © 1(QE(S", G)). 
But by 6.4.22, QF(S"t!, G) ~ F(S", G); therefore, 


G ifi=n, 


res(F(S G) = ARE, =F fidn. 


CHAPTER 7 


COHOMOLOGY GROUPS 
AND RELATED TOPICS 


In this chapter we shall use the Eilenberg—Mac Lane spaces introduced in 
the previous chapter in order to define cohomology groups. Then, using the 
homotopy properties proved for Moore spaces, we shall introduce a multi- 
plicative structure on cohomology groups. 


In order to prove that the homology groups already introduced in the pre- 
vious chapter, and the cohomology groups, can be obtained using techniques 
of homological algebra, we introduce cellular homology and cellular coho- 
mology, which then allow us rather simply to calculate the groups for some 
common spaces. Finally, using concepts from cellular homology, we shall get 
various exact sequences: the Kiinneth sequences for calculating homology 
and cohomology of products of spaces, the universal coefficient sequences for 
calculating homology and cohomology groups with arbitrary coefficients in 
terms of simple algebraic constructions involving the corresponding groups 
with integer coefficients, as well as the Mayer—Vietoris sequences for com- 
puting homology and cohomology groups of finite unions of spaces in terms 
of the groups of the individual spaces. 


7.1 COHOMOLOGY GROUPS 


In this section we shall define the ordinary cohomology group of a space X as 
the group of homotopy classes [X, K(G,n)], where K(G,7) is an Hilenberg— 
Mac Lane space as defined in the previous chapter. 


We shall assume from now on that all of the spaces mentioned are pointed 
CW-complexes whose base point is a 0-cell. 


All of the constructions from the previous chapter produce CW-complexes 
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when they operate on CW-complexes. In particular, this has as a conse- 
quence that in the class of CW-complexes the homotopy type of a K(G,n) 
is unique. 


7.1.1 NOTE. Since we have 
n(QK(G,n+1)) = [S*,QK(G,n + 1)] = [ES*, K(G,n + 1)] 


0 ifg4n, 


= Tai(K(G,n+1)) = {¢ fg =n. 


it follows that QK(G,n + 1) ~ K(G,n). 


7.1.2 DEFINITION. Let (X, A) be a CW-pair (which means that X is a CW- 
complex and A Cc X is a subcomplex), and let G be a finitely generated 
abelian group. We define the nth cohomology group of (X, A) with coefficients 
in G as 
H"(X, A; G) =[X UCA,*; K(G,n),+], n>1, 

where we are considering pointed homotopy classes (and the base point + 
of X U CA is obvious). If A = 0, then X UCA = Xt = XU. In this 
case, we write H"(X;G) = [Xt,+;K(G,n),*] = [X,K(G,n)], where the 
last expression denotes the free (that is, not pointed) homotopy classes of 
maps from X to K(G,n). 


7.1.3 REMARK. Since A X is a cofibration, the quotient map q: X U 
CA —+ X/A is a homotopy equivalence (see 4.2.3). Therefore, one can 
define the cohomology groups by 


H"(X,A;G) = [X/A,*;K(G,n),4],  n>1; 


(here the base point + of X/A is {A}). 


We can extend this definition to the case n = 0 by defining K(G,0) = G 
(with the discrete topology). 


7.1.4 EXERCISE. Prove that H°(X,A;G) ~ []G, with as many factors as 
there are path-connected components C’ of X satisfying CM A = 9. In 
particular, if X is path connected, then H°(X; G) & G. 


More generally, we have the following additivity property. 
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7.1.5 EXERCISE. Let (X,A) = [],<,(X2,A.). Prove that 


H"(X,4;G) = [] ae, Aas G). 


(Hint: An element x € H"(X,A;G) is represented by a pointed map f : 
V(Xa/Ac) —>+ K(G,n), which in turn, by the universal property of the 
wedge, corresponds to a family of maps f., : X./A. —> K(G,n), each one 
of which represents an element z, € H"(X., Aq; G).) 


Since K(G,n) ~ 0?K(G,n + 2), it follows from Theorem 2.8.6 that 
K(G,n) is an H-group. Therefore, H"(X,A;G) is actually a group, and 
it is even abelian, since A(G,n) is a double loop space. 


If f : (X, A) —> (Y,B) is a map of CW-pairs, then the associated map 
on the quotient spaces f : X/A —> Y/B induces a homomorphism 


ft: H°(Y, B:G) — H"(X, 4G). 


Just as in the case of homology, these cohomology groups and their in- 
duced homomorphisms have the following properties. 


7.1.6 Functoriality. if f : (X,A) —> (Y,B) and g: (Y,B) —> (Z,C) are 
maps of CW-pairs, then 
(90 f= ftogt: H"(Z,C;G) + H*(X, 4s6). 
Also, if idix,a) : (X,A) —> (X, A) is the identity, then 
idx 4) = lum x,ac): H°(X, 4; G) — H"(X,A;G). 


7.1.7 Homotopy. Jf fo ~ fi : (X,A) —> (Y,B) (a homotopy of pairs), 
then 


fo = fi: H"(Y, B; G) — H"(X, A; G). 


7.1.8 Excision. Let (X;X1,X2) be a CW-triad, that is, X; and X_ are 
subcompleres of X such that X = X;U Xo. Then the inclusion j : (X1, X10 
X2) —> (X, Xo) induces an isomorphism 


jt HX, Xo3G) 3 H(X1,X1NX3@, n>. 
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7.1.9 Exactness. Suppose that (X, A) is aCW-pair. Then we have an exact 
sequence 


vs H(A; G) 5 H(X, AG) — HO(X;G) 
— H(A G) HX, AG). 


Here 5, called the connecting homomorphism, és a natural homomorphism, 
which means that given any map of pairs f : (Y,B) —> (X, A) the following 
diagram is commutative: 


H1(A; G) > Ht(X, A: G) 


cer | |r 


HB; G) > H*(Y, BG). 


7.1.10 Dimension. For the space * containing exactly one point we have 
that 
: G #fi=0 
H'(«G) = ae 
0 ##fiF40. 
Proof: Properties 7.1.6 and 7.1.7 follow immediately from the definitions. 
In order to prove property 7.1.8 it is enough to note that the conditions 
imposed on X, X,, and X2 imply that 
X/X_ and X1/X1N X2 


are homeomorphic. 
In order to prove property 7.1.9 we first define 
5: H%A;G) — H™'(X, A; G) 
by using the composite 
X/A—> xt+uUCAt—> Bat, 


where X+ U CA* is the unreduced cone of (X,A) defined alternatively as 
XUAxI/ ~, where X > A535 a~ (a,0) € Ax I and (a,1) ~ (a’/,1) in 
Ax TI. Analogously, SA* is the unreduced suspension of A. Here p is the 
homotopy inverse of the homotopy equivalence defined by the composite 


X+UCAt —+ X+UCAT/CAt & X/A, 
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and p’ is the quotient map 
X*+UCAt —+ XtUCAT/X* w DAT. 
So 6 is defined by 


H#(A;G) = [At, +; K(G,q), 4): - se 4+;QK(G,q4 1), ¥ 
= [EAt,5 K(G,g4+ 1,47 4 [X/4,5 KGa +0), 4] 
= H™(X,4:G). 


Some authors include an algebraic sign in the definition of 6 in order 
thereby to get nicer multiplicative properties. Exactness is now obtained by 
applying the exact sequence of Corollary 3.3.10. Specifically, since we have 
as above that H%(X;G) = [EX*,+; K(G,q+ 1), +], it follows that the piece 
of that sequence corresponding to the inclusion 7: A+ X is given as 


[EX*, K(G,q+ D] — [ZA*, K(G; q+ 1] — [C, (Gg + I] > 
— [Xt, K(G,q+ 1] — [At, K(G,¢4+))], 


where we omit the base point for simplicity. This in turn changes into 


HX; G) — H%(4;@) — HO1(X, 4G) 
— H(X;G) — H(4,G) 


by using the isomorphisms proved above and the fact that C; ~ X/A (see 
Corollary 4.2.3). 


Grouping together these pieces for g > 0 we obtain the desired exact 
sequence. 


In order to prove property 7.1.10 it suffices to apply the definition of 
K(G,i). So we have 


G ifi=0 

Hae S°, K(G,i)] = mo(K(G,i)) = , 

(5G) = (°,K(G,9)] = mo(K(G,i) = : mae 
since K(G,?) is discrete and equal to G if i = 0, while it is path connected if 
t>0. a 


All given axioms of functoriality, homotopy, exactness and dimension are 
the so-called Eilenberg-Steenrod axioms for an ordinary (unreduced) coho- 
mology theory. 
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7.1.11 DEFINITION. We can extend Definition 7.1.2 to arbitrary pairs (XA) 
by defining H”(X,A;G) = H(X, A; G), where (X, A) is a CW-approxima- 
tion of (X, A). If f : (X,A) — (Y, B) is continuous, then we define f* = fr 
These are well defined due to the approximation theorems 5.1.35 and 5.1.44. 


7.1.12 NOTE. One might also define 
H"(X; G) = [X,*; K(G,n), +] 


for a space X without taking CW-approximations. Let X be a paracompact 
Hausdorff topological space. If either G is countable or the spaces are com- 
pactly generated, then one obtains Cech cohomology groups (see [36]). For 
polyhedra one can show directly that these homotopical cohomology groups 
are isomorphic to the simplicial cohomology groups (see [68]). 


The next result establishes the so-called wedge axiom for cohomology (cf. 


7.1.5). 


7.1.13 Proposition. If X = \/,-, Xx, then 


HX; G) = [] HG; 0). 


ACA 


Proof: This follows immediately from the definition of the reduced cohomol- 
ogy groups and 2.2.9. o 


7.1.14 EXERCISE. Let (X, A) = [[(X), Ay). Prove that for all g, 
HX, A; G) = TT H(X), AG). 
iN 


This is the so-called additivity axiom for cohomology. 


7.1.15 EXERCISE. Prove that if f : (X,A) —> (Y, B) is a weak homotopy 
equivalence of pairs of topological spaces, then 


ff, HUY, B) —> H%(X, A) 


is an isomorphism for all g. This is the so-called weak homotopy equivalence 
axiom for cohomology. 


These cohomology groups defined for arbitrary pairs of topological spaces 
obviously satisfy the axioms of functoriality, homotopy, exactness, and di- 
mension, which we have introduced above. But in this case we have the 
following excision axiom. 
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7.1.16 Excision. (For excisive triads) Let (X;A,B) be an excisive triad; 
that is, X is a topological space with subspaces A and B such that AUB = X, 


where A and B denote the interiors of A and B, respectively. Then the 
inclusion j : (A, AM B) —> (X, B) induces an isomorphism 


H"(X,B;G) > H"(A,ANB;G), n>. 


Proof: In order to show that we have this property we take a CW-approxima- 
tion of ANB, say p: ANB —> ANB, and extend it to an approximation 
of A, say yy: A — A, a A, and to an approximation of B, say wy: Bo B, 
in such a way that ANB AB = ANB. Thus we can define a map PP: X= 
AUB —+ AUB =X such that glA= "1, Q|B = = %, and @|IANB= =y. 
Using the hypothesis AUB = X we can now prove that ¢ is a weak homotopy 
equivalence; that is, ¢ is a CW-approximation of X (see [31, 16.24]). Using 
this result it is clear that the excision axiom for excisive triads follows from 
the excision axiom (7.1.8) for CW-triads. o 


7.1.17 EXERCISE. Prove that the excision axiom for excisive triads is equiv- 
alent to the following axiom. Suppose that (X, A) is a pair of spaces and that 


U C A satisfies J CA. Then the inclusion i: (X — U,A-—U) —>+ (X, A) 
induces an isomorphism H”(X,A;G) = H”(X —U,A—U;G) for alln > 0. 
(It is precisely this version that gives us the name “excision,” because it al- 
lows us to “excise” from both X and A a piece “well” contained inside of A 
without altering the cohomology of the pair.) 


Since [S”, K(G, q)] = m,(K(G,q)) holds, the next result follows. 


7.1.18 Proposition. Suppose thatn > 0. Then we have 


G tq=0,n, 


cdl a \ ifq£#0,n. dg 


Let X be a pointed space with base point xp. Then for every n > 0 the 
inclusion 2: + —+ X defined by (+) = xo induces an epimorphism 
i: H'(X;G) — HG), 
which is split by the monomorphism 
r* : H"(*;G) —> H"(X;G) 


induced by the unique map r : X —> *. 
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7.1.19 DEFINITION. We call H"(X;G) = ker(i*) the nth reduced cohomol- 
ogy group of the pointed space X with coefficients in the group G. 


So there is a short exact sequence 
0 —+ H"(X; G) — H"(X;G) — HG) — 0 
that splits, and therefore 
H"(X; G) = H"(X;G) ® H"(«5G). 
Consequently, by the dimension axiom 7.1.10, we have 


W(X.) = H(X;G)@G ifn=0, 
| H°(X;G) ifn 40. 


From now on, if it does not cause confusion, we shall write only H"(X) 
(respectively, H"(X)) instead of H"(X; G) (respectively, H"(.X; G)). 


7.1.20 EXERCISE. Prove that if X is a pointed space with base point 29, 
then for every n we have 
H"(X) = H"(X, a0). 


(Hint: The exact sequence of the pair (X,xp) decomposes into short exact 


sequences 
0 —+ H"(X, 20) —+ H°(X) —+ H"(x) 0 


that split.) 


7.1.21 EXERCISE. Assume that X is contractible. Prove that 
H*"(A) © H%X, A) 


ifq > 1, and = 
H(A) © H'(X, A). 


7.1.22 EXERCISE. Take AC BC X and assume that the inclusion A B 
is a homotopy equivalence. Prove that the inclusion of pairs (X,A)  (X, B) 
induces an isomorphism 


HX, B) —+ H%(X,A) 


for all g. 
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The dimension axiom implies that the one-point space, or more generally 
any contractible space, has trivial reduced cohomology. Specifically, we have 
the next assertion. 


7.1.23 Proposition. Let D be a contractible space. Then we have H"(D) a 
0 for alin. oO 


Proposition 7.1.18 can be rewritten in terms of reduced cohomology as 
follows. 


7.1.24 Proposition. Suppose that n > 0. Then we have 


G ifq=n, 


fuse) = {2 

0 fqn. oO 
7.1.25 EXERCISE. Let X be a pointed space with base point x9. Prove that 
H4(X; Z) = [X, 20; K(Z,q),+*] and thereby conclude that 


HYX;Z) © HDX; Z). 


(Hint: Apply the exact homotopy sequence to Xs —>C}z = EX.) 


7.1.26 EXERCISE. Suppose that a, : S* —+ S” is the map given in Defi- 
nition 6.1.5. Prove that at : H"(S";Z) —+ H"(S";Z) corresponds to mul- 
tiplication by &. (Hint: Prove this by applying the previous exercise and 
using induction on n.) More generally, verify that the result remains true for 
any coefficient group G (where multiplication by k is to be understood by 
viewing G as a module over the integers Z). 


7.1.27 EXERCISE. Prove the following assertions: 


(a) All the arrows in the sequence 
H"(X, A) 3H" ({1} x (X, A) 
<—-H(S° x XUD! x A, {0} x XUD! x A) 
— H+! x X,8° x X UD! x A) = H+((D!, 8) x (X, A)) 


are isomorphisms, where 7 is the obvious inclusion. We call the com- 
position of these isomorphisms 


a: H"(X,A;G) — H™*'((D',S°) x (X,A);@) 


the suspension isomorphism. 
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(b) The suspension isomorphism defined in part (a) is a natural isomor- 
phism, that is, it commutes with the homomorphisms induced by maps 
of pairs. 


(c) This suspension isomorphism is in a sense another version of the ho- 
momorphism of Exercise 7.1.25. Explain. 


7.1.28 Proposition. Jf X = S°U,, et! is the Moore space of type (Z/k,n), 
n> 1, which has dimension n +1, then 


Z ifq=0, 
H(X;Z)=4(Z/k fq=n+l, 
0 #f¢F40n4+1. 


Proof: This is a simple consequence of the exactness property and the fact 
that 
aj, : H"(S"; Z) —> H"(S"; Z) 


is multiplication by &. oO 


7.1.29 EXERCISE. Let X and Y be pointed spaces. Prove that for every n 
we have 


HX VY;G) © H(X;G) @HY;G). 


7.1.30 EXERCISE. Suppose that G;,Go,...,G » are finitely generated abe- 
lian groups and that 0 < gq; < @ <.---< q» are natural numbers. Construct 
a space X such that 


Z ifq=0, 
H(X;Z)=%G; ifa=4, 
0 ifg#0,a, PHA, 2 55.4 590 


7.1.31 EXERCISE. Let X be a space such that H%(X;Z) = 0 forg>n. If 
f: St! —s X is a continuous map, then prove that, 


A%X;Z) ifg<n, 


ANC Z)= <2 ifg=n+2, 
0 ifg#in4+2, O<i<n. 


The next exercise illustrates another important application of cohomol- 
ogy. It concerns the existence of tangent vector fields on spheres. 
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7.1.32 EXERCISE. Prove that the following statements are equivalent: 


(a) There exists f : S’-! —+ R® —0 such that f(x) L 2 for all 2 eS". 


(b) There exists g : S°-! —s S"-! such that g has no fixed points and 
|g(x) — 2| <2 for alla eS™!. 


(c) Ifa: S*-! —+ S™! is the antipodal map (namely, a(x) = —ax for 
xe S!), then a & idge-1. 


Show that (c), and therefore (a) and (b), can be true only if 7 is even. In 
particular, it is not possible to construct a nontrivial tangent vector field on 
S*. (We say that one cannot “comb a tennis ball.”) (Hints: 


(a) > (b) Define 


Beer 
a) = ee AN 


(b) = (a) Define 
F(x) = 92) — (9(2), 2) 2, 
where (—,—) denotes the usual scalar product on R”. 


(a) > (c) Use the homotopy 
A(x,t) =(1— 2t)e+ V1— (1 — 2)°(F(@)/|F(@)))- 


Finally, for n = 2k and x = (x1, 20,...,22%-1, 9) € S|, define f by 


F(x) = (%2, 21,24, —La,..+, Pax, —L2e-1) 
and note that f satifies (a). For n = 2k+1, note that a cannot be homotopic 
to the identity. To see this, write 


Q@=71 072 0+++ OT, : S™! —y Sr, 


where 7; denotes the reflection in the plane z; = 0. Then by using 6.1.7 we 
get that a* = (—-1)” : H”-1(S-!) —> H”-1(S"-!), and so a* is not the 
identity, which implies that a ¥ id.) 


7.1.33 EXERCISE. Suppose that X is a topological space and that BC AC 
X are subspaces. Prove that for any group of coefficients we have a long 
exact sequence 
.) = HP-1(A, B) 2 W(X, A) 3 H"(X, B)H(X;G) 
—> H"(A,B) —.---, 
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where the homomorphisms are induced by the inclusions, except for 6, which 
is defined as the composite 


5: H™-1(A, B) —s H"-'(A)5H"(X, A). 


This exact sequence is the so-called exact sequence of the triple (X, A,B). It 
generalizes 7.1.9 (just take B = @). (Hint: See 3.5.10.) 


7.2. MULTIPLICATION IN COHOMOLOGY 


In this section we shall introduce a multiplication in the cohomology of a 
space that changes the graded group H*(X) = {H"(X)} into a graded ring. 
This structure will be obtained by defining the so-called cup product on 
the cohomology groups, which allows us to distinguish spaces with the same 
additive structure (see 11.8.31). We start with the next definition, which 
arises from Definition 6.4.10. 


7.2.1 DEFINITION. Suppose that A is a commutative ring with unit that has 
a countable family of generators as an abelian group. Then for any 7,s > 0 
we define the map 


Hrs: K(R,r) \ K(R,s)—>K(R,r +s) 
by the triangle 


K(R® R,r +s) =SPM(R®R,r+s) 


Be 


K(R,r) \ K(R,s) K(R,r +s) =SP M(R,r +s), 


Bre 


where ¥,,, is the map defined in Definition 6.4.10 of the previous chapter 
and where v: M(R® R,r +s) —> M(R,r +s) is the map induced by the 
homomorphism R @ R —+ R (which is essentially the ring multiplication 
map) as in Proposition 6.3.5. 


Using the maps p,,, defined above, we can now define the multiplication 
of cohomology groups as follows. 


7.2.2 DEFINITION. Let X be a CW-complex with CW-subcomplexes A and 
A’, The cup product (or interior product) is the group homomorphism 


H’(X, A; R) @ H°(X, A R) —> H™+5(X, AU A’; R) 
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that associates to the classes 
x=[a)eH(X,4,;R) and y=(6] ¢ H°(X,A5R) 
the homotopy class of the map 
X/AUA! 43 X/AN X/A' S K(R,r) AK(R,s) 2S 
— K(R,rt+s), 
where A : X/AU A! —+ X/A A X/A’ is the map induced by the diagonal 
X —+ X x X. This class is denoted by x ~ y. 


From now on we shall assume that we are always dealing with cohomology 
that has coefficients in a commutative ring R with unit. For simplicity we 
shall also omit R from the notation. The cup product gives cohomology a 
multiplicative structure with the following properties. 


7.2.3 Naturality. if f : (X;A,A') —> (Y; B, B’) ts a map of triads (which 
means that f(A) C B and f(A’) C B’), then for all y € H’(Y,B) and all 
y € HS(Y, B') we have that 


Pur~yvY=fOM~ Fe) eHh(GAVA). 
7.2.4 Associativity. For ali 
xe H(X,A), 2 €H(X,A), and 2" < H°(X,A') 
we have that 
ge (g@ve at) =(e~e)~ 2" e HTX, AUAUA’). 
7.2.5 Units. Suppose that ly € H°(X) is the element represented by the 


constant map X —> K(R,0) = R that sends the entire space X to the 
element 1 € R. Then for all x € H%(X, A) we have that 


lyvr=r~lxy=ze HUX,A). 
7.2.6 Stabilility. The following diagram is commutative: 
H’(A) @ HX, A) 82° H"(A) @ H8(A, AN A 
Hts(A, AN A+) 
did [> 
H(A U Al, A’ 


|s 


H’+1(X, A) @ H°(X, A) > H+1(X, AU AY). 
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Herei andj are inclusions. Moreover, j* actually turns out to be an excision 
isomorphism. 


In particular, for the case A' =, we obtain the formula 
d(a~ #*x) = da~ 2 € H7t*1(X, A) 


for a € H(A) and x € H°(X). 


7.2.7 Commutativity. For all 
xeH"(X,A) and 2’ € HX,A) 
we have that 


gv a =(-l1)*2'~ ce H**(X,AUA). 


The proof of these properties, except commutativity, basically reduces 
to the uniqueness up to homotopy of the maps between Moore spaces that 
realize the given group homomorphisms. We leave the details of the proof to 
the reader in the following exercise. oO 


7.2.8 EXERCISE. Establish the properties of naturality, associativity, units, 
and stability of the cup product in cohomology. 


In analogy to the interior or cup product, we can define an exterior or 
cross product as follows. 


7.2.9 DEFINITION. Suppose that X and Y are CW-complexes and that A 
and B are subcomplexes of X and Y, respectively. The cross product (or 
exterior product) is the group homomorphism 


H’(X, A; R) @ H°(Y, B; R) —> H7**((X, A) x (Y,B); R), 


where (X,A) x (Y,B) = (X x Y,Ax YUX ~ B), that associates to the 
classes x = [oa] € H"(X, A; R) and y = [6] € H*(Y, B; R) the homotopy class 
of the map 
Xx Y/Ax YUX x Bw (X/A) A (Y/B) “85 
— K(R,r) \K(R,s) “> K(R,r +s). 


This class is denoted by x x y. 
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The cross product has properties that correspond to those of the cup 
product due to the fact that these two products are intimately related. 


7.2.10 EXERCISE. Suppose that z ¢ H’(X,A), x € H°(X,A), andy € 
HS(Y,B). Prove the following two formulas: 


(a) xy =p*(z) ~ ary), 
where p : (X,A) x Y —+ (X,A) and q : X x (Y,B) — (Y,B) are 
the obvious projections. 


(b) ew a! = A(x x a’), 
where A: (X,AU A’) —> (X, A) x (X, A’) is the diagonal map. 


Using the previous exercise and the properties of the cup product, it is 
possible to prove the following properties of the cross product. However, 
they can also be proved directly. 


7.2.11 Naturality. if 
£2 (XA) —(X,A) and g: (Y',B) (YB) 


are maps of pairs, then for all x © H’(X, A) and ally © H°(Y, B) we have 
that 


(f x 9) (@ x9) = F(a) x o'(y) © (XA) x (YB). 


7.2.12 Associativity. For all 
xe H(X,A), yeH(Y,B), and 2€ H(Z,C) 
we have that 


xx (y X 2) = (@ xX y) x 2 © Ht7t9((X, A) x (Y,B) x (Z,C)). 


7.2.13 Units. Suppose that 1 € H°(*) & R is the element represented by 
the map {x} —> K(R,0) = R that sends {+} to the element 1 € R. Then 
for all x € H%(X, A) we have that 


1x marx 1l2e H%({+} x (X,A)) = H4(X,A). 
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7.2.14 Stabilility. The following diagram is commutative: 


H(A, A) @ HY, B) “> H*(Ax Y,Ax BUA'XY) 


af 
aid ATts(Ax YUX x B,A’x YUX x B) 


6 
H™*(X, A) @ H°(Y, B) > Ht1(X x ¥, Ax YUX x B). 


Here j is the obvious inclusion, and so j* is actually an excision isomorphism. 
In the particular case B = 0 we have the formula 
5(a x y) = (6a) x ye H((X, A) x ¥), 
where a € H"(A,A') andy € H*(Y). 
7.2.15 Commutativity. For all x <¢ H’(X,A) andy € H‘(Y,B) we have 


that 
TM(0 xy) = (ly x2 € HY, B) x (XA), 


where T : (Y,B) x (X, A) —> (X, A) x (Y, B) interchanges the factors. 


7.2.16 EXERCISE. Prove the properties of the cross product in cohomology 
by starting from the properties of the cup product in cohomology. 


7.2.17 NOTE. Conversely, it is also possible to prove the properties of the 
cup product by starting from the properties of the cross product. That is, 
both are equivalent structures in conveniently different disguises. 


The following exercises can be solved by directly applying the properties 
of the products and the formulas that they satisfy. 


7.2.18 EXERCISE. Suppose that « € H%(X,A), y € H’(Y,B), and y! € 
HS(Y, B’). Prove that we have the formula 


ax(yry)=(exa~ ay) € HX x YX x (BUBYUAXY), 
where gq : X x Y —+ Y denotes the projection. 
7.2.19 EXERCISE. Let o €¢ H'(D',S°; R) be the element represented by the 


composite map (D!,S°) —> S! = K(Z,1) —+ K(R,1), where the first 
map is the natural identification and the second map is that induced by the 
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group homomorphism Z —> R satisfying 1 +> 1. Prove that there is an 
isomorphism a : H’(X) —> H*+!((D!,S°) x X; R) defined by 


a(x) =a Xa. 
This is precisely the suspension isomorphism defined in 7.1.27. (Hint: Prove 


that the image of 1 ¢ H°(*) = R under the suspension isomorphism is 
precisely o and then use the properties of the cross product.) 


7.2.20 EXERCISE. 


(i) Prove that the inclusion 
(D',S°) G (R,R-0) 
induces an isomorphism in cohomology 
H*(D!,S°) & H*(R,R—0). 
(Hint: The inclusions 
(D',S°) > (D',D'—0) and (D',D'— 0) (R,R-0) 


are respectively an excision and a homotopy equivalence in the second 
term, and therefore both of them induce isomorphisms. Then use the 
exact sequence of a pair in the second case.) 


(ii) Let g: ¢ H'(R,R—0) be the element corresponding to o (from the 
previous exercise) under the isomorphism from part (i). Prove that the 
homomorphism gi x : H?(X,A) —> H?*1((R,R — 0) x (X, A)) is ac- 
tually an isomorphism. (Hint: Modulo the isomorphism defined in the 
hint for part (i), the homomorphism here is the suspension isomorphism 
from the previous exercise.) 


(iii) For each n define g, € H"(R",R” — 0) inductively as gn = gi X Gn-1, 
where we use (R,R—0) x (R°-!, R°-! —0) = (R”, RR" — 0). Prove that 
gn is a generator of H"(R”,R” — 0) as an infinite cyclic group; we call 
it the canonical generator. (Hint: Apply part (ii) and use induction.) 


7.3 CELLULAR HOMOLOGY AND COHOMOLOGY 


Up to now we have presented homology and cohomology groups from the 
point of view of homotopy theory, that is, as sets of homotopy classes. His- 
torically, however, (algebraic) homological methods were first used to define 
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these groups. Even though this does not reveal the homotopic nature of the 
subject, it does allow one to carry out calculations more systematically. In 
this section we shall present a treatment of these matters that relies on the 
homological algebra of homology and cohomology groups. This is called cel- 
lular homology and cohomology. Besides using this theory for calculating, 
we also shall use it in the next section to establish the Ktinneth formula and 
the universal coefficients theorem. From now on we shall assume that X is 
a CW-complex, and we shall denote by H,,,(X,A) the homology group of X 
modulo a subcomplex A with coefficients in Z. We start with a theorem. 


7.3.1 Theorem. Let {*}= X-!C X°C X'C-..C X"C--- CX be the 
filtration of a CW-complex X by its skeletons. Then we have 


Dien Z ifma=n, 


Hy(X”,X") & 1 ee 


where {e? |i€ J”} is the set of all the n-celis of X. 


Proof: Consider the following sequence of isomorphisms: 


Fyp(X*,X°') & H,(X"/X"1) = H,,( \/ 8") 


teJ® 


= em wv {Dien Z ifm=n, 
PAni= [Pe 


eae ifmAn. 


Il 


The first map is an isomorphism because of 5.3.18, since the pair (X”, X"~!) 
is a CW-pair. The second map is an isomorphism because the quotient is 
exactly a wedge of spheres. And for the third map one uses 5.3.31, while for 
the fourth map one just applies 5.3.29. oO 


And we get a corollary from this theorem. 


7.3.2 Corollary. Under the same hypotheses as above we have the following 
statements: 


(a) H,(X") =0 form>n. 
(b) Hyp(X”) & Hyp (XP!) © Hy (X) form <n. 


(c) The map H,(X”) —+ H,(X°+!) induced by the inclusion is an epi- 
morphism. 


7.3 CELLULAR HOMOLOGY AND COHOMOLOGY 245 


Proof: Consider the following portion of the long exact homology sequence 
of the pair (X"+!, X”): 


Hyng(X*!, X”) 23 Hy (X”) > H(X*1) —s Hoy (X,X), 


Notice that the first group is trivial if m #4 m, and the last is trivial if 
m#n-+1. So part (c) clearly follows, as does the first isomorphism in 
part (b). To prove part (a) we observe that H,,(X”) & H,,(X°-!) &... & 
H,,(X7) = 0 form >n. For m > 0 notice that these groups coincide with 
the corresponding unreduced groups. 


Lastly, the second isomorphism in part (b) is obtained from the diagram 


H,,(X”) + colim H,,(X*) 


Fl [és 


Hy(X), 


where i, : X* G X denotes the inclusion and {ix} is an isomorphism by 
Proposition 5.3.30. oO 


In the following we are going to be using the basic concepts of homological 
algebra. This material can be found in any introductory book on the subject 
such as Mac Lane’s text [47]. So for any finite CW-complex X let us consider 
the chain complex 


oe OS (XPH xe) xe, xen} 


7.3.3 
( ) ata Hy1(X-!, X°-2)—_5... , 


where 0,41 : Hop (X1, X")23H(X") — H,(X",X°~') defines the maps 
here. 


7.3.4 Theorem. The chain complex (7.3.3) has H,(X) as its homology. 


Proof: Consider the decomposition 


oe Hye ( XH, Xm Xe, KPH) Be aai(XP}, XP-2) 


a ae ie —e 


H,(X+) 


of the above chain complex, where the diagonal arrows (1) and (2) are 
monomorphisms and the lower vertical arrow is an epimorphism, as we 
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showed in Corollary 7.3.2. Also, both the two vertical arrows on the left 
as well as the diagonal arrows (1) and (2) form exact sequences. It follows 
that 


ker), = kerd = H,(X”), 

im dn41 im OC H,,(X"). 
Thus we have ker 0,/im On41 & Hy»(X”)/im 0 © H,(X"+!) & H,,(X) by 
Corollary 7.3.2 (b). a 


7.3.5 DEFINITION. We call the chain complex {H,,(X", X"~'),d,} in (7.3.3) 
the cellular chain complex of X, and we denote it by 


C(X) = {C,(X), dn}, 
where from now on we shall identify C,,(X) with the free group generated by 


the n-cells of X. 


7.3.6 NOTE. One can prove that under this identification of C,,(X) (with 
the free group generated by the n-cells of X) the operator d,, satisfies 


an(ee)= So afe, 


gern 
where ai € Z is the degree of the composite 
gl wy de? Pe xr-1_4 xe xe? 


by 
a \~ spit yget 
jesn-t 


Here y' is the characteristic map of the cell e?, g is the quotient map, and 
ky identifies to a point all of the summands sit satisfying j/ 4 j. (Bredon’s 
book [19] develops all of this material in full detail.) 


7.3.7 DEFINITION. Let X be a CW-complex. We define its nth homology 
group with coefficients in an abelian group G as the nth homology group of 
its cellular chain complex with coefficients in G, which is itself defined by 


C(X; G) = {Ca(X) @ Gdn @ le}. 


We denote this homology group by H,,(X; G). 
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7.3.8 EXERCISE. Let X be a pointed CW-complex. Define 
Ho(X; G) = ker(Ho(X; @) —+ Ho(+;G)) 


and H,(X;G) = H,(X;G) for n 4 0. Moreover, for any CW-pair (X, A) 
define 
H,(X, A; @) = H,(X UCA;@). 


Prove that the groups H,,(X, A; G) satisfy axioms that correspond to 5.3.13- 
5.3.17. 


7.3.9 NoTE. In particular, if G = Z/k, then the groups H,(X; G) coincide 
with the groups already described in 5.3.33 (see the comparison theorem 
12.119). 


There is a relative version of all this as well. Theorem 7.3.1 can be 
proved in the case where we have a filtration A= X71! Cc X°C X!'C- c 
X" © ++. C X of a pair of CW-complexes A C X. Now, however, X” 
represents the relative n-skeleton; that is, the union of A with the absolute 


n-skeleton. In this case, the version of Theorem 7.3.4 corresponding to a 
relative cellular chain complex C,(X, A) asserts that the homology of this 


complex is H,(X,A). There is another point of view, as we see from the 
next exercise. 


7.3.10 EXERCISE. Suppose that X is a CW-complex with a subcomplex A. 
Then the quotients C,,(X)/C,(A) determine a chain complex. Prove that 
this chain complex is isomorphic to C,(X, A). 


7.3.11 EXERCISE. Prove that the relative groups H,,(X,A;G) can be de- 
fined, in terms of what we said before, by using the chain complex C,(X,A; G) 
whose groups are C,,(X, A) @ G. 


As an application of the previous results we now analyze an example. 


7.3.12 EXAMPLE. The Klein bottle K is obtained from the square I x I by 
identifying (0,¢) with (1,1—¢) and (s,0) with (s,1) for all s,t € J. We shall 
calculate its homology and so shall see that this space is not homeomorphic 
to the torus T= S! x S!, 


As we see in Figure 7.1, one can decompose K as a CW-complex with 
one 0-cell €°, two 1-cells e! and €', and one 2-cell e?. From the way in which 
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Figure 7.1 


these cells are glued together and from 7.3.6 we have in the cellular chain 
complex of K that 


d,(e*) = 26", 
di(e!) = ai(@) =0, 
do(e°) =0, 


implying that 
H,(K) =0, Ay(K)=Z0Z/2. 


On the other hand, for the torus T we can similarly prove that its homol- 
ogy is 
AA(T) = Z, A(T) =Z@Z. 


Therefore, the Klein bottle K and the torus T cannot be homeomorphic. In 
fact, they cannot even have the same homotopy type. 


The next example will be of interest in the last chapter of the book. 


7.3.13 EXAMPLE. Consider the complex projective space CP", which has 
one 0-cell, one 2-cell, one 4-cell, and so forth up to one 2k-cell and which has 
no odd-dimensional cells. Consequently, its cellular chain complex has the 
form 

Z if nis even and n < 2k, 


C,(CP*) = 
( ) (0 if n is odd or n > 2k, 
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and so d, = 0 for all n. Since the homology of the space is equal to that of 
the cellular chain complex, we get that 


H,(CP*) = Z ifn is even and n < 2k, 
. 0 ifn is odd or n > 2k. 


Obviously, we get an analogous result when we calculate the homology with 
coefficients in a group. (Compare this example with 11.7.29.) 


The next example is also rather interesting. 


7.3.14 EXAMPLE. Consider the real projective space RP*, which has one 
0-cell, one 1-cell, one 2-cell, and so forth up to one k-cell. In this way we see 
that its cellular chain complex with coefficients in G has the form 


C,(RP*; G) = G 


for all n < & and is trivial for n > k. However, the way in which these cells 
are put together implies either that 


d,{(g)=2g ifn is odd 


or that. 
d,{(g)=0 ifn is even 


for all g € G (see Exercise 7.3.15). Therefore, if k is even, then we have 


G  ifn=0, 
H,(RP*;G) =< G/2G_ ifn is odd and n < k, 
0 otherwise. 


Now, if & is odd, then 


G ifn =0,k, 
RP*;G) = ¢ G/2G_ ifn is odd andn<k, 
Gi) otherwise, 


A, 


aS 


where G2) = {g € G | 2g = 0} is the so-called 2-torsion subgroup of G. Since 
for G = Z/2 we have 2G = 0 and Gig) = Z/2, it follows that 


Z/2 ifn<hk, 


H,,(REP*;Z/2) = 
( /2) (0 ifn > k. 
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(Compare this result with 11.7.26.) On the other hand, for G = Z we have 
Ga) = 0. Therefore, for & even, 


Z  ifn=0, 
H,(RP*) = ¢Z/2_ if nis odd and n< k, 
0 otherwise, 
and for k odd, 
Z  ifn=0,k, 
H,(RP*) = ( Z/2_ if nis odd and n < k, 
0 otherwise. 


7.3.15 EXERCISE. Using the way that cells are attached in the real pro- 
jective space RP” and taking into account 7.3.6, check that in the example 
above, d, is multiplication by 2 if n is odd, and zero if n is even. (Hint: 
The number a € Z by which we multiply to obtain d, is the degree of the 
composite 


gel rw Oe” e xe gq 9 Cae BGs wt gel : 


This map factors as a composite S°-! —» S*-! vy Sv"! —. S"-!, where 
the first map collapses the equator sphere S*-? onto the base point and the 
second one maps the first sphere as the identity and the second sphere as the 
reflection on the equator. The first of these has degree 1, and the second has 
degree (—1)”-!. Take a look at: [19].) 


7.3.16 EXERCISE. Using the cellular decomposition of the Moore space of 
type (Z/k,n), namely X = S” Uz, e”*, calculate H,(X;Z). (Compare with 
Proposition 7.1.28.) 


In much the same way as above it is possible to discuss cohomology with 
coefficients. Specifically, we have the next definition. 


7.3.17 DEFINITION. Suppose that G is an abelian group. Put C?(X;G) = 
Hom (C,(X),G) and put d® = (d,)#* : C™-1(X;G) —s C"(X;G). We call 


the cochain complex 
CO'(X; G) = {C(X;G), d”} 


the cellular cochain complex of X with coefficients in G. 
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The next result for cohomology is dual to Theorem 7.3.4. 


7.3.18 Theorem. The cochain compler C*(X;G) has H*(X;G) as tts co- 
homology. 


Theproof of this theorem is based on Milnor’s comparison theorem 12.1.19. 
i) 


7.3.19 EXERCISE. Suppose that X is a pointed CW-complex and that the 
group H}(X;G) is the cohomology of C*(X;G). Define 
Ht(X;G) = ker(é*) , 
where i : * > X is the inclusion into the base point. Moreover, define 
H&(X, A; G) = HE(X/A; G) 
whenever A is a subcomplex of X. 


Prove that the groups H2(X,A;G) so defined satisfy axioms 7.1.6 to 
7.1.10. 


This exercise allows us to apply the comparision theorem to which we 
referred above to prove Theorem 7.3.18. 


7.3.20 EXERCISE. Prove that the relative groups H”(X,A;G) can be de- 
fined by using the cochain complex C*(X, A; G) whose groups are 

Hom (C;,(X,A),G), 
where C;,(X, A) is described in Exercise 7.3.10. 
7.3.21 EXERCISE. Recall the construction of the oriented and nonorientable 
closed surfaces of genus g given in 3.2.12(c) and (d). Using it, compute their 


cellular homology and cohomology groups with coefficients both in Z and in 
Z/2. 


7.3.22 EXERCISE. Using the cellular complexes with coefficients in G of the 
real and complex projective spaces given in 7.3.14 and 7.3.13, compute their 
cohomology groups with coefficients in G. 


7.3.23 EXERCISE. Let X be a CW-complex of dimension n. Prove that 


H,(X;G)=0 and H™(X;G)=0 for m>n. 
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7.3.24 REMARK. There is an example due to Barratt and Milnor [16] of an 
(r—1)-connected, compact space X,r > 1, with its homology and cohomol- 
ogy groups with coefficients in the group of rational numbers such that 


Hr(X;Q) #0 and H™(X;Q) 40 


for an infinite number of values m. This space X is an infinite “wedge” of 
copies of S’, but with the topology as a subspace of their product (see note 
2.9.2). 


7.4. EXACT SEQUENCES IN HOMOLOGY 
AND COHOMOLOGY 


We end this chapter with this section, where we shall present some exact 
sequences giving the homology and the cohomology of a product of spaces 
and then, as a consequence, some formulas for changing coefficient groups 
in homology and cohomology. Likewise, with similar techniques we shall 
construct the Mayer—Vietoris sequences in homology and cohomology for 
CW-complexes. 


Suppose that X and Y are CW-complexes with countably many cells or 
suppose that at least one of them is locally compact. It follows in either case 
that their product X x Y is again a CW-complex (see 5.1.46). Given all this 
and that {ea}eea and {e's}ses are the cells of X and Y, respectively, then 
{€a X €g}(a,e)eAxe are the cells of X x Y. According to Definition 7.3.5, we 
know that C,(X) and C;(Y) are the abelian groups freely generated by the 
k-cells of X and the l-cells of Y, respectively. Also, the boundary operators 
of these chain complexes are given in 7.3.6. 


7.4.1 DEFINITION. We define the product of the chain complexes C,(.X) and 
O(Y), denoted by C,(X) @ C,(Y), to be given in dimension m by 
[CX OCW m= DY eX) @ CH(¥), 


ktl=m 


together with the boundary operator d defined by 
d(a @ b) = d(a) @b + (—1)'a @ d(b) 
for a € C,(X) and b € C(Y). 
We then have that the function e. ® e; ++ €a x eg, being a bijection 
between generators, determines an isomorphism 


C.(X) ® C(¥) — C.(X x ¥). 
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Furthermore, we can prove using 7.3.6 that the boundary operator in C,(X x 
Y) is given by d(e, x e) = d{e.) @ e, + (—1)*e. ® dle), where k is the 
dimension of e,. So we obtain the next result. 


7.4.2 Theorem. Suppose either that X and Y are CW-complexes with 
countably many cells or that at least one of them is locally compact. Then 
there exists an isomorphism of chain complexes 


CX) @ C.(Y) — O(X x Y) 


defined by €4 ® es + €a X ef, where feahaca and {ep tees are the cells of X 
and Y, respectively. im 


Using Definition 7.3.7, we get from Theorem 7.4.2 that 
AX x Y;R) = H(C(X x Y)@R), 


where R is a commutative ring with unit. But C,(X x Y)@ R= (C,(X) @z 
CAY)) @ R) = (C.(X) @ R) @z (C.(Y) @ R) holds, and so we have that 


H,(X x ¥; R) © H,((C,(X) @ R) a (CY) @ R)). 


Analogously, for the case of cohomology with coefficients in R, according 
to Theorem 7.3.18 we have that 


HY(X x Y; RB) = H,(C"(X; R) @n CY; R)). 


We give in the following a general result, and its dual, from homological 
algebra. These give rise to the Kiinneth formula in homology and cohomol- 
ogy. This material can be found, for example, in Spanier’s text [67, 5.3.1, 
5.5.11] as well as in Mac Lane’s [47, V.10]. In the case of cohomology we 
require that the chain complexes be of fintte type, that is, that they have a 
finite number of generators in each dimension. This will always be the case 
for the cellular chain complex of a compact CW-complex. We say that a 
CW-complex is of finite type if it has a finite number of cells in each dimen- 
sion. Therefore, the cellular chain complex of a CW-complex of finite type is 
of fintte type. 


7.4.3 Theorem. Suppose that C and D are free chain complexes over a 
principal ideal domain R. Put C* = Home(C; R) and Dt = Homa(D; R). 
Then there is a natural short exact sequence 
0 — Big tem He(C) @p Hi(D)—H,,,.(C ®z D)—> 
—— Dasiem-1 Torp(H,(C),Hi(D)) — 0, 
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where p is given by [ce] ®[d] 4 [ce @d]. Also, for the cohomology of C* and 
D*, provided, moreover, that C, and D, are of finite type, we have a natural 
short exact sequence 


0 — Direm HC) Ox HD)" HH" (C @g D> 
—— Battems Tora(H*(C), H'(D)) — 0, 
where p* is defined analogously to p. 


Furthermore, these exact sequences split, though not naturally. Oo 
From the previous theorem we now get the Kiinneth formulas. 


7.4.4 Theorem. (Kiinneth formula) Suppose either that X and Y are CW- 
complexes with countably many cells or that one of them is locally compact. 
Let R be a principal ideal domain. Then we have a natural short exact 
sequence in homology with coefficients in R, 


0 + Bis tem Hi(X) @p H(Y)—*H,,(X x Y)—> 
—— Brgem—1 Torn(H,(X), H(Y)) 0, 


where p is the homology product defined by |e] ® e'] > [e x e']. Furthermore, 
provided that X and Y are of finite type, we have a natural short exact 
sequence in cohomology with coefficients in R, 


0 > Diem HX) @p HY) H"(X x YY) 
— > Ouexi Torr(H*(X), H{(Y)) 0, 
where x is the cross product in cohomology. 


In addition, both of these exact sequences split, although not naturally. 0 


If one of the R-modules appearing in the previous formulas is free, say, 
for example, that R is a field, then the torsion products given by the functor 
Torg vanish. So we have the following consequence. 


7.4.5 Corollary. If R is a field or, more generally, if the R-modules 
H,(X;R) and H*(X;R) 


are free with the latter being of finite type, then there exist natural tsomor- 
phisms 


p: GQ HilX; R) @z Hi(Y; R} oH, (X XY; R), 
ktl=m 

x: @ A(X; R)@z HY; R}—H"(X x Y; R). 
ktl=m 
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7.4.6 NOTE. We should note here that the condition that a CW-complex 
is of finite type implies that it has countably many cells, so that this one 
condition actually implies the various general conditions of Theorem 7.4.4, 
namely, the condition that each CW-complex have countably many cells in 
the homology case and the condition that the CW-complexes be of finite type 
for the cohomology case. It follows that the product of two CW-complexes of 
finite type is a CW-complex of finite type. 


On the other hand, in the same theorem for the case of cohomology, it 
is enough to require that H*(X) and H*(Y) be of finite type, which always 
happens when C,(X) and C,(Y) are of finite type. Nonetheless, it is often 
easier to verify the condition on the cohomology groups than on the chain 
complexes, and in many cases the latter cannot be of finite type even though 
their cohomology groups will indeed be of finite type. 


7.4.7 REMARK. The Kiinneth formulas are true for arbitrary spaces X and 
Y. One can show this using Theorem 7.4.4 and cellular approximations. 
However, we must stress that in this case we get this result either when 
both spaces are of the same weak homotopy type as CW-complexes with 
countably many cells or when one of them is locally compact. To prove the 
Kiinneth formula in its full generality requires, instead of Theorem 7.4.2, the 
Eilenberg—Zilber theorem, which establishes a chain homotopy equivalence 
between the singular chain compleres S,(X x Y) and S,(X) @S,(Y). 


The next result is true for any space X, but since we want to derive it as 
a consequence of Theorem 7.4.3, we shall assume that X is a CW-complex. 


7.4.8 Theorem. (Universal coefficients theorem) Let R be a principal ideal 
domain and let A be an R-module. Then there are natural short exact se- 
quences 


0 —> H,.(X; R) @g A — H,,(X; A) —> Torr(Hm_1(X; R), A) — 0 
and 
0 — H™(X; R) @p A—> H™(X; A) — Torr(H™*!(X; R), A) 3 0, 


where both exact sequences split, although not naturally. 


Proof: Suppose that C = C,(X) @ R is the cellular chain complex of X 
with coefficients in R. Also suppose that D is the chain complex defined by 
Do = A and D; = 0 for i ¥ 0 with all of its boundary operators defined 
to be zero. It follows that C @p D = C,(X)@ A. Moreover, we have that 
Ho(D) = H°(D) = A and that H)(D) = H'(D) = 0 for 1 4 0. Applying 


Theorem 7.4.3, we get the desired exact sequences. oO 
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7.4.9 NOTE. Similar methods of homological algebra allow us to relate ho- 
mology and cohomology, as can be found in Spanier’s text [67, 5.5.12, 5.5.3], 
and so to get, for any principal ideal domain R and any R-module A, a 
natural short exact sequence 


0 —+ Ext,(H™*!(X; R), A) —> H,,(X; A) —+ Homp(H™(X; R), A) — 0 


and dually, provided that H,(X; R) is of finite type, a natural short exact 
sequence 


0 —+ Ext r(H,,1(X; R), A) —+ H™(X; A) —+ Homa(H,,(X; R), A) 30. 


As usual, these split, though not naturally. 


In analogy to the case of the Kiinneth formula, for the construction of 
the Mayer-Vietoris sequence we shall need a result from homological algebra, 
which we state next. We shall not prove this result, but we shall instead refer 
the reader again to Spanier’s book [67, 5.1.13, 5.4.8]. 


7.4.10 Theorem. Suppose that 
0—+>D—+C + E—-0, 


is a short exact sequence of chain complexes that splits and that G is an 
abelian group. Then there exist natural long exact sequences in homology 


HD; G) —> HAC; G) —+ H,{E; G)—>H,_1(D;G) 


and in cohomology 


se 


Hi(E;G) —s H*(C,G) —+ H*(D;G) HOWE G) 3, 


o 
This theorem is a consequence of the following fundamental theorem. 


7.4.11 Theorem. A short exact sequence of chain complexes, say 


0— D-sc4sE > 0, 


determines a natural long exact sequence in homology 


os 


HD; G) —s HC; G) — H,(E;G) Hy-(D;G) 3. 
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The main part of the proof of this theorem consists in defining the ho- 
momorphism ,, which is done as follows. For any [e] € H,(E; G) we define 
8, ([e]) = [a 10B-"(e)] € H,-1(D; G), where O is the connecting homomor- 
phism of the complex C. It is now an element-chasing evercise to prove that 
this homomorphism is well defined and that the sequence it determines is 
indeed exact. ia 


The proof of Theorem 7.4.10 is obtained from this fundamental theorem. 
This is so, since when we split the given short exact sequence, the sequences 
that we get by applying the tensor product with G or the functor Hom(—, G) 
continue to be short exact sequences, whose homologies yield the desired long 
exact sequences. im 


7.4.12 Proposition. Suppose that (X; A,B) is a CW-triad, that is, A, B.C 
X are subcompleres and AUB = X, and suppose that DC AN B is a sub- 
complex. Then there exists a short exact sequence of free cellular complexes 
that splits, 


0 — C,(AN B)/C,(D) — C,(A)/C,(D) ® C,(B)/C,(D) 
—> C,{X)/C(D) — 9, 


where the first homomorphism is given by [c] ++ (#[c], —7{[e]) and the second 
one is given by ([a], [b]) + t.[a]+3.[b]. Here i, , 7, and 7! are the respective 
inclusions. 


Proof: It is enough to check that the cells that freely generate the complex 
in the middle either come exactly from the cells that freely generate the 
complex on the left or, if not, go exactly to the cells that freely generate the 
complex on the right. ia 


Consequently, by applying Theorem 7.4.10 we now get the desired Mayer— 
Vietoris sequences. 


7.4.13 Theorem. Suppose that (X; A, B) is a CW-triad and DC ANB is 
a subcompler. If G is an abelian group, then there is an exact sequence in 
homology 


+ —> HAN B,D; G) — H,{A, D; G) @ H,(B, D; G) 
— H, (AUB, D;G) — Hy1(ANB,D;G) —---, 


where the first homomorphism is defined by 


le] +> le], —a4Le]) 
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and the second one is defined by 
([a], (2) — & [a] + 3,[2). 
Also, there is an exact sequence in cohomology 


= H(A B, D;G) — H4(X,D;@) 
—+ H1(A, D;G) ® HB, D;G) —+ HAN B,D;G) > ---, 


where the second homomorphism is defined by 
Id @[e,3*[el) 
and the third one is defined by 
([a}, [b]) + 2*[a] — 9" [2]. 


Here i, v, j, andj’ are the respective inclusions. ia 


These sequences are known as the Mayer—Vietoris sequences for homology 
and cohomology. In the last chapter these sequences are deduced from the 
formal properties of homology and cohomology (see 12.1.22). 


7.4.14 REMARK. There exists a version of Theorem 7.4,13 for excistve tri- 
ads, that is, for triads (X; A, B) that satisfy X = AUB and Dc ANB, 
where U denotes the interior of UV = A, B in X. The exact sequences in this 
new version are just like those in Theorem 7.4.13 itself and can be obtained 
by appropriately substituting the couples of excisive pairs with couples of 
CW-pairs. (See Spanier’s book [67] for a systematic discussion of this case.) 


CHAPTER 8 


VECTOR BUNDLES 


In this chapter we shall define and study vector bundles, including their 
classification. We also examine Grassmann manifolds and universal bundles. 
Our presentation partly follows Dupont [28]. 


8.1 VECTOR BUNDLES 


In this section we shall introduce vector bundles. These form a special class of 
locally trivial bundles, which in turn we already have introduced in Chapter 
4, 


8.1.1 DEFINITION. We say that a locally trivial bundle p: FE —> Bisa 
real (respectively, complex) vector bundle of dimension n or, more briefly, a 
real (respectively, complex) n-bundle, if it has R” (respectively, C”) as its 
fiber and if it satisfies the following compatibility condition. Given any two 
trivializations yy : p-'U —> U x F and yy : p-!V —> V x F, where 
F = R” (respectively, F = C”), over any two neighborhoods U and V of any 
b € B (such that py and py are in fact trivial), it follows that the map 


gu oyy!: (UNV) x F—+ (UNV)x F, 


which always has the form yy o y;'(r,y) = (2, guv(a,y)) for (x,y) € (UN 
V) x F, satisfies the compatibility condition that gyy(x,y) is linear in y € F 
for each fixed x ¢ UNV. (See also 8.5.18.) 


This compatibility condition is equivalent to the existence of continuous 
functions gyy : U WV —+ GL,,(R) (respectively, guy : U WV —+ GL,,(C)) 
such that guv(x,y) = guv(a)y for (2,y) € (UNV) x F, where GL,(R) 
(respectively, GL,,(C)) denotes the real (respectively, complex) general linear 
group of n x n invertible matrices. 
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In other words, each change of coordinates yvopy! is a linear isomorphism 
on the fibers. This condition allows us to endow each fiber p~!(x) for x € B 
with a unique vector space structure over the real (respectively, complex) 
numbers in such a way that the restriction of each yy to any fiber p~'(x), 
where z € U, is a linear isomorphism from p~!(x) to R” (respectively, C”). 
It is because of this property of the fibers that these locally trivial bundles 
are called vector bundles. 


Conversely, if we are given an open cover U/ of B such that for every pair 
U,V €U there is a map guy : UNV —> GL, (R) satisfying 


(8.1.2) guv(x)gvw(«) = guw(a), wreUnVaW, 


then we can construct a vector bundle using this family of functions, known 
» 


as a cocycle, as if it were a set of “assembly instructions.” Specifically, this 


means that we take the disjoint union 
[]vx® 
78 


and identify (x,y) € U x R” with (x, guv(x)y) € V x R” whenever z € 
UV and y € R”. Equation (8.1.2) then guarantees that the quotient F = 
Le, U x R”/~ under this identification is the total space of a well-defined 
real vector bundle, where one defines the bundle map itself p: # —> B 
to be locally projection onto the first coordinate. (Notice that the same 
construction also works in the complex case.) The resulting vector bundle is 
called the real (respectively, complex) vector bundle determined by the cocycle 
{guv |U,V €U}. 


From now on, we shall discuss only the real case. However, the complex 
case is entirely analogous. 
8.1.3 EXERCISE. Prove that every cocycle satisfies the following identities: 
guu{t) = 1e€GL,(R), xeU, 
guv(z) = gvo(z) + €GL,(R), reUnV. 
(Hint: Use (8.1.2).) 
8.1.4 DEFINITION. Given two vector bundles p: EF —+ B and p’: BE’ —+ B 


we can clearly find an open cover U/ of B such that both p and p’ are trivial 
over each U € U. If the corresponding cocycles are 


{guv : UNV — GL,(R)}, {gy : UNV — GL,(R)}, 


where U,V <U/, we can then consider operations such as 
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(i) GL,(R) x GLy(R) —2-+ GLrtn(R) 
(ii) GL,(R) x GLy(R) —2-$ GLyn(R); 
(iii) GL,,(R) —2-> GL,,(R); 


Hom (- 


(iv) GL,(R) X GLy(R) 225"? Chin); 


(v) GL,(R) —2*-> GL,»(R); 


he 
(vi) GL,(R) > GL (R); 
which are given for matrices A € GL,(R) and B € GL,,(R) as follows: 


(i) A® B= ($2) is the direct sum of A and B. 
(ii) A@ B is the tensor product of A and B. 
(iii) (At)~1 is the inverse of the adjoint matrix of A. 
(iv) Hom (A, B) = (A*) 1 @ B. 

(v) @' A= A®---@ A (with k factors). 


(vi) |\* Ais the kth exterior power of A. 


By composing these operations with the given cocycles, we can define 
new cocycles 


(i) > guv(2) ® giy(2), 
(ii) + guy(2) ® gyy(2), 
(ii) @ > ((gov(2))"), 
(iv) e+ Hom ((guv(2))"!, gry (2), 
(v) 


(vi) eH At guv(2), 


tr> @' guyv(z), 


for € UNV, thereby obtaining new “assembly instructions” for constructing 
vector bundles over the base space B with the corresponding total spaces 
denoted by 


(i) BOE’, 
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(ii) B@E’, 
(iii) E*, 
(iv) Hom (£, EB’), 
(v) QE, 
(vi) \*E. 
Since vector spaces can obviously be identified with vector bundles over 


a, one-point base space, we can see that these constructions extend to vector 
bundles the corresponding operations for vector spaces. 


8.1.5 NoTE. The bundle E @ E’ is often called the Whitney sum of the 
bundles # and EB’. 


8.1.6 EXERCISE. Prove that the Whitney sum of two vector bundles p : 
E —+ B and p': E’ —+ B can be obtained as the bundle induced by the 
diagonal map A: B —> B x B, defined by A(x) = (2,2) for x € B, from 
the product bundle p x p': E x E’ —+ B x B. This means that 


E@E'SANEXE’. 
8.1.7 EXERCISE. Let p, : 2; —+ B, and po : Ey —> Bp be vector bundles. 


Prove that the product bundle p; x po : Ey x Ey —> B, x Bo satisfies a 
natural identification 


E, x Ey = w}(E1) © 13 (Ep) , 
where m, : B; x By —> B, is the projection for vy = 1,2. 
8.1.8 EXERCISE. Given vector bundles p : EF —> B and p': E! —> B, 
prove that the fiber over z € B of each one of the bundles constructed above 


is given as follows, where F = p7'(x) and F’ = p/~!(x) are the fibers over x 
of p and p’, respectively: 


@) FeF, 

(i) Fe FY, 

(iii) F, 

(iv) Hom (FF), 
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(v) BF, 
(vi) ASF. 


8.1.9 DEFINITION. Let p: EF —+ B and p’ : E’ —+ B’ be vector bundles. 
A fiber map f: E —+ E’ that covers a continuous map f : B —> B! is 
called a vector bundle homomorphism over f , or more briefly a bundle homo- 
morphism, if for each x € B the restriction of f to the fiber over x, namely 
te : p'(x) —> p'-!(f(2)), is a linear homomorphism. In other words, this 
means that f maps each fiber of p linearly into the corresponding fiber of p! 
with respect to the linear structures on the fibers. A bundle homomorphism 
such that fiberwise it is a linear monomorphism (epimorphism) is called a 
vector bundle monomorphism (epimorphism). It will be called simply a vec- 
tor bundle morphism, or more briefly a bundle morphism, if fiberwise it is a 
linear isomorphism. 


In particular, given vector bundles with the same base space, p: # —> B 
and p': EB’ —+ B, we say that a map fi: E —-+ E’ that covers the identity 
map idg, that is, such that p’o f = p, is a vector bundle homomorphism 
over B if for each x € B, the restriction to the fiber f, : p~(x) — p/-(x) 
is linear. It is a vector bundle monomorphism (epimorphism) over B if fe 
is a linear monomorphism (epimorphism). The map fr: EB Elisa 
vector bundle isomorphism if for each x, fr : p (2) —> p’l(z) is a linear 
isomorphism. 


A subspace E, C EF of a vector bundle p: EF —> B is called a subbundle 
if the restriction p; = p|E; : E; —> B is a vector bundle and for each z € B, 
E, Mp7 (x) C p7!(2) is a linear subspace. Then the inclusion E, G E is a 
vector bundle monomorphism. 


8.1.10 NoTE. The previous definition of a vector bundle morphism can be 
formulated as saying that ¢f f: E —+ E' is a continuous map that sends 
fibers linearly and isomorphically to fibers, then f is a vector bundle mor- 
phism. Specifically, since p: E —+ B is an identification map (because it is 
both surjective and open) and since the composite p’ o fis compatible with 
the identification map (ie., f sends fibers into fibers), it follows that there 
exists a continuous map f : B —+ B’ that makes the diagram 


pt. py 
tcc 
B-5>B' 
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commute. Sometimes when we speak of a vector bundle morphism we mean 
a diagram such as this. 


When one considers the category ect of vector bundles, there the mor- 
phisms from p: FE —> B top’: BE’ —+ B’ are pairs Ge f), where f: B— 
B’ is continuous and fi: E —+ E’' is a bundle homomorphism over f, with 
the obvious composition. There should be no confusion with the widespread 
notion of a (vector) bundle morphism, which refers only to a homomorphism 
that fiberwise is an isomorphism. 


8.1.11 EXAMPLES. 


(a) If M and M’ are differentiable manifolds and f : M’ —> M is a 
differentiable map, then the derivative of f determines a bundle homo- 
morphism Df : 7M‘ —+ TM between the tangent (vector) bundles of 
the given manifolds, which covers f. 


(b) A sequence of bundle homomorphisms 
Bi > E> E", 


where E’, E, and E” are vector bundles over B, is said to be eract if 
for each b € B the sequence of fibers 


te ea 
Hy *. p,*> By 


is exact. 


(c) If f : BE! — E isa bundle homomorphism that covers f : B! —> B, 
then we define ker( f) = fe’ < EB’ | f(e’) = 0} and im(f) = {F(e’) | ee 
E’}. In general, the restricted maps ker(f) —+ B’ and im(f) —+ B 
are not vector bundles (they are not locally trivial). 


8.1.12 EXERCISE. Prove that if f: E' —+ FE isa bundle epimorphism that 
covers f : B‘ —+ B, then ker(f) —> B’ is a vector bundle. 


8.1.13 EXERCISE. Let p: EB —+ B and p': EB’ —> B be vector bundles over 
the same base space B. If y: EB —+ E’ is a vector bundle isomorphism (see 
8.1.9), prove that y is a homeomorphism. Hence y is an isomorphism in the 
category of vector bundles. (Hint: Use the fact that the self map a a7! is 
continuous as a map from GL,,(C) to itself.) 
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8.1.14 EXERCISE. Prove that if f: E —+ E' is a vector bundle morphism, 
then E & f*E", provided that f : B —+ B’ satisfies fop =p'o f. (Hint: 
Apply the previous exercise to F and f*E’.) 


By carefully applying to vector bundles the corresponding results for vec- 
tor spaces we get the next proposition. 


8.1.15 Proposition. Let E, E', and E" be (the total spaces of) three vector 
bundles. We have the following natural isomorphisms of vector bundles: 


(a) FOE SE OE. 

(b) (FOE) @B" 2 EO(E OE". 

(c) EOE SE OE. 

(d) (F@E)@E SEE OE". 

(e:) E@(B' GE) S(E@E)G(ESE"). 

(f) Hom (£,E) = EX @ E'. 

(2) AMB@B)® Dajaa(\' E @ NE). qo 
8.1.16 EXERCISE. Suppose that p : & —+ B is a vector bundle defined 


by a cocycle {guy | U,V < U}, where U/ is an open cover of B, and that 
f : B' — Bis acontinuous map. Show that 


g' p-tuy-ty = gov fF) FV) : f-'() 9 FV) — GL, (R) 


defines a cocycle for the open cover {f-!U | U € U} of B! induced by 
f. Moreover, prove that the vector bundle determined by this new cocycle 
is canonically isomorphic to the vector bundle induced by f, namely p! : 
fE— B'. 


8.1.17 EXERCISE. Consider the trivial bundle B x R” —> B, which we 
shall denote by €” (just as in the complex case). Find a minimal cocycle that 
determines &”. (A cocycle is minimal if no proper subfamily of elements of 
it is a cocycle.) 


8.1.18 EXERCISE. Using Exercise 8.1.16 prove again the assertions of Exer- 
cise 4.3.10, namely that the induced bundle is a functor. 
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8.1.19 EXERCISE. Prove the following implications: 


(a) Ey © Ey and E| © ELSE, @ EL YE) @ EI. 

(b) By © Ey and BE} © EB) > B,@ EL © By@ Eb. 

(c) EB, 2 By > ETS Eh. 

(d) EB, © E, and BY & Ef = Hom (£;, Ei) = Hom (£2, £4). 


(ec) 2s NE, = AE. 


To finish this section on general matters concerning vector bundles, we 
shall now introduce a concept that will be quite useful in Chapter 11. 


8.1.20 DEFINITION. Given a vector bundle p : FE —> B we say that a 
continuous family of scalar products (—,—). : p7'(x) x p7l(z) —> R for 
« € B, that is, a continuous map 


pi ExpE={(e,e)eE x E' | ple)=ple)} SR 


whose restriction (e,e’) = p(e,e'), e, e’ < p(x), determines ascalar product, 
is a Riemannian metric on the bundle. In the complex case, if (—,—), : 
p-'(x) x p- (x) —> C is a Hermitian product, then it is called a Hermitian 
metric 


8.1.21 NoTE. Strictly speaking, a Riemannian (Hermitian) metric of a vec- 
tor bundle p: EF —+ B is asection s: B —> (E @ E)* (see 8.3.10) of the 
bundle (EF @ E)* —+ B such that s(z) is a scalar (Hermitian) product on 
the vector space p~!(x) for every 2 € B. 


8.1.22 Theorem. Let B be paracompact. Then every vector bundle p : 
E —+ B admits a Riemannian metric. 


Proof: Suppose that p : EF —+ B is a vector bundle over a paracompact 
space B. If {U,} is an open cover of B that trivilizes p, so that we have y) : 
E|Uy —s Ux R® for every 4, then we can use the usual scalar product in R” 
in order to define a scalar product in each fiber. Namely, for each x € Uy, let 
(=,—)xye 1 p7(a) x p7l(x) —> R be defined by (u,v) x2 = (Yre(u), Pr2(v)), 
where ~,. = y|p7'(x) and (—,—) represents the usual scalar product in 
R”. 
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Since B is paracompact, there exists a partition of unity {4} subordinate 
to the cover {U,} (see Basic Concepts and Notation). Then we define 


pu, 0) = (u,v) = (u,0)2 = 3° pala) (U2) 2. 
nN 
This clearly defines a Riemannian metric on p: EF —> B. Oo 


8.1.23 Proposition. Letp: EF —+ B be a vector bundle over a paracompact 
space B, and let E, C E be a subbundle. Then there exists a subbundle 
Ey C E such that E = E, ® Ey. The bundle Fy is called the orthogonal 
complement of E, in E and is denoted by Ej. 


Proof: Let (—,—) be a Riemannian metric on the bundle p: EF —> B. We 
then define E, = {e € E | (e,e') = O fore’ € E; and p(e’) = p(e)}. It 
is straightforward to show that E, actually is a subbundle of — and that 
B= E,@ Ey. ia 


We have the following consequence of 8.1.23. 


8.1.24 Corollary. Suppose that 


0— B'—_ 56 —_*_+ 8" 0 


is a short exact sequence of vector bundles over a paracompact space B. Then 
the sequence splits. In particular, we have 


EZE'@E". 


Proof: Let E, C E be the isomorphic image of E’ under 7. Then take EF, to 
be the orthogonal complement of F; as in 8.1.23. Then g|E2: Ey —> BE" is 
an isomorphism whose inverse composed with the inclusion into &, namely 
j: BE" = Ey @ E, determines the splitting of the exact sequence. Oo 


8.1.25 EXERCISE. Prove that every complex vector bundle p : EF —> B 
over a paracompact space B admits a Hermitian metric; that is, a family of 
Hermitian products on each fiber p~'(x) that depend continuously on a € B. 
(Hint: See the proof of 8.1.22.) 


8.1.26 EXERCISE. Formulate and prove Proposition 8.1.23 and Corollary 
8.1.24 in the complex case. 
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8.2 PROJECTIONS AND VECTOR BUNDLES 


Let us suppose that V is a finite-dimensional vector space over R (respec- 
tively, C), and let us consider the space of all linear homomorphisms of V to 
itself, namely Hom (V,V). 

Letting n denote the dimension of V, we endow Hom(V,V) with the 


opology of R” (respectively, Cc”) by means of the canonical bijection V & 
R” (respectively, V = C”), which is an isomorphism of vector spaces. 


8.2.1 DEFINITION. An element * € Hom(V,V) is called a projection if it 
is idempotent, that is, if 2 = a. We let Pr(V) denote the subspace of 
Hom (V,V) of all the projections. 


For any topological space B, let us consider the function space 
M(B,Pr{V)) 


of continuous maps from B to Pr(V). To each y € M(B,Pr(V)) we can 
associate a subspace E, C B x V defined as 


(8.2.2) E, = {(z,v) € Bx V | p(a)v = v}. 


Also define p : EF, —> B to be the restriction of Bx V —- B, the projection 
onto B, to the subspace Ey. 


8.2.3 Proposition and DEFINITION. The map p: E., —+ B is locally triv- 
tal and so is a vector bundle. This bundle is called the vector bundle associ- 
ated to ; it is a subbundle of the trivial bundle projp : B x V —+ B 


In order to prove this we shall first prepare ourselves with a few remarks 
and a lemma. 


8.2.4 NoTE. It is well known that any topology on a real (or complex) finite- 
dimensional vector space for which vector addition and scalar multiplication 
are continuous is precisely the ordinary topology (see [65], for example). On 
the space Hom (V,V) we introduce the topology induced by the norm || - || : 
Hom (V,V) —+ R* defined by |a|| = max{ja(v)| |v eV and |x| = 1}, 
where | -|: VY —+ Rt is any norm on V. 


Although the norm || - || itself depends on the choice of the norm |-| on V, 
the resulting topology on Hom (V,V) given by ||- || is always the same, since 
Hom (V, V) is (linearly) homeomorphic to R”™ for any choice of the norm on 
V, where dim V = n. 
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8.2.5 Lemma. Suppose that V is a finite-dimensional vector space and that 
p,o € Pr(V) are projections with ranges R = p(V) and S = of{V). If 
le—o|| <1, then 

p:S—oR 


ts an isomorphism. 


Proof: Put a= p—o. Then we claim that 1+ a is invertible, where 1 denotes 
the identity map of V. And this is because if there were a nonzero vector 
v € V satisfying (1 + a)v = 0, then we would have (1 + a)u/|v| = 0 and 
therefore a(v/|v|) = —v/|v|, which would contradict |la|| < 1. 


Now note that we have 
(1+ ajo =(1+p-—o0)o=0+p0-—0 = p0. 


Consequently, we have (1 + a)|S = p|S, which implies that p|S : 9 —> R is 
a monomorphism, and so dim S < dim R. 


Similarly, we can prove that dim R < dim S, and so we get the desired 
conclusion. Oo 


Proof of 8.2.3: The set U = y-'{y € Pr(V) | ||y — ¢(8)|| < 1} is an open 
neighborhood of b for any b € B. The mapsp: Ux V —+ Ux V and 
o:UxV —+UxYV defined by p(x, v) = (x, y(b)v) and o(2, v) = (x, p(2)v) 
are continuous, where zr ¢ U andve VY. 


Keeping fixed x, p, and o we see that the hypotheses of Lemma 8.2.5 are 
satisfied on each fiber, that implies that p induces a homeomorphism 


B:p"U 3 U x (~)V) 


that is linear on each fiber, because p—!(x) = yp(x)V for x € U. Clearly, the 
inverse of this homeomorphism is the restriction to U x (y(b)V) of (1+ p(x) — 
(b))-!, which depends continuously on x € U, since the map Iso(V,V) —> 
Iso(V,V) that sends each isomorphism on V to its inverse is continuous. 0 


8.2.6 EXAMPLES. 


(i) The constant function « : B —+ Pr(V) defined by K(x) = ly for all 
x € B has as its associated vector bundle the trivial bundle B x V —> 
B. 


(ii) The function 7 : S*-! —+ Pr(R”) defined by r(x)v = v — (2, v)x for 
zx €$"~! and v € R” has an associated vector bundle T(S"-!) —> 8-1, 
which is called the tangent bundle and is a bundle of dimension n — 1. 
(Here (—,—) denotes the usual scalar product on R”.) 
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(iii) The 
whe 
He 


function y : CP” —+ Pr(C*+") defined by y([z])uv = (v, z)z/(z,z), 
re z,v € C"t! with z 4 0, determines an associated vector bundle 
— > CP”, which is known as the dual of the Hopf bundle, and is 


a bundle of (complex) dimension one. (Now (—,—) denotes the usual 
Hermitian product on C”*+!.) By definition the Hopf bundle H —+ CP” 
is the dual of H* —> CP”. 


(iv) For 


he real projective space RP” we have a situation similar to that of 


part (iii), and so we get in the same way a bundle of (real) dimension 


one 


(v) Int 


over the base space RP”. 


he case n = 1 of part (iv) we have RP! = S!. A specific choice of 


homeomorphism 


Ss! — RP! 


is given by (cos@,sin@) ++ [(cos(@/2),sin(@/2))], where —t < @ <4 


(an 


the square brackets denote the equivalence class in RP! of an 


element in S! after identifying antipodes). The associated bundle 
M — > RP’ is the Moebius bundle. If we set RP’ equal to S!, then 


the 


fiber of the Moebius bundle over the point (costa, sin 7) is the line 


in R® generated by (/1 — # costa, /1— # sintm,t), where—1<t <1, 


and 


M CS! x R$ (see Figure 8.1). 


ae ee 
| 
o 2 


Figure 8.1 


8.2.7 EXERCISE. 


(a) Ina 
the 


similar manner to the treatment in 8.2.6(ii) give a description of 
normal bundle N(S’-!) —+ Sv! and prove that it is a trivial 


bundle of dimension one. 


(b) Prove that T(S"-!) @ N(S*-!) —> S-1 is a trivial bundle. 
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8.2.8 EXERCISE. Write out in detail Example 8.2.6(iv). 


8.2.9 REMARK. It is illuminating to consider a vector bundle over B as a 
continuous family of vector spaces parametrized by a point in B. In this 
context the map y: B —+ Pr(V) determines such a family by means of the 
map b+ y(b)\(V) CV. 


8.2.10 Proposition. Suppose that p: E —>+ B is the associated bundle 
of p € M(B,Pr(V)), where B is a topological space and V is a finite- 
dimensional vector space. Let f# : M(B,Pr(V)) —+ M(B’,Pr(V)) be the 
map induced by a map f : B! —+ B, where B' is also a topological space. 
Then the vector bundle associated to f*(p) € M(B',Pr(V)) is the induced 
bundle q: f*E —+ B' (see 4.3.9). 


Proof: The induced bundle is ftE = {(b/,e) € B'x E| ple) = f(b)}, and 
the bundle associated to f*(y) is E’ = {(b',v) € B'x V | pflbju = v}. 


A vector bundle isomorphism 


E! 


a 


is given by (b',v) 6 (8, (f(0),v)) € Bx EC B’x Bx V for (b',v) € EB. 


So we have a bundle morphism 


pi top 


Ea 


Baar B. 


defined by f(b/,v) = (F(b'),v) for (8/,v) € E’. o 


8.3 GRASSMANN MANIFOLDS AND 
UNIVERSAL BUNDLES 


Grassmann manifolds, which we shall introduce in this section, allow us to 
classify bundles. These topological spaces (as well as the Stiefel manifolds, 
which we also shall construct here) have the structure of CW-complexes 
and even the structure of differentiable manifolds. Using the Grassmann 
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manifolds as base spaces, we shall construct vector bundles for every natural 
number &, which we call universal k-bundles. These universal bundles have 
the property that any k-vector bundle can be expressed as a bundle induced 
from the universal bundle by means of an appropriate continuous map. 


8.3.1 DEFINITION. Suppose that V is a real (or complex) vector space. We 
define G,(V) = {W C V | W isa linear subspace and dim W = k}, where 
dim W is the real (or complex) dimension of W. Let us define Mon(R*, V) 
to be the subset of Hom(R*,V) consisting of the monomorphisms, and let 
us equip it with the relative topology. Then we have a surjective map 


q: Mon(R*,V) —> G,(V) 


defined by a ++ a(R*). Now we give G,(V) the quotient topology. We 
call G;,(V) the real (or complex) Grassmann manifold of k-planes in V. The 
Grassmann manifold of k-planes in R” (respectively, C”) denoted by G,(R”) 
(respectively, G,(C”)) will be of special interest to us in what follows. 


In our discussion here we shall focus specifically on the complex case, 
although our results are in general true also in the real case. 


Given y € GL;(C) and a € Mon(C*,C"), we then have that g(a) = 
g(a oy), where g was defined above. Moreover, if g(a) = g(f) for a,f8 € 
Mon(C*,C”), then using any basis {21,--- ,v,} of a(C*) = B(C*) we define 
yy € GL; (C) by 7(87'v;) = a7!v;. This then implies that 8 = a oy. Thus 
we have the next result. 

8.3.2 Proposition. The map 
Mon(C*,C”) x GL,(C) —+ Mon(C*, C”) 
given by (a,y) 4 ao7 is a group action, and the orbit space 
Mon(C*,C”)/GL,(C), 
obtained by identifying a with ao for a € Mon(C*,C”) and y € GL, (C), 
is homeomorphic to G,(C”). im 


8.3.3 DEFINITION. There exists a canonical map 
GAC")  PrC’), 


which is defined by sending a subspace W C C” of dimension k to the 
orthogonal projection C” —>+ W Cc C”. The associated vector bundle 
E,(C”) —> G,(C”) is called the n-universal k-vector bundle. 
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8.3.4 DEFINITION. Let us define 
Vz (C”) = {(v1,..., 0%) EC” X ++ xX C* | (vj, 0;)= 5}, 


where (—,—) is the standard Hermitian product on C” and 6;; is the Kro- 
necker symbol. Then V,(C”), equipped with the subspace topology coming 
from C"*, is the (complex) Stiefel manifold of orthonormal k-frames in C”. 
We also define an equivalence relation in V,(C”) x C* by ((v1,..., un) A, w) ~ 
((%,..., 0%), Aw), where A is an element of U;, the (topological) group of 
(complex) unitary k x k matrices, and where (v,...,v;)A is the k-frame we 
get by considering (v1,...,v,) as a 1 x k matrix and taking its product with 
the matrix A. 


From Definition 8.3.3 it immediately follows that E,(C”) = {(W,w) € 
G,(C”) x C” | we W}. 


8.3.5 EXERCISE. Show that there is a homeomorphism 
h: Vi(C*) x Ch/~ —s E,(C”) 


such that the diagram 


Yi(C*) x CH «4+ + (C9) 
ee Ye 
G.(C”) 
commutes, where p’[(v1,...,v,), w] is defined to be the subspace of C” gener- 


ated by {v1,...,v%} and where p is the universal bundle defined in Definition 
8.3.3. 


From this exercise we obtain another description of the n-universal k- 
vector bundle. Moreover, we have V,(C”) C Mon(C*,C”), and then the 
action of GL,,(C) on the second term restricts to an action of Uj, on the first 
term, so that V,(C”)/U, « Mon(C*,C”)/GL;(C). 


Suppose that we have a map y : B —+ Pr(C”) where B is connected 
and let p: # —> B be its associated vector bundle. The function B —> Z 
defined by b ++ dime(y(b)C”) is continuous and therefore constant, say with 
value k. We also have a map 


(8.3.6) f:B—=3G,(C") 


defined by f(b) = y(b)C” for b < B. 
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The name “n-universal k-vector bundle” for the bundle 
E,(C”) —> G,(C”) 


is justified by the next proposition. 


8.3.7 Proposition. With the notation established above, we have 


EX frE,(C’). 


Proof: Directly from the definitions, we have that E,(C") = {(W,w) € 
G.(C”) x C” | w € Wh} and that EB = {(b,w) € Bx C” | w € y(b)C*}. 


The isomorphism asserted to exist in the proposition, namely 
fi E— fE(C’), 
is then defined for (b, w) € E by 


Fb, w) = (b, (v()C",w)) € FEC") C BX E,(C’). ij 


Notice that the canonical inclusion C”  C"+! induces a map 


i: G,(C”) — G,(C™?). 


8.3.8 EXERCISE. Prove that E,(C”) © i*E,(C”*!), where ¢ is the map we 
just defined. 


8.3.9 DEFINITION. The colimit (or direct limit) of the sequence 
G,(C") G G, (C1) G .-- 


is the union of these sets with the weak topology. We usually denote this by 
BU,, which simply can be described as the space of k-planes in C®. (Recall 
that C°° can be considered as the colimit of C? G C”t! G ...; see Basic 
Concepts and Notation presented at the beginning of the book). There is a 
bundle over BU, given by E,(C) & V,(C%) x C*/ ~, where V,(C°) is the 
manifold of k-frames, say (v1,...,v%), in C° and the equivalence relation ~ 
is as before. The bundle E,(C*°) —+ BU, clearly has the property that, 


E,(C") = j*E(C%) for 7: G(C”) G BUs. 
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8.3.10 DEFINITION. Given a vector bundle p: E —+ B, a section is a map 
s: B —+ E such that pos = idg. Given sections s,t : B —> E we can 
define a new section 

s+t:B—GE 


by (s + t)(b) = s(b) + t(b) for each b € B, where the sum on the right-hand 
side in the fiber p~'(d) is given by any isomorphism (since they all give the 
same vector space structure to the fiber) p~1(b) C p-'U =U x V —> V for 
any neighborhood U of b over which F is trivial. Similarly, given a section 
s: B —+ EF and ascalar \ € C, we can define a new section As: B —> E. 


Therefore, [(#) = {s: B —+ E | po s= ids} is a vector space, which is 
called the space of sections of the vector bundle p: F —> B. 


8.3.11 EXERCISE. Prove that if B is compact, then there exists a finite- 
dimensional subspace W C I'(Z) such that the map B x W —> E defined 
by (0,8) + s(b) for (b,s) € B x W is surjective. (Hint: There is a finite 
open cover {U;,...,U;} of B such that p-'U; =U; x C* fori =1,...,1. Let 
3,3: U; —> plU; for j =1,...,k be sections such that {s;;(u),..., s;4(u)} 
is a basis of p-!(u) & C* for every u < U;. If {m,...,m} is a partition of 
unity subordinate to the cover, then the finite set {3;; | 3;;(%) = n;(x)s<;(x) 
for x € U;,3(2) = 0 ife ¢ U; fort = 1,...,l and j = 1,...,k} C T(2) 
generates a subspace W with the desired property.) 


8.3.12 REMARK. If B is paracompact, then the statement of this exercise 
and its proof are still true for vector bundles p : E —+ B of finzte type, that 
is, for those that have a finite open cover of B with trivializations over each 
open set in the cover. This remark follows directly from the hint given above. 


8.3.13 Corollary. Take B paracompact and let p: E —+ B be a bundle of 
finite type. (This holds, for instance, if B is compact.) Then there exists a 
finite-dimensional vector space W and a map y: B —+ Pr(W) such that the 
associated vector bundle Ey is isomorphic to E. 


Proof: Choose W C T'(E) such that @: B x W —+ E, defined by ®(b, w) = 
w(b) for (b,w) € B x W, is surjective. Next define y : B —> Pr(W) by 
letting p(b) for b € B be the orthogonal projection onto ker(@;)+ = {w € 
W | (w,v) = 0V»v satisfying ®(b,v) = 0}, where (—,—) is some Hermitian 
product on W. Oo 


8.3.14 NoTE. In fact, just as in 8.3.7, if we put n = dim W, then the map 
f : B —+ G,(C") defined by f(b) = ker(,)+ is a continuous map that 
satisfies f*E,(C”) = E. 
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For B paracompact, let us define K;,(B) = {[E] | p: EB —> B is a vector 
bundle of finite type and dimension k}, where [-] denotes the isomorphism 
class of a vector bundle over B. Then we have the next result. 


8.3.15 Proposition. Let B be paracompact. Then the function 
M(B,BU,) — K,(B) 


that sends f : B —+ BU, to [ftE,(C®)] € K,(B) ts surjective. 


Proof: Let an arbitrary isomorphism class in K,(B) be represented by a 
bundle p : & —+ B of finite type. Using 8.3.14 there exists f; : B —> 
G,(C”) such that ffB,(C") = EB. Then f=jofi: B G,(C”) — BU, 
is an element in M(B,BU,) that maps to the isomorphism class of p, as 
desired. oO 


8.3.16 EXERCISE. Prove that there is a homeomorphism Pr(C™) #G(C™) = 
Us, Ge(C”). Also establish the relation between the previous proposition and 
Corollary 8.3.13. (Hint: The map (7 : C” —+ C™) + 2(C™) defines the 
homeomorphism.) 


8.4 CLASSIFICATION OF VECTOR BUNDLES OF 
FINITE TYPE 


We have proved that every k-vector bundle of finite type over paracompact B 
is induced by means of a map f : B —+ BU,. We shall show in what follows 
that the mapping that assigns the bundle f*E,(C°) to each f : B —> BU, 
gives a classification of the isomorphism classes of vector bundles over B. 


First. we shall examine the relationship between bundles induced by two 
homotopic maps. And in order to do that we shall use three preliminary 
results, which are special cases of 4.6.1, 4.6.2, and 4.6.3. 


8.4.1 Lemma. Suppose that p: E —+ Bx I is a vector bundle whose 
restrictions to B x [0,a] and to B x {a,1] are trivial for some a € I. Then 
p: EB —+Bx I itself ts a trivial bundle. a 


8.4.2 Lemma. Let p: FE —> Bx I be a vector bundie. Then there exists 
an open cover {U} of B such that p-\(U x I) —+ U x I is trivial for every 
U in the cover. oO 
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8.4.3 Proposition. Let p : E —>+ Bx I be a vector bundle, where B is 
a paracompact space. Letr: Bx I —>+ Bx I be the retraction defined by 
r(b,t) = (b, 1) for (b,t) € Bx I. Then there exists a bundle morphism 


E—1—E 


Therefore, BE =r*k. Oo 
From the previous results, as in 4.6.4, we have the following consequence. 


8.4.4 Theorem. Let p': E' —+ B' be a vector bundle and B a paracompact 
space, and suppose that we have two homotopic maps f,g: B —+ B'. Then 
we have a bundle isomorphism f*E' & g*E'. im 


8.4.5 Corollary. Let B be paracompact. Then we have a natural surjective 
function 


[B, BU,] —> K,(B) 
defined by [f] > [f*Ex(C)]. o 


8.4.6 Corollary. Let B, B’ be paracompact. If h : B' —+ B is a homotopy 
equivalence, then the function h* : K,(B) —+ K,(B’) defined by [E] + [h*E] 
is bijective. 


Proof: If h': B —+ B’ is a homotopy inverse for h, then ho h! ~ idg, and 
therefore h'*h*[E] = [E] holds. Similarly, we have h*h"*[E"] = [E’]. Oo 


We shall now show that for B compact the function in 8.4.5 is injective. 
And to do that we shall need the next lemma. 


8.4.7 Lemma. Let p: E —+ B be a k-dimensional vector bundle. Then for 
each m we have a bijective correspondence between maps f : B —> G,(C™) 
such that f*(E,(C”)) = E and epimorphisms of bundles yp: B x C™ —> E, 
that is, bundle homomorphisms ip covering idg, such that for everyb € B the 
restriction over b of yp, namely p, : C™ —+ p7\(b), is a linear epimorphism. 
In a diagram, 


Bxc™ £ 


eae 


B. 


E 
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Proof: First let py : B x C™ —+ E be an epimorphism. Then we define 
f:B—+G,(C”) by f(b) = ker(y, : C™ —> p7!(b))+ for b € B. It is then 
easy to prove that f*(E,(C™)) = BE. 


If we now start with f : B —> G,(C™), such that we have an isomorphism 
f"(Ex(C”)) = (0, W,w) € Bx G(C”) x C™ | f(b) = W and we W}E, 
then it suffices to associate to f an epimorphism y : Bx C™ —>+ f*(E,(C™)). 
So we define yp(d, v) = (0, f(b), proj y)(v)) for (b,v) € Bx C”, where proj ys) : 
C™ —+ f(b) is the orthogonal projection onto the subpace f(b) of C™. 


It is a straightforward exercise to prove that these assignments are well 
defined and are inverses of each other. ia 


8.4.8 Theorem. Let B be compact. The function 
[B, BU;] — K,(B) 


is a natural bijection, which by definition sends a class |f| of amap f : B — 
BU, to the vector bundle f*E,(C) — B . 


Proof: By what we have shown above, it is enough to prove that [B, BU,] — 
Ky(B) is injective. So suppose that we are given [f],{g] < [B, BU;] such that 
ftE,(C”) = g*E,(C”). Since B is compact, any class [f] < [B, BU;] has a 
representative f : B —+ G,(C™) for some integer m. So we can assume that 
the classes [f],[g] are represented by maps f : B —+ G,(C™) and g: B —> 
G,(C") for some integers m and n. Choose E € [f*E,(C™)] = [g*Ex(C”)] 
and suppose that f and g correspond to epimorphisms 


y:BxC"™—+E and ¥:BxC* SE, 


as in Lemma 8.4.7. Now fort € J let us define y%: B x C™ x C” —> E by 
y(b,u,v) = (1 — t)p(d, u) + tb, v), where (b,u,v) © Bx C™ x C”. This 
also is an epimorphism for every t € I. Let hi : B —> G,(C™*”) be the 
map that corresponds to y% according to Note 8.3.14. Next, let tm4nm * 
G,(C™) G G,(C™™) be induced by C™ — C™™ and, respectively, let 
tmtnn 1 Ga(C”) G G,(C™™) be induced by C? + C™™, where the vector 
space inclusions are into the first m, respectively first n, coordinates. Then 
we have that 


ho=tminmef and hi =Toiminng, 
where T : G,(C™™) —> G,(C™*™”) is induced by the map 


cmin _, min 
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defined by 
(21,66 Say atts s+) Zntm) OP (Sapty- s+ s2agms Zly000 9 hn) s 


which is homotopic to the identity by a homotopy that passes all the way 
through isomorphisms. And therefore it follows that T ~ idg,(em+e). So we 
obtain that tminm Of Y tmtnn J: 


Now let us consider the diagram 


Sten 


Gi(C™”) "5 BU, 


G,(C") 


where the maps ?,, and 2, exist by the definition of colimit, because BU, = 


a 


colim, G;,(C”). Moreover, these maps satisfy tn, = tm4ntmpnmstn = tmpn 
bmtnns a8 the diagram indicates. Therefore we conclude that 2,0 f = tm4n° 
bmtnym © f 2 tran? imtan 0G = Ing. 

From these considerations we have that the maps f and g represent the 
same element in [B, BU;], which is just what we wanted to show. oO 


Let us note that over a compact space every vector bundle is of finite 
type. So the previous theorem gives us a classification of all vector bundles 
over any compact space. 


n fact, using our results about bundles over paracompact spaces, we can 
also classify all bundles over that class of spaces, which includes all CW- 
complexes (cf. [59]). 


However, we shall achieve this extension of Theorem 8.4.7 in the next 
section by using Gauss maps instead of projections, since this allows us to 
present another (dual) point of view for classifying bundles. 


8.5 CLASSIFICATION OF VECTOR BUNDLES OVER 
PARACOMPACT SPACES 


The hypothesis of paracompactness of the base space of a vector bundle 
is satisfied by very important classes of spaces, such as CW-complexes and 


metric spaces. It shall replace the condition used before that the bundle be of 
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finite type. In this section we shall classify vector bundles over paracompact 
spaces. 


8.5.1 DEFINITION. Given a space B we denote by Vect,(B) the isomorphism 
classes of complex vector bundles of dimension k over B. 


As we have mentioned before, if B is compact, then we have Vect;,(B) = 
K,(B). 


8.5.2 DEFINITION. Let p: EB —+ B be a vector bundle of dimension k. A 
map g: FE —+ C™, where k <m <, is called a Gauss map if g restricted 
to each fiber is a (linear) monomorphism of vector spaces. 


8.5.3 NOTE. Given a Gauss map g: # —> C” of a vector bundle p: # —> 
B, there is an induced bundle homomorphism 


G:E—+BxC™ 


covering the identity map idg such that G(e) = (p(e),g(e)), which is, in 
fact, a monomorphism. Conversely, given a vector bundle monomorphism 
G: FE — Bx C”, then g = projen 0G: E —+ C™ is a Gauss map. 
Therefore, a Gauss map for a vector bundle p : # —+ B might also be 
considered as a bundle monomorphism G : # —+ e” covering idg, where e” 
is the trivial bundle of dimension m over B. 


8.5.4 Proposition. Let p : E —> B be a k-vector bundle. Then there 
exists a Gauss map g: E —+ C” of and only if there exists a map f : B — 
G,(C™) such that ft(E,(C™)) = E. The map f is called a classifying map. 


Proof: First let g : EH —+ C™ be a Gauss map. We shall define a bundle 
morphism 


pb—+E,(C”) 


Tf, 


B => GAC") 


in the following discussion. We define the map f of the base spaces in terms 
of the given map g by f(b) = g(p-'(b)) € G,(C™) for b € B. In order to 
prove that f is continuous it is enough to prove that f|U. is continuous for 
each a € A, where {U.}.<q is an open cover of B for which p~!(U,) is trivial 
for each a € A. 
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Recall that G,(C™) has the quotient topology induced by the map p : 
V.(C™) —> G,(C™), where V,(C™) is the Stiefel manifold of k-frames in 
C™ (see 8.3.4) and where p sends a k-frame to the subspace it generates. 
For each a € A choose a trivialization y, : U, x C* —> p!U,. Also, let 
{v,,..., vg} be a basis of C*. Ifb € Uz, then {gya(b, v1),-.., 9Palb, r)} is a 
basis of f(b), and so f|U. = po F,, where we define F., : B —> V,(C™) by 
F,,(b) = (g~a(b, 1), -.., ¥Pa(b, v4)) for b € B. Since F, is clearly continuous, 
it follows that f|U, is also continuous. 


Next we define the map f of the total spaces by 


Fle) = (fete), 9(e)) 
for e € FE. This map is also manifestly continuous. 


We leave it to the reader to verify that fis a bundle morphism. According 
to Exercise 8.1.14 this is equivalent to saying that f*(E,(C™)) = BE. 


Conversely, suppose that we have a bundle morphism 


E—+§,(C”) 


an gs 


Baa G,(C™). 


Now we always have a map q : E,(C”) —> C” defined by q(V,v) = v for 
(V,v) € Ex(C™) C G,(C”) x C™. If we then define g = go f, it is easy to 
check that g is a Gauss map (see Remark 8.5.3). o 


8.5.5 REMARK. Given a Gauss map G : # —+ C™ and its induced bundle 
monomorphism G : EF —+ B x C™, m < co, then G(E) C B x C™ is 
a subbundle that is isomorphic to #. There is a bundle epimorphism y : 
Bx C™ —-+ E given by taking fiberwise the orthogonal projection (with 
respect to the usual Hermitian product on C™) B x C™ —+ G(E) and then 
composing with the isomorphism G~!: G(2) —> E. 


8.5.6 EXERCISE. Prove that the map f : B —+ G,(C™) associated to the 
y of the previous remark according to 8.4.7 is the same as the one associated 
to g according to Proposition 8.5.4. 


8.5.7 EXERCISE. Prove that there is a one-to-one correspondence between 
Gauss maps g : FE —> C™ and maps y : B —+ Pr(C™) such that E,, = E 
(see 8.2.1). 
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8.5.8 EXERCISE. Let p: EH —> B be a complex k-vector bundle. 


(a) Prove that the construction in the proof of 8.5.4 establishes a bijection 
between the set of bundle morphisms 


p+E(C”) 


ae 


B—>G,(C”) 


and the set of Gauss maps g: # —> C™. 


(b) Prove that if G: BE x J —+ C” is a homotopy such that G,: 2 —> C™ 
is a Gauss map for every t € I, where we define Gi(e) = G(t,e) for 
e € E, then we can use the above construction in order to obtain a 
bundle morphism 


ExI—+E(C”) 


“|| 


Bx I =G(C") 


with the following property. If f, : B —> G,(C™) for vy = 0,1 are the 
functions associated to G, for y = 0,1, then F is a homotopy between 


fo and fi. 


In order to prove that every bundle over a paracompact space has a Gauss 
map we shall have the next important lemma, which is a special case of 4.6.12. 


8.5.9 Lemma. Let p: E —+ B be a vector bundle over a paracompact space 
B. Then there exists a countable open cover of B, say {W,,} with n > 1, 
such that pW, ts trivial for alln > 1. 


Proof: Let {Ua}acx be an open cover of B such that p-!(U,) —> Uz is 
trivial for all a € A. Since B is paracompact, there exists a partition of 
unity {7a }«ea subordinate to {Uz}aca. For each b € B let us define $(b) to 
be the finite set of those a € A that satisfy 7.(b) > 0. Also, for each finite 
subset SC A, let us define W(S) = {b € B | n.(b) > ng(b) whenever a € 9 
and 6 ¢ S}. 

We claim that W(S) is open in B. In fact, Bag = {b € B | nab) > na(b)} 
is open, since Bag = (ja. — ng)~!(0, 1]. Now for any given bo € W(S) there 
exists a neighborhood V(bp) of bo such that only 76,,%6.,-..,78,, Bi € S, 
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are different from zero in V(bo) for some finite integer r. We put N = 
Daes( Baye: Boye. V--+O Ba,g,), which is open, being a finite intersection 
of open sets. We then have bp € N 9 V(bp) C W(S), and therefore W(S) is 
open. 


If S and S’ are two distinct subsets of A each having m elements, then 
W(S)NW(S") = 0. This is so, since there exists a € S such that a ¢ S’ and 
there exists 8 € S" such that 6 ¢ S, and therefore b € W(S)M W(8") would 
imply 7.(b) > ne(b) and ng(b) > no(b), a patent contradiction. 


Now we define W,, = J{W(S(b)) | |S(b)| = n} for every integer n, where 
here | | denotes the cardinality of a set. 


If a € S(b), then W(S(b)) C nZ'(0, 1] C Uz, and therefore we have that 
p-'W(S(b)) —s W(S(b)) is trivial. Since for each n the open set W,, is a 
disjoint union of sets of the form W(S(b)), it follows that p-'W,, — W,, is 
also trivial. ia 


8.5.10 NoTE. From the proof it is clear that any vector bundle p : B —> 
B is a bundle of finite type whenever B is also finite-dimensional and the 
dimensions of the fibers are bounded. This is because each b € B belongs to 
at most m subsets U,, and so we have that W; = @ for i > m. Therefore, 
there exists a finite open cover {W;} for? = 1,...,msuch that pW; —> W; 
is trivial. And this proves the claim. 


8.5.11 Proposition. Every vector bundle over a paracompact space has a 
Gauss map. 


Proof: Let p: E —+ B be a k-vector bundle. Using Lemma 8.5.9 and 
the hypothesis that B is paracompact, there exists a countable open cover 
{W,}°2, of B such that p-'W,, —> W,, is trivial for each n > 1. Choose 
a trivialization hn : p-'W, —> W, x C* for each n > 1. Next let {7n}°2, 
be a partition of unity subordinate to {W,,}°2,. For each n > 1, we define 
In: E —> C* by 


_ J[mmp(e)|projhn(e) ife <p7'(Wn), 
one) = fi ife dp (Wn), 


where proj : W,, x C* —+ C* is the projection onto the second factor 
and 7, 0 p(e) is a (real) scalar that multiplies the vector projo h,(e). Us 
ing the properties of a partition of unity we see that each g, is continu- 
ous. Then we can define a function of sets g : EF —+ C® by gfe) = 
(gie), g2(e),..., gn(e),...) for e € E, since for each e € E only a finite 
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number of the values g,,(e) are different from zero. Again by using the prop- 
erties of a partition of unity, we see that g is continuous. And of course, it 
is easy to show that g is the desired Gauss map. ia 


From the previous proof we get the following conclusion in the case of 
bundles of finite type. 


8.5.12 Corollary. Let B be paracompact. Then, every vector bundle p : 
E —+ B of finite type has a Gauss map. Oo 


The following is a generalization of Theorem 8.4.8. 


8.5.13 Theorem. Let B be a paracompact space. Then there exists a nat- 
ural bijection [B, BU,] —> Vect,(B), which sends the homotopy class of 
f : B —+ BU, to the isomorphism class of f*E,(C®). This function is 
called the classifying map. 


Proof: By Theorem 8.4.4 this function is well defined. And then using Propo- 
sitions 8.5.4 and 8.5.11 we deduce that the function is surjective. So it re- 
mains to show that the function is injective. But before doing that we prove 
some auxiliary results. 

First we define Cf? = {(2:) € C® | zo; = 0,2 = 1,2,0,...} and Ce = 
{(2:) € C* | 22441 = 0, t= 0,1,2,...}. Then we clearly have that C° = 
CP @ Cs°. Next we define two homotopies h!, h? : C° x I —+ C® by 


hl ((21, 2, 23,..-),t) = (1 —t)(21, 22, 28,...) + t(21,0, 20,0, 28,...), 


AP ((21,225235+++),t) = (1 —t)(21, 20, 23,--.) + 0(0, 21,0, 20,0, 23,...), 


where (21, 22,23,...) € C® and ¢ € I. These homotopies start with the 
identity and end with maps that we denote by 


Ay:C*®—>CP CC? and At: C*%—>CHCC™. 


The composites hi oq: E,(C°) —+ C® for vy = 1,2 are Gauss maps, where 
q: E,(C*) —> C® is the projection. According to 8.5.8(a), these maps 
induce two bundle morphisms, namely, 


E,(C*) + E,(C*) 
BU, BU,, v=1,2. 


om 
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The composites h” o(g x id) : E,(C°°) x J —+ C® for y = 1,2 are homotopies 
that start with qg, since h’(q x id)(e,0) = h*(q(e),0) = gfe) for e € Ex(C™), 
and end with h{ og. Moreover, the restrictions of these homotopies to the 
slices at each fixed ¢ < J are Gauss maps. Using 8.5.8(b) we then have that 
yy for vy = 1,2 is homotopic to the map induced by gq, which is obviously the 
identity. So we have shown that y, ~ id for y = 1,2. 


We are now ready to show that the function is injective. Suppose that 
we are given f, : B —> BU, = G,(C®) for v = 1,2 satisfying ffE,(C%) & 
FXE,(C°). So to prove injectivity we must show that f; and fy are homo- 
topic. 


Denoting ffE,(C®) by £ and using the above isomorphism, we get two 
bundle morphisms 


E> E,(C™) 


{| 


B> BU, y=1,2. 


Let g, : E —+ C™ for vy = 1,2 be the associated Gauss maps; that is, 
w= 4° fo. 

Consider the composites h{ og, : EF —+ C® for vy = 1,2. These are Gauss 
maps, and according to 8.5.8(a) they induce two bundle morphisms of the 


form 
i > EC) = EC) 
B—,> BU. o> BU, vy=1,2. 


We then define G: E x I —+ C® by G(e,t) = (1 —t)htgile) + thiga(e) 
for (e,t) ¢ E x I. This is a homotopy between h{ og; and h? o gp. Since 
At(C*) M A2(C%) = 0, it follows that G, is a Gauss map for each t € I. 
Therefore, using 8.5.8(b) we have that y10 f; ~ yo 0 fo. But we have already 
seen that y, ~ id for y= 1,2, and so f; ~ fo follows. ia 


8.5.14 NoTE. The previous theorem is still true if instead of assuming that 
B is paracompact, we assume only that the vector bundles that we wish to 
classify have the property that the base space has an open cover with an 


associated subordinate partition of unity so that over each open set of the 
cover we have a trivialization of the bundle (see [24]). These are the so-called 
numerable bundles. 
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To end this chapter we shall present a theorem that relates the concepts 
of bundle of finite type, orthogonal complement, and classifying map. 


8.5.15 Theorem. Let p: E —+ B be a vector bundle of dimension n over 
a paracompact space. Then the following are equivalent: 


(i) The bundle p: E —+ B is of finite type. 


(ii) There exists a map fz : B —+ G,(K™) that classifies E for some 
integer m < co, where K = R or C. 


(iii) There exists a vector bundle p: E —+ B such that E ® E is trivial. 
Proof: (i)=(ii). By Corollary 8.5.12 the bundle p : FE —>+ B has a Gauss 


map, and by Proposition 8.5.4 it has a classifying map into G,,(AK) for some 
m. 


(ii) (iii). Let fz : B —> G,,(K™) be a classifying map. If 
Enn(K™) — G,(K™) 
is the orthogonal complement of the bundle 
En(K™) —> Gal K™) 


given by E,,_,(K™) = {(W,v) © G,(K™) x K™ | v L W}, then we have 
that E,(A) BEm_(K™) © G,(K™) x K™. So putting F = fEE,,n(K™), 
it follows that E 6 E =e”. 


(ii)>(). If E@ ES e™, then the composite 


E—>E@E2BxK™—+K", 


where the last map is the projection onto the second factor, is a Gauss map for 
E. By Proposition 8.5.4, there exists a classifying map f : B —> G,(K™). 
However, the bundle E,,(AK™) —> G,,(K) is of finite type because G,(K™) 
is compact. Letting {V;};<1,...,. be a finite trivializing open cover of G,(K™) 
for this last bundle, it follows that {f~'V;};-1,_, is a finite trivializing open 
cover of B for EF —+ B. Oo 


8.5.16 EXERCISE. Prove that (i), (ii), and (iii) in the previous theorem are 
also equivalent to the following: 


(iv) There exists a Gauss map g : E —+ K™ (or equivalently a vector 
bundle monomorphism G : E —+ Bx K™; see 8.5.3) for somem < co, 
where K = R or C. 
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(v) There exists a bundle epimorphism ® : Bx K™ —> E for somem < oo, 
where K = R or C. 


8.5.17 EXERCISE. Let K = Cor K=R. 


(a) Consider the canonical embedding 
Jim? Gol) —> Grp i(K*?), 
and let 
E,(K™) + G(K™) and Enyi(K*!) — Ga (K™) 
be the corresponding canonical vector bundles. Prove that 
FB (KO) © En(K™) Be", 
where ¢! represents the trivial line bundle. 
(b) Given the canonical embedding 
3: G,(K°) — G, (Kk) 
and the corresponding universal bundles 
E,(K°) —> G,(K™°) and Enyi(K°) — Gayi(K*), 


conclude that 
FEnpi(K°) = En(K°) Bet, 


where ¢! represents again the trivial line bundle. 


The following exercise provides us with an equivalent definition of a vector 
bundle. 


8.5.18 EXERCISE. Prove that a locally trivial bundle p : # —> Bisa 
vector bundle if and only if p~!(x) is a (real or complex) vector space and 
for each trivialization yy : p-'(U) —+ U x F (F =R or C), the restriction 
ue 1 p(x) —+ F is a linear isomorphism, x € U. 
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CHAPTER 9 


K-THEORY 


Based on considerations made in the last chapter, we shall now introduce a 
functor, called the A-functor or K-theory, that has characteristics analogous 
to those of cohomology as was studied in Chapter 7, but with particularly 
useful properties, as we shall see in Chapter 10. The foundation for the 
construction of K-theory is the abelian semigroup Vect(B) of isomorphism 
classes of vector bundles over B. In the course of the chapter we shall give 
various interpretations to K(B), one of these based precisely on the classifi- 
cation results of the previous chapter. Finally, we state the Bott periodicity 
theorem, whose proof is postponed to Appendix B, and analyze some of its 
consequences. 


9.1 GROTHENDIECK CONSTRUCTION 


In this short section we describe a basic construction, known as the Grothen- 
dieck construction. This assigns a group to a semigroup in a universal way 
and generalizes in some sense the construction of the integers from the nat- 
ural numbers as well as the construction of the rationals from the integers. 
This construction allows us to define K-theory from the abelian semigroup 
Vect( B). 


9.1.1 Proposition and DEFINITION. /f A zs any abelian semigroup, we can 
associate to it an abelian group A’, unique up to isomorphism, and a ho- 
momorphism of semigroups a : A —+ A’ such that we have the following 
universal property: 


If G is any abelian group and y : A —+ G is any homomorphism of 
semigroups, then there exists a unique homomorphism of groups 7 : A! —+ G 
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such that this diagram of semigroups commutes: 


ma 


Al! —>G. 
¥ 


The pair (A’,a) is called the Grothendieck construction associated to the 
semigroup A. 


Proof: We define A’ by adding to A the inverses of its elements. This is done 
as follows: We define an equivalence relation in A x A by (a1,b1) ~ (a2,b2) 
if there exists c € A such that a; + bb +e = ap +b; +c. Then we put 
Al = Ax A/-~. If we denote the equivalence class of (a,b) by (a,b), then the 
sum in A’ is defined by (a,b) +(a’,b’) = (at+a’,b+b’). Therefore, the negative 
of (a,b) is (b,a). Since A is abelian, clearly A’ is an abelian group. We define 
a: A—+ A’ by a(a) = (a,0). This construction is due to Grothendieck (see 
[13]). qd 


9.1.2 EXERCISE. (a) Prove that a : A —+ A’ has the desired universal 
property. 
(b) Abusing notation, for any a € A we also use a to denote its image 
a(a) € A’. Clearly, we have (a,b) =a—b€ A’. Prove that a, = a, € A’ 

if and only if there exists a €¢ A such that a4, +}a=a,+aeEA. 


(c) Prove that a : A —+ A’ is injective if and only if the cancellation law 


holds in A. In this case the c in the definition and the a in part (b) 
can be taken to be 0. 


(d) Prove that the property that A’ and a have characterizes them uniquely. 
That is, if A” is another abelian group and a! : A —> A" is a homo- 
morphism of semigroups such that they have the universal property 
described in 9.1.1, that is, such that for any abelian group G and any 
homomorphism of semigroups y : A —> G there exists a unique homo- 
morphism of groups 7: A” —> G that makes the diagram 
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commute, then there exists a (unique) isomorphism of groups y : 
A!’ —+ A" that makes the triangle 


u™ 


@ 


Al 


Al 


commute. 


9.1.3 EXERCISE. Given an abelian semigroup A, prove that the following 
abelian group A” and the homomorphism of semigroups a’ : A —> A” 
given below have the universal property of 9.1.1. That is, they constitute an 
alternative to the Grothendieck construction. 


Namely, let L(A) be the free abelian group generated by the elements of 
A and let M(A) be the subgroup of L(A) generated by the elements of the 
form a @ a’ — (a + a’), where + is the sum in A and @ is the sum in L(A) 
and where a,a’ < A. Then A” = L(A)/M(A) and a’ : A —>+ A", the obvious 
function, have the desired universal property. 


9.1.4 EXERCISE. Prove that if A is a semiring, that is, a semigroup with 
a multiplication distributive over the sum, then the Grothendieck construc- 
tion (A’,a) (or (A", a’) of 9.1.3) gives us a ring. (Hint: Define the product 
(a,b) (c,d) in A’ as (ac + bd,ad + be). What would be the definition of the 
multiplication in A” of 9.1.3 above?) 


9.1.5 EXERCISE. Prove that the Grothendieck construction has the follow- 
ing functorial properties: 


(a) If f : A —> Bisa homomorphism of semigroups and (A’, a) and (B’, 8) 
are the corresponding abelian groups and semigroup homomorphisms 
given by the Grothendieck construction, then there exists a unique 
homomorphism of groups f’: A’ —> B’ such that the diagram 


A—+B 


commutes. 


(b) If f : A —> B and g : B —+ C are homomorphisms of semigroups, 
then (go f)' = g'o f’, where (go f)’, ¢ y f’, are the homomorphisms 
corresponding to go f, g, and f as in part (a). 


(c) If f=14:A A, then fi =1,: A’ Al 
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9.2 DEFINITION oF K(B) 


In this section we shall apply the results of Section 9.1 to the abelian semi- 
group Vect(B) of isomorphism classes of complex vector bundles over a para- 
compact space B. For this we need a slightly more general definition of a 
vector bundle. 


9.2.1 DEFINITION. A vector bundle over B is a map p: B —+ B such 
that each fiber is a finite-dimensional vector space satisfying the following 
condition. For each b € B, there is a neighborhood U of b, an integer n > 0, 
and a homeomorphism yy : p-!(U) —+ U x F? (F = R or C) such that 
for each b' € U, yy maps p~{(b’) isomorphically onto {b/} x F”. Vect(B) 
will denote the set of isomorphism classes of (complex) vector bundles over 
B. The direct sum of bundles (Whitney sum), as we know from Exercise 
8.1.4(i), gives Vect(B) the structure of an abelian semigroup. Specifically, 
the sum is given by 


[E]+[E] = [Ee]. 


The Grothendieck construction applied to Vect(B) gives rise to an abelian 
group K(B), called the (complex) K-theory of B. 


The tensor product of vector bundles, by Exercise 8.1.4(ii), induces a 
multiplication in Vect(B) such that 


[2] -[E] =|[B@ £', 


and gives Vect(B) the structure of a semiring. Therefore, by Exercise 9.1.4, 
K(B) acquires the structure of a ring. 


Notice that there is a locally constant function dg : B —> NU {0} 
given by dz(b) = dimp~'(b). Therefore, dz is constant on each connected 
component of B. When this function is constant with value n, then the 
vector bundle is an n-vector bundle as defined in 8.1.1 (cf. 8.5.18). 


9.2.2 EXERCISE. Prove that K(B) is actually a commutative ring with 1, 
such that the element 1 is represented by the product bundle B x C —> B 
and the element 0 by the bundle id: B —+ B whose fiber is {+} & {0}. 


Given a map f : B‘ —+ B we have a homomorphism of semigroups (or 
of semirings) f* : Vect(B) —> Vect(B’) that associates to the class of a 
bundle p : F —+ B the class of the induced bundle p’: f*E —> B’. Using 
the universal property of the Grothendieck construction, we can define a 
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homomorphism of abelian groups f* : K(B) —+ K(B') that makes the 
following diagram commute: 


Vect(B) +t. Vect( B’) 


K(B) > K(B). 


9.2.3 EXERCISE. Prove that K is a functor from the category of topological 
spaces to the category of commutative rings with 1. 


9.2.4 NOTE. We can see easily that if f : B’ —+ B is continuous, then the 
homomorphism of abelian groups f* : K(B) —> K(B’'), as defined above, is 
also a homomorphism of rings. 


9.2.5 Corollary. K(B) is a ring, whose sum is induced by [E] + [E] = 
[E @ E')] and whose product is given by [E]-[E'] = [E@ E']. Moreover, given 
f: Bl — B, we have a homomorphism of rings f* : K(B) —> K(B) such 
that f*([E]) = [f*E]. Oo 


9.2.6 Proposition. /f fo ~ f, : B' —> B, then 
fo = fi: K(B) — K(B’). 


Proof: If fo ~ f; and p: E —+ B is a vector bundle, then by 8.4.4, ff # = 
FILE. So fj = ff: Vect(B) —> Vect(B’), and so f} = ff : K(B) —> K(B’). 
o 


9.2.7 NoTE. It is possible to give to BU, = colim, G,(C”) the structure of 
a CW-complex so that each G,(C”) is a subcomplex with a finite number 
of cells (see [58]), and in such a way that each BU, is paracompact. If we 
consider the bundle E,(C®) @ ¢! over BU;, then by 8.5.13 there exists a 
map é, : BU, —+ BUg41, unique up to homotopy, such that ¢{(Ex41(C™)) © 
E,(C°°) @e!, where e! represents the trivial vector bundle over B, B x C —> 
B, of complex dimension 1. 


In fact, it is possible to give an explicit 2, as follows. The Stiefel manifolds 
V,(C”) and the Grassmann mainfolds G,(C”) can be expressed as homoge- 
neous spaces; that is, we have a homeomorphism U,,/U,,_, * V,(C"), given 
by [A] + {Aen—n41,---,Aen}, where U,_, is the subgroup of U,, consisting 
of the matrices of the form 
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with M € U,_, and I, € Uk, the identity matrix. We also have a homeo- 
morphism U,,/Up—, x Ux & G,(C”), given by 


[A] 4 (Aen—e4i,-..; Aen) 5 


where (-) indicates the subspace generated, and U,,_, x Uy is the subgroup 
of U,, consisting of the matrices of the form 


M 0 
[ 0 N 
with M €U,_, and N € U,. With these identifications, 
BU, = colim (--- —> Un/Un—% x Ux —> Un4yi/Un—e41 X Uk +--+), 
where the homomorphisms in each level are given by 


1 0 
ais| ts 
O| A 


Then ¢, : BU, @ BU,;41 is the map induced in the colimit by the maps 


Un/Un—z— X Ue —> Unyi/Un—e X Ung 


[A (ap) , 


9.2.8 DEFINITION. Let BU be the colimit 


such that 


BU = colim {BUg, % }a>0- 


Since each BU, is a CW-complex with a countable number of cells, the 
product BU, x BU;, k,J > 0, is also a CW-complex and so is paracompact. 
If we consider the product bundle E,(C) x E;(C%) over BU, x BU), which 
is a bundle of dimension k + J, then, using 8.5.13, there exists a map wa, : 
BU, x BU; —> BU,41, unique up to homotopy, such that wi )(Ex4(C™)) © 
E,(C™) x E,(C*). 

It is possible to give an explicit description of w,j, using homogeneous 
spaces, in a way similar to what we did earlier with 2,. Nevertheless, in 
this case, the details are more complicated. These maps w,, in the colimit 
define a map w: BU x BU —> BU. One can prove that w gives to BU the 
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structure of an H-group, commutative up to homotopy, in such a way that 
the following diagram commutes up to homotopy: 


BU, x BU; “> BUxy1 


BU x BU BU. 
9.2.9 Corollary. [B, BU] is an abelian group. im 


9.2.10 EXERCISE. Prove that there is an isomorphism K(+) = Z, given by 
Vect (+) +N, V4 dimV. 


9.3 K(B) AND STABLE EQUIVALENCE OF 
VECTOR BUNDLES 


By the Grothendieck construction, we have seen that the elements of K(B) 
are essentially differences of isomorphism classes of vector bundles over B. In 
this section we shall define the reduced K-theory of B, K(B), of differences 
of classes of bundles of the same dimension. We also shall introduce the 
concept of stably equivalent vector bundles over B. And we shall prove that 
these stable classes represent all of the elements of K(B), so that here we do 
not need to take differences. 


Abusing notation, we shall denote the image of the isomorphism class 
of a vector bundle F —+ B in K(B) again by [E]. So every element of 
K(B) is of the form [E] — [EB]. However, we should make it clear that 
[E] — [E) = 0 € K(B) does not mean that E and EF’ are isomorphic, but 
rather that there exists another bundle £” such that E @ BE" = E'@ EB" (see 
9.1.2(b)). 


9.3.1 DEFINITION. Let B be a pointed space and i: {*} —> B the inclusion 
of the base point. Consider the induced homomorphism 


i: K(B) — K(*) &Z. 


We define the subgroup K(B) = ker(i* : K(B) —+ Z) of K(B), which is 
called the reduced K -theory of the pointed space B. 


From the definitions it is clear that ¢* : K(B) —> K(*) © Z is induced 
by the function that associates to each vector bundle over B the dimension 
of the bundle over the component containing the base point. 
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Let c : B —+ {«} be the constant map. Then coi = id. By the 
functoriality of K we have that (coi)* = #* oc* =1, and therefore the exact 
sequence of abelian groups 


(9.3.2) 0— K(B) — K(B)—> K(*) 0 


splits. And so we have K(B) & K(B)®@ K(*) = K(B)@Z. 


9.3.3 EXERCISE. Prove that A is a functor from the category of pointed 
paracompact spaces and pointed maps to the category of abelian groups and 


homomorphisms such that 


if fo ~ fi: (Bb) — (B,bo), then ff = ff: K(B) — K(B’). 


9.3.4 EXERCISE. Prove that the isomorphism K(B) = K(B) ® Z is given 
by (E, E') 4 (BE @e”, E'®e™), m—n), where m is the dimension of F and 
n is the dimension of E’ (over the component containing the base point. 


Now we shall give another interpretation of the groups K (B). To do this, 
we shall need the following lemma, which, even though it is a special case of 
8.5.15, we can prove without having to appeal to a Riemannian metric. 


9.3.5 Lemma. Let p: E —> B be a k-vector bundle, where B is compact. 
Then there exists a bundle BD: E —+ B such that E ®@ E is isomorphic to a 
trivial bundle. 


Proof: By 8.1.14 there exists a bundle morphism 


E— E,(C™) 


a 


B—>G,(C”) 


such that B = ftE,(C™). Since B is compact, we can take m < co. We 
define an (m — k)-vector bundle 


E,(C™)—* +G,(C”) 
in the following way: 


E,(C™) = {(V,w) € G,(C”) x C™ | we V+} and 7(V,w) = V. 


9.3 K(B) AND STABLE EQUIVALENCE OF VECTOR BUNDLES 297 


This is the bundle defined by the map @ : G,(C”™) —> Pr(C™) such that 
@(V) is the orthogonal projection onto the orthogonal complement V+ of V 
in C™. 


Let us consider the following bundle morphisms: 


G.(C™) x C™ 4+ E,(C™) x E,(C”) 


| |r 


G.(C”) Gi(C™) x G.(C”), 


a 
where A is the diagonal map and A(V,z) = ((V,v),(V,w)) for z =v +, 
where v € V andwe Vt. 


From this we deduce that E,(C™)@E,(C™) © G,(C™) x C™ = e™, where, 
as before, «” represents the trivial complex vector bundle of dimension m. 


If we define E = ftE,(C”), then 


E@E 


Ir 


PE(C”) ® fE.(C”) 
f*(Ex(C") BEC) & fi(e*) Se". o 


Ie 


Let us recall that a function f : B —> S, where S is a set, is locally 
constant if each point  € B has a neighborhood V such that f|V is constant. 
If we give S the discrete topology, then f : B —+ S is locally constant if and 
only if it is continuous. 


If B is compact, then dz(B) is finite, where dz is as after Definition 9.2.1. 
That is, 


dz(B) = {ni,no,...,n}, 


and B is the disjoint union of subsets B; that are simultaneously open and 
closed, and therefore compact. So B; = dzi(ni),é = 1,2,...,r. In this way 
we can apply the previous lemma to each restriction p~'(B;) —> B; and 
obtain a bundle p; : B; —> B; such that p~'(B;) ® E; is trivial. Moreover, 
adding appropriate trivial bundles ¢;, we can arrange that all of the bundles 
p(B) @E;®e;, 1 <i <r, have the same dimension. If we define p: BE —> 
X such that p-'(B,) = B; @e;, then E@ E & «, where ¢ is a trivial bundle. 
And so we have proved the following result. 


9.3.6 Proposition. Let E —> B be a vector bundle, where B is compact. 
Then there exists a bundle E —> B such that E @ E is isomorphic to a 
trivial bundle. Oo 
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9.3.7 DEFINITION. We say that the vector bundles p : EF —> B and p’: 
E' —+ B are stably equivalent if there exist trivial bundles ¢ and ¢’ such 
that E@e = EE Ge’. 


This is clearly an equivalence relation, and we denote by S(B) the set of 
stable classes of bundles over B. Denote by {E} the stable class of Z. We can 
give S(B) the structure of an abelian semigroup by defining {E} + {E’} = 
{E@E"}. The zero is the class of any trivial bundle ¢ over B. By proposition 
9.3.6 we have that each element of S(B) has an inverse, and so S(B) is an 
abelian group. 


9.3.8 Theorem. Let B be a pointed compact space. Then K(B) & S(B). 


Proof: Let [E] be the isomorphism class of a bundle over B. We define a 
homomorphism of semigroups p : Vect(B) —+ S(B) by p[E] = {E}. Since 
S(B) is an abelian group, using the universal property of the Grothendieck 
construction there exists a homomorphism p : K(B) —> S(B) that makes 
the diagram 


Vect(B) "= S(B) 


ee 


K(B) 
commute. 


We shall show that p|K(B) is an isomorphism. In fact, take {E} € S(B) 
and let us suppose that over the component containing the base point, & 
has dimension k. Let e* be the trivial bundle of dimension k. Then we have 
[E] — [e'] € K(B) and p((E| — lel) = el] — ple] = {E} - {e"} = {E}, 
and therefore p|K(B) is an epimorphism. Now let [E] — [E'] € K(B) be an 
element whose image under 7 is 0. Then it follows that 0 = p([E] — [E]) = 
pL] — p[E| = {E} — {E"}; that is, {FE} = {BE}. Hence, there exist trivial 
bundles «”,e” of dimensions m and n, respectively, such that EF @e” = 
E'®«”. But the dimensions of F and E’ coincide over the component of the 
base point, and som = n. Finally, by the Grothendieck construction (see 
9.1.2(b)), it follows that [EB] = [B’] ¢ K(B) and [E] — [E] =0. q 


9.3.9 EXERCISE. (a) Prove that if B is a disjoint union of open subspaces 
B,UB,U---UB,, then K(B) = K(B;) @ K(B2) ®--- ® K(B,). 


(b) The previous statement is not true for K(B). Give a counterexample. 
What would be the correct formulation in the reduced case? 
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9.3.10 NOTE. When B is not connected one might imagine that one could 
study K(B) in terms of the K-theory of its connected components. However, 
the connected components in general are not open in B (unless, for example, 
B is locally connected). 


9.4 REPRESENTATIONS OF K(B) AND K(B) 


In the following we shall see how to express A(B) and K(B) in terms of 
homotopy, when B is compact. In order to do this we shall give another 
decomposition of K(B), which will coincide with K(B) © K(B) ® Z when 
B is connected. 


As we mentioned in the proof of 9.3.6, we have that {f: B —+N]| f is 
locally constant} = M(B,N), where N has the discrete topology. Moreover, 
it is clear that M(B,N) = [B,N]. 


9.4.1 DEFINITION. Let d : Vect(B) —+ [B,N] be the function defined by 
d|E] = dg for any vector bundle p: E —+ B, where dz(z) is the dimension of 
the fiber p-1(x) over x < B. Since N is a semigroup, [B,N] has the structure 
of a semigroup in such a way that dis a homomorphism of semigroups. Let 
a: [B,N] —> [B,Z] be the canonical inclusion. By the universal property of 
the Grothendieck construction we get a homomorphism d: K(B) —> [B,Z] 
that makes the diagram 


Vect(B) —+[B,N] 


a| |e 


K(B) > [B, 2] 


commute. Notice that a : [B,N] —+ [B, Z] is, of course, the Grothendieck 
construction for the semigroup [B,N]. We shall denote ker(d) by A(B). 


9.4.2 Proposition. The sequence 


d 


0 —> R(B) K(B) +3 [B,Z] —+0 


is exact and splits. Consequently, we have K(B) © K(B) ®[B,Z]. 
Proof: Take f : B —+N. Since B is compact, f(B) is finite. Then f(B) = 


{n1,n2,...,n,}, and B can be expressed as a disjoint union of open sets 
B= B,UB)U---UB,, where B; = f-'(n;). We define a bundle over B by 
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taking the trivial bundle «™ over each B;. This defines a homomorphism of 
semigroups y : [B, N] —> Vect(B), and clearly do y = id. By the universal 
property of the Grothendieck construction there exists a homomorphism @ : 
[B,Z] —+ K(B) such that do@ = id. o 


9.4.3 Corollary. If B is connected, then K(B) = R(B). 


Proof: An element ([E],[E']) € K(B) is in K(B) if and only if dim p-!(+) = 
dim p/—'(«), where * € B is the base point. On the other hand, ([E], [E’]) 
is in A(X) if and only if dimp~!(x) = dimp'~(z) for all x € B. Using the 
exact sequences from (9.3.2) and 9.4.2, we have the commutative diagram 


0 R(B) K(B)—*>[B,q] 0 


ye 


0 K(B) K(B) [+, Z] 0, 


6 


where 6 associates to each bundle the dimension of the fiber over + and 
i: {x} — B. If B is connected, then ¢* is an isomorphism, and so K(B) & 
K(B). o 


In the following we shall describe K in terms of homotopy, and using this, 
we shall obtain the desired expressions for K and K. 


9.4.4 DEFINITION. Let us consider the sets Vect,(B), k > 0, of complex 
vector bundles of dimension k. By adding a trivial bundle of dimension 
one, we can define functions ¢, : Vect,(B) —+ Vect;,,1(B), namely, t,[E] = 
E@e!|,k>0. 


Let us denote by Vect*(B) the colimit 
Vect*(B) = colim {Vect;(B), ti }k>0 - 
Using the Whitney sum we define 


Vect,(B) x Vect;(B) —> Vect,4:(B) 


by ((E],[E]) 4 [E@ EB, k,l > 0. This allows us to define a sum Vect*(B) x 
Vect*(B) —+ Vect*(B) that gives Vect*(B) the structure of an abelian semi- 
group. 


9.4.5 EXERCISE. Prove that if B is compact, then [E;] — [Fi] = [£2] — [F] 
in K(B) if and only if there exists a trivial bundle ¢ such that £, @ fF) Be = 
Ey ® F, ®« (cf. Definition 9.1.1). 


9.4 REPRESENTATIONS OF K(B) AND K(B) 301 


9.4.6 Proposition. Let B be a compact space. Then we have Vect*(B) = 
R(B). 


Proof: For each k > 0, we define y, : Vect,(B) —> R(B) by yx [E] = [E] - 
[e*] € K(B). We then have yayits[E] = pevilE Oe!) = [E Ge] — [e+] = 
[E] + e'] — [e*] — [e'] = [B] — [e*] = [EB]. Therefore, by the universal 
property of colimits, there exists y : Vect*(B) —> K(B) that, makes the 
diagram 

Vect,(B) — Vect’(B) 


eke le 
K(B) 
commute for every k. 


We shall prove that y, which is a homomorphism of semigroups, is an epi- 
morphism and a monomorphism. In particular, this will show that Vect*(B) 


is a group. Take [F]-[F] € K(B). Using 9.3.5, there exists a bundle E’ such 
that E'@E’ & e for some n. Then we have [E]—[E’] = [E]+[E —[E’@E] 
[E] +[F'] -[e"] = [EOF] —[e"]. Since [EF] — [F] € R(B) = kerd, it follows 


that d[/E ® E]= de”); that is, E @ FE has constant dimension equal to 7. 
From this we obtain y,[E ® E] = [E| — [E'], and so we have proved that y 
is surjective. 


Next let us suppose that [E] — [e*] = [B'] — [e'] in K(B). Then, using 
9.4.5, we have that E @et” = E'@e*+” for some n. Therefore, [EZ] and [E’] 
represent the same element in Vect*(B), and so y is injective. ao 


9.4.7 EXERCISE. Prove the following statements: 
(a) Take X = colim X,,, where the maps X,, —> X,,,, are embeddings. 
Then the maps X,, —> X are embeddings. 


(b) Let X = (J... X; be a Hausdorff space, where X; C Xj; is closed, 
i> 0. If X has the topology induced by the family {X;}:50 (that is, 
F CX is closed = FX; is closed in X;, for each 2), then for every 
compact CC X there exists an n > 0 such that C C X,,. 


9.4.8 Theorem. Let B be a compact space. Then it follows that R(B) 2 
[B, BU]. 


Proof: According to 9.4.6, we have 


R(B) & Vect'(B) = colim Vect;(B) , 
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where the colimit is taken with respect to the maps 
t,: Vect,(B) —> Vect.41(B) 


given by t,(E] = [E @e!]. 

On the other hand, we have BU = colimBU,, where the colimit is 
taken with respect to the embeddings % : BU, —> BU,4; that satisfy 
i (Ex4i(C®)) & E,(C%) Gel. Since B is compact, we then have by Exercise 
9.4.7(b) that [B, BU] © colim[B, BU,], where i,» : [B, BU,] —> [B, BU; 41] 
is induced by 2x. 

Using 8.5.13 we have that Vect,(B) © [B,BU,]. Clearly, these equiva- 
lences are compatible with the functions t, and iz4, k > 0. So they induce 
an isomorphism colim|B, BU,;] © colim Vect,(B). 0 


9.4.9 Corollary. Let B be a compact space. Then: 


(a) -K(B) &[B,BU x Z]. 


(b) K(B) <[B,BU], provided that B is connected. 


Proof: (a) Using 9.4.2, we have K(B) = R(B) @ [B,Z]. Also, by 9.4.8, we 
obtain K(B) = [B, BU]. Then it follows that K(B) = [B,BU] @[B,Z] = 
[B, BU x Z]. 


(b) Since B is connected, using 9.4.3 we get K(B) & K(B). And since 
K(B) = [B, BU], we obtain the desired result. o 


9.4.10 REMARK. The results of the previous corollary are equally true if 
one assumes B to be a finite-dimensional CW-complex. This follows from 
the fact that then every path component of B can be covered with a finite 
number of open sets that are contractible in B (see 5.1.30). 


9.5 BoTT PERIODICITY AND APPLICATIONS 


The following theorem, known as the Bott periodicity theorem, is the central 
result of K-theory. The original proof due to Bott uses Morse theory to 
analyze the loop space of a Lie group. Even though there are other methods 
for proving it, all of the proofs are rather difficult. See, for example, [32], 
which also appears in the collection of articles compiled by J. Frank Adams 
[4]. A quite complete list of proofs of the Bott theorem is given in [7]. 
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We shall postpone our proof until Appendix B, since the methods that we 
use, even though only topological and linear in character, are intrincate and 
would pull us away from the main line of our presentation. Nevertheless, we 
shall use the version of the theorem that we are about to present in order to 
calculate the homotopy groups of BU and therefore the K-theory of spheres. 


9.5.1 Theorem. (Bott periodicity) There exists a homotopy equivalence 


BU x Z~ BU. g 


From this we deduce that 


Z ifi=0, 


m49(BU) & 1,(Q?BU) & 2,(BU x Z) & (r (BU) ifa>1 


This means that the homotopy groups of BU repeat with period two. And 
this is the reason for the name “periodicity theorem.” 


From the above we obtain ™(BU) = Z, and from the periodicity we get 
Tn(BU) © Z,n > 1. Moreover, since BU is connected, we have (BU) = 0. 
In order to obtain the odd groups we use the following equality. 


9.5.2 Proposition. 1;(BU,) = m(BUsi1) fi< 2k+1. 


This result is proved by applying the exact homotopy sequence of a certain 
fibration p : BU, —+ BU; 41 with fiber S?*+1_ Here we are using the notation 
BU, to denote a space with the same homotopy type as G,(C*). im 

Using 9.5.2 we obtain 7,(BU,) = (BU) if i < 2k4+ 1. In particular, 
(BU) © m(BU,). But BU; = G(C%) = CP”, and so 7(BU) = 0, and 
then, by periodicity, t2n41(BU) =0,n > 0. 


Therefore, we have the following statement. 


9.5.3 Theorem. 


0 #2=0, 
m(BU) = 4 Z ifi>0 és even, 
0 ft>0 és odd. g 


9.5.4 Corollary. 
Z ifn is even, 
0 afn is odd. 


K(s)2 { 
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Proof: If n = 0, then K(S°) & K(S°) @ Z by using (9.3.2). And using 
9.3.9(a), we have K(S°) = K(x) 6 K(*) = Z@Z. Consequently, K(S°) & Z. 

Ifn > 0, then S” is connected, and according to 9.4.9(b) we have K(S") = 
[S", BU]. Since BU is an H-space, we get [S", BU] = m,,(BU). So the result 
now follows from 9.5.3. o 


9.5.5 NOTE. Combining 9.5.2 and 9.5.3 we obtain the following isomor- 
phisms: 


0 if*=0, 
m;(BU;) = 4 Z if 2 is even and positive, for 2 < 2k+ 1, 
0 if is odd. 


One can prove that QBU;, ~ U,;. So the previous result gives us the 
homotopy groups U; in the appropriate range, and then 9.5.3 gives us the 
homotopy groups of U. 


With the help of periodicity, we can extend the functor K to a whole 
family of functors A”, n € Z, which will combine to form a generalized co- 
homology theory (see 12.1) satisfying all axioms that cohomology satisfies 
(see 7.1) except dimension. Although periodicity implies that there are es- 
sentially only two functors in this theory, viewing the whole family of them 
as a generalized cohomology theory often facilitates matters. 


9.5.6 DEFINITION. Let X be a pointed CW-complex. Then we define 
K(X) = [X,BU x Z], 


and 


K-"(X) = K(nPX), ne Nu {Oo}. 
If A CX is closed, we define 


K-"(X, A) = K-"(X UCA). 


9.5.7 NOTE. Applying Corollary 9.4.9 one has K(X) = K(X) if X is com- 
pact. 


From (3.3.11) we obtain the long exact sequence 
... —3 [BX(X UCA), BU] 3 [22X, BU] — [2".4, BU] 


(9.5.7) 
... —3 [XUCA, BU] — [X, BU] — [4, BU]. 
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The previous sequence can be rewritten as the exact sequence 


(9.5.8) 2 3K-7(x, A) 23 K(X) 8 K-42 


—> K-1(X, A), 


known as the long exact sequence in K-theory of the pair (X, A). 


9.5.9 EXERCISE. Prove that the assignment (X, A) +> K~"(X, A) is a func- 
tor from the category whose objects are pairs of paracompact spaces and 
closed subspaces and whose morphisms are maps of pairs to the category of 
abelian groups and homomorphisms such that if fo ~ f; : (Y,B) —> (X, A), 
then fj = ff: K-"(X, A) —> K~“(Y, B) foralln. That is, K~” is homotopy 


wnvariant. 


9.5.10 EXERCISE. Let X be paracompact and let U C X be open and 


Ac X be closed such that U CA. Prove that the inclusion map 7: (X — 
U, A—U) — (X, A) induces an isomorphism 


it: K-"(X, A) —> K(X —U,A-U). 


That is, K—” has an excision property. 


9.5.11 REMARK. Let AC X be aclosed subspace of the paracompact space 
X. The last portion of the long exact sequence (9.5.7) transforms into the 
exact sequence 


K(X UCA) — K(X) — K(A) 


and the other portions into the exact sequences 
K-"(X UGCA) —+ K-"(X) — KA). 


These imply the exactness property of the reduced K-theory. 


Another immediate consequence of the Bott periodicity theorem is the 
following result. 


9.5.12 Theorem. K~°(X, A) © K-"#2(X, A) ifn > 2. o 


This result allows us to extend the notation A"(X, A) to every integer n. 
From (9.5.8) and 9.5.12 we deduce the following proposition. 
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9.5.13 Proposition. [f X is compact and A C X is closed, then we have 
the following exact hexagon: 


KX) . 
K(X, A) K°(A) 
| | 
K-\(A) K-1(X, A) 
K7'(X) g 


9.5.14 EXERCISE. Deduce from the Bott periodicity theorem that K(X x 
S?) has the structure of a free module over the ring K(X) with two generators. 
These are 1, the class of the trivial bundle of dimension 1, and [L] — 1. 
Here L is the bundle induced by proj, : X x S? —+ S? from the canonical 
bundle H* —> S?, considering S* as CP', the Riemann sphere. The module 
structure is given by 


K(X)@K(XxS*) — K(X xS*), 
Ep ++ proj3(f)-p, 


where, as we have noted, the product - in K(X x S*) is given by the tensor 
product of vector bundles. 


We have treated in this chapter only the complex case, using complex 
vector bundles, complex Grassmann manifolds, unitary groups U,, etc. We 
can repeat the analysis for the real case (real vector bundles, real Grassmann 
manifolds, orthogonal groups O,,, etc.) and so obtain real K-theory of a space 
B, usually denoted by KO(B). Its representation is obtained in terms of the 
spaces BO, (instead of BU,) and BO (instead of BU). Nonetheless, the 
periodicity results are very different. The periodicity in the complex case is 
of period 2, while in the real case it is of period 8. 


9.5.15 Theorem. (Real Bott periodicity) There exists a homotopy equiva- 
lence BO x Z = O8BO. a 


For the proof of this theorem, we refer to [15], where similar methods to 
ours are used. 
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9.5.16 NOTE. Using some homotopic properties of the groups O,, corre- 
sponding to Theorem 9.5.3, one can prove that 


Zp ifi=1,2, 
mi48(BO) © 1:(Q®BO) & x(BO)& 20 ifs = 3,5,6,7, 
Z ifi=4,8. 


This means, in particular, that the homotopy groups of BO repeat with 
period eight. 


9.5.17 EXERCISE. Define KO “(X) = [=°X,BO x Z],, so that for any 

oie —-0 on 
compact pointed space X, KO(X) = KO (X). Prove that KO (X) = 
Ko cx) for every pointed CW-complex X. Compute KO "(S®) for all 
q= 0. 


9.5.18 NoTE. Among the major achievements of (topological) A-theory we 
have the following: the solution of the vector field problem of spheres by 
Adams, where he computes the maximal number of linearly independent 
sections in the tangent bundle of a sphere (see [2]), the short proof of the 
Hopf conjecture that we shall present in Chapter 10 (see 10.6.15), and the 
index theorem for elliptic differential operators by Atiyah and Singer (see 
[14]). 

In another direction it is possible to define K-theory for the so-called 
C*-algebras. By analyzing noncommutative C*-algebras and their K-theory, 
Connes [23] studied important aspects of what is now known as noncom- 
mutative geometry. This K-theory has been generalized by Kasparov [38], 
who defined groups KK(A, B) for each pair of C*-algebras A,B. He used 
this theory in his work on the Novikov conjecture concerning the homotopy 
invariants of higher signatures. 


Other applications will be mentioned at the end of Chapter 12. 
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CHAPTER 10 


ADAMS OPERATIONS AND APPLICATIONS 


In this chapter we shall define the important Adams operations in complex 
K-theory and see how they are applied to prove a central theorem of math- 
ematics, namely, to determine the dimensions n for which R” admits the 
structure of a division algebra. 


10.1 DEFINITION OF THE ADAMS OPERATIONS 


Making use of the concept of a formal power series and its properties, which 
are identical to those of a Taylor series, we introduce in this section the 
Adams operations in complex K-theory. 


10.1.1 DEFINITION. An operation @ in K-theory assigns a function (in gen- 
eral, not a homomorphism) x : K(X) —+ K(X) to each space X in such a 
way that for every map f: X —+ Y, the diagram (of sets) 


K(Y) > K(Y) 


| |r 


K(X) ae K(X) 
is commutative; that is, an operation @ is a natural transformation. 


10.1.2 NoTE. In order to simplify notation we shall suppress the subindex 
that represents the space. So we shall denote 6x simply by @. 


In what follows we shall construct certain operations that will be the basis 
for the applications that we make of K-theory. In order to do this, we need 
the following definitions. 
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10.1.3 DEFINITION. Let R be a commutative ring with 1. We shall denote 
by Ri[é]] the ring of formal power series with coefficients in R. That is, the 
elements of Ri[[t]] are expressions of the form }>,., rit', where r; € R, i > 0. 
The sum is defined by 7 


(S-) t (= H) = Serv rpei 


#0 #0 #0 


and the product by 


where 


The element 1 < R is clearly the unit of R[[¢]] when we take this to mean 
the series with 79 = 1 and r; = 0 for 2 > 0. 


Put 
1+¢R{[ft] = {pe € Rift] | ro= i. 


Clearly, the product in R[[é]] can be restricted to 1+¢R[[t]], and moreover, 
every element in 1+¢Ai[t]] has an inverse. Namely, if 1+5>,., rit’ © 1+¢R[[e]], 
then its multiplicative inverse is 1 + Sysirt; where 7, =r, To = ri —fo, 
Pz = —r + 2riro — 73, and in general, . 


Fr = Ss (i ae — eel ry) (—th). 


ay! - 
H+Riot—tninen —“t 


This shows that 1 + ¢R[[¢]] is an abelian group under multiplication. 


The ring R[[¢]] of formal power series behaves like the ring of power series 
with real or complex coefficients in analysis. We can differentiate formal 
power series term by term; namely, 


00 00 
oa Sore = ye iri! 
#=0 t=1 


We can define the standard analytic functions sin, cos, log, exp, and so 
forth, by the usual Taylor series formulas. They then will satisfy equations 
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oo 

analogous to those of analysis. As an example, if x(t) = )> r,t, we can define 
i=0 

log x(t). And we can calculate its derivative and thereby get the formula 


< (log a(t) = a'()(a(t)), 


which is defined, for example, if the constant term in z(t) is 1. 


10.1.4 DEFINITION. Let # —+ X be a vector bundle with XY compact. We 
define the formal power series ,[E] < K(X)|[#]] by 


[E] 258 | F t, 
é=0 


where \ & is the ith exterior power of F (see 8.1.4). Using the isomorphism 
mentioned in 8.1.15(g), 


k 


A\Geb= @B (Azer) , 


itjak 
we obtain the formula 
(10.1.5) ME @ E'] = MEINE. 
Because the constant term in A;[E] is 1, we have that A,[E] = 1+tK(X)[[e]], 
and so A;[E] is invertible. 
So we have a homomorphism 
Az: Vect(X) —> 14+tK(X)[[t]] 


from the additive semigroup Vect(X) of the isomorphism classes of complex 
vector bundles over X to the multiplicative group of formal power series over 
K(X) with constant term 1. By the universal property of the Grothendieck 
construction, this homomorphism can be extended to 


A: K(X) — 14+tK(X)|[[é]. 
Taking the coefficient of t* in A:(x), x € K(X), we get operations 
d': K(X) — K(X), 


such that A,(2) = 1+ 3>,, \°(x)t*. Explicitly, since the elements of K(X) 
can be expressed as differences [E] — [E’], we have 


\((E] — [B']) = [B)[ET*. 


312 10 ADAMS OPERATIONS AND APPLICATIONS 


10.1.6 DEFINITION. The rank operation 
rank : K(X) —> K(X) 


is defined as follows. As in the proof of 9.3.6 we know that if # —+ X isa vec- 
tor bundle, then XY = Oe X;, where each X; is open and EX; has constant, 
dimension n;. We define a bundle r(£) —+ X such that r(E)|X; = &™, 
ie., the product bundle on X; of dimension n;. This defines a homomor- 
phism of semirings r : Vect(X) —+> Vect(X), r([E]) = [r(£)], which, by the 
universal property of the Grothendieck construction, induces the operation 
rank : K(X) —+ K(X). For the sake of clarity, let us note that if X is 
locally connected, its connected components are both open and closed and 
the bundle r(£) —+ X is trivial over each component with dimension equal 
to that of & over said component. 


10.1.7 DEFINITION. We define the Adams operations 


wb: K(X) — K(X) 


as follows. First we define 
(x) = rank (x). 


Then in the ring K(X)|[é]] we define v,(z) = 72, v'(x)t* by 


(2) = ve) — tH log Ata), 


where the second term ist times the formal derivative of the formal logarithm 
of the series A_,(x), that is 


XNa(2), 
dala) 


Using the formal properties of the logarithm we can prove the following result. 


H(z) = Y(x) + 


10.1.8 Proposition. For all x,y € K(X) the following are true: 
(a) P(@ty) =v) +o'y), &=0,1,2,.... 
(b) Ifa = [L], where L —+ X is a bundle of dimension 1, then y*(x) = a*. 


(c) The properties (a) and (b) characterize the operations ~*. 
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Proof: Using (10.1.5) we deduce that A(x + y) = A4(x)A+(y). Conse- 
quently, 


We ty) = Wet a) —tS (log Ac(@ +9) 
= rank (2 +) ~t (log (A-s(2)A-(y))) 


= rank (x) + rank (y) — (log (A.«(2)) + log (A-:(y)) 
= w(x) + wy). 
This proves (a). 


To prove (b), we note that if x = [L] is the class of a line bundle L (i.e., 
of dimension 1), then A_,(z) = 1—tz, because /\“(L) = 0 ifi> 1. Therefore, 
= 2 


d al 
log(1—t t 
qoe(l— tz) = 7 = a te 


Px* 


So u(x) =1+txr+t?2?+---, and from this we get the desired equality. 


Statement (c) is obtained from the “splitting principle,” which we shall 
encounter later on (see 10.2.5). Oo 


The following theorem will be very important in the present chapter. 
10.1.9 Theorem. For ail x,y < K(X) the following properties hold: 


(a) p*(ay) = o*(ayy'y), &=0,1,2,.... 

(b) b*(b'(x)) = (x), bl =0,1,2,.... 

(c) p prime => Y(z) = 2?modp. 

(d) If b € K°(S%) és a generator, then v*(b) = k"b, k=0,1,2,.... 


The proof is an application of 10.1.8 and of the splitting principle, the 
latter of which we shall study in the following section. Oo 


10.2 THE SPLITTING PRINCIPLE 


The splitting principle is a process that transforms an arbitrary vector bundle 
to a Whitney sum of line bundles, these being bundles of dimension 1. This 
thereby permits the simplification of various calculations involving vector 
bundles. The following definition is fundamental for the splitting principle. 


314 10 ADAMS OPERATIONS AND APPLICATIONS 


0.2.1 DEFINITION. Let p : EB —+ X be a vector bundle. We define its 
associated projective bundle as the map 


q: P(E) > X. 


Here P(E) = (E — E°)/~, where E° is the zero section of the bundle E and 
e ~e! if p(e) = ple’) © X and there exists \ € C such that Ae = e’. If [e] 
denotes the class of e in P(E), then q({e]) = p(e) is continuous. 


0.2.2 EXERCISE. Prove that the projective bundle g: P(E) —> X isa 
locally trivial bundle with fiber g~!(x) homeomorphic, for every x € X, to 
he complex projective space associated to the vector space p~!(x). (Hint: 
Over each open subset of X over which p: EF —+ X is trivial, q is trivial as 
well.) 


0.2.3 DEFINITION. We define the tautological line bundle or the canonical 
bundle  : L —+ P(E) as follows. Define 


L= {(e',[e]) ¢ E x P(E) | ple’) = ple), e! = Ae, AE C} 


and let a be the projection onto the second coordinate. This is clearly a vector 
bundle of dimension 1, that is, a line bundle. Actually, ify: X —+ Pr(C™) 
is the map that defines EF, namely, if E = {(r,v) € X x C™ | y(x)v = v}, 
then L —+ P(E) is the subbundle of g*(E) associated to 


b: P(E) —> Pr(C”), 


Id > ere 07), 


where e = (x,v) € X x C™, y{x)v = v, and 7, is the orthogonal projection 
onto the line (v) generated by v (v #0). 


10.2.4 Proposition. Let p: E —+ X be a vector bundle and q: P(E) —> 
X its associated projective bundle. Then q*(E) = E'@L, where L —> P(E) 
ts the tautological bundle. 
Proof: Let E’ —+ P(E) be the vector bundle associated to 
b!: P(E) —> Px(c”), 
ll > (crc —0), 


where, as before, e = (,v) € X x C™ and y(x)v = v, and now 7), is the 
orthogonal projection onto the orthogonal complement of (v) in y(x)C™. 


Since any element in y(x)C”™ has a unique expression of the form w+ w" 
with w € (v) = Y(2)C™ and w! € rhy(x)C™ = w'(x)C™, we have the desired 
splitting. oO 
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Using the periodicity theorem one can prove [13, 2.7.9] that K(P(E)) isa 
free module over the ring K(X) with generators 1, 1—[Z],(1—[Z])*,...,(1— 
[L])*!, where k = dim E, with respect to the K(X)-module structure given 
by K(X) @K(P(E)) —> K(P(B)) such that €@p +> q*(€)-p. In particular, 
we deduce from this that g* : K(X) —+ K(P(B)) isa monomorphism (which 
includes K(X) as the part generated by 1 € K(P(B))). 


10.2.5 Theorem. (Splitting principle) Given a vector bundle p: E —> X 
of dimension k there exists a map f : F —+ X such that 


(a) f*: K(X) —> K(F) is a monomorphism, and 


(b) the induced bundle satisfies f*(E) = L1@Lo®@---PLy, where L; —> F 
is a line bundle, i= 1,2,...,k. 


Proof: According to 10.2.4, g*(E) = E’ @ L. Put Ly = L and apply 10.2.4 
once more, only now to BE’ —+ P(E). Then q : P(E’) —> P(E) is such 
that g{(E") = E" ® L'. Now put Ly_; = L’. 

Repeating this process we get qx» : P(E\-*)) —+ P(E\-*)) such that 
g_.(E%-) = BU) & Lo. Defining 


f= q-19G 20° 0M 0g: F= P(E“) 5 X, 


we then obtain the desired result by the comments after the proof of 10.2.4. 
This construction can be visualized in the following diagram: 


E’V) el @®-- O@L,e SEO i1OL Fe OL,+E 


| { | | 


P(E(e)) ao P(E’) P(E) Xx. 


Let us note that L; = E\*—") is already a line bundle. Oo 


10.3. NORMED ALGEBRAS 


As an example of an application of K-theory, in what follows we shall study 
a classical theorem of linear algebra. We are going to analyze which of the 
spaces R” admits the structure of a normed algebra. 


Even though we have already used the following concept, it is better that 
we give a precise definition now because of its essential role in this section. 
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10.3.1 DEFINITION. Let A be a real vector space of finite dimension. A 
norm in A is a function 


A —> Rt = (0,00), 


z+ |lal, 
such that 
jz+all < [el+lll, ze, 
Axl] = |All], AER, ced, 
zl = 0+ 2=0. 


A normed algebra is a real vector space of finite dimension equipped with 
a bilinear multiplication 


AxA —> A, 
(z,y) ++ zy, 


with unit 1 € A such that lr = 21 = x (which makes it an algebra) and 
equipped with a norm such that 


llewll = Mellel 


(which makes it normed). 


10.3.2 EXAMPLES. The following are normed algebras: 


(a) A=R,, |x|] = |2|, « € R, with the usual multiplication on R. 


(b) A=R?, lle = oF Fah, 2 = 21 + mi, a RR, 1 = (1,0), i= (0,0), 
with the multiplication of complex numbers on R? = C. If = 2,—22i, 
= 22. 


(c) A=R*, |lql| = Vat + 28 +03 4 xi, ¢= 21+ ait aaj t+ ak, x; € R, 
1 = (1,0,0,0), i = (0,1,0,0), | = (0,0,1,0), k = (0,0,0,1), with 
the multiplication of the quaternions on R* = H. The multiplication 
is determined by ij = k, jk =i, ki=j, ?® = j? = k* 1. fg¢ 
21 —Xgi— x3) —x4k, then ||q\|* = gg. We can see that q = 2; + 29j, with 
4, = 214291, % = 23+24i€ C. So Y= 2 — 29] and the multiplication 
rules in H are obtained from those of C, provided that we carefully 
mind the order of the factors. (H is an associative algebra, but it is 
not commutative.) 
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(d) A = R®, |e] = /a?+--- +22, ¢ = (x1,...,28), with the multi- 
plication of the Cayley numbers (or octonians) on R® = OQ. This 
multiplication is obtained by considering ¢ = (q1,q2) with qi: = v1 + 
voit x3j + vak, gq = v5 + vei + 27] + egk € Hy, and by then defining 
cc! = (M1, 4) (94,4) = (4101 — Hae, Gai + Gi). This multiplication has 
(1,0) € H x H= O as unit. We define ¢ = (qm, q2) = (4, —q@), and so 
||c||? = ce. (O is a nonassociative algebra.) 


10.3.3 EXERCISE. Write out in coordinates the multiplication of O = R°. 


10.3.4 EXERCISE. Prove that the canonical inclusions 
RcCcHcO 


(the last being g +> (g,0)) are multiplicative and send 1 to 1; that is, the 
product of © restricts to those of H , C, and R. In other words, these 


inclusions are algebra homomorphisms. 


10.3.5 EXERCISE. Verify that the multiplication rule for the complex num- 
bers in terms of the real numbers is the same as that of the quaternions 
in terms of the complex numbers and that of the octonians in terms of the 
quaternions. (Use x = @, ifx € R.) 


10.3.6 EXERCISE. Starting with the multiplication on ©, can we define a 
multiplication on R'® such that it becomes a normed algebra? 


10.3.7 EXERCISE. Show that the multiplications on C, H, and O actually 
turn them into normed algebras. 


So we have the following result. 


10.3.8 Theorem. /f n = 1,2,4,8, then R” has the structure of a normed 
algebra. Oo 


10.4 Division ALGEBRAS 


In 1900 A. Hurwitz proved algebraically the converse of Theorem 10.3.8; 
namely, the only values of n for which R” admits the structure of a normed 
algebra are precisely » = 1,2,4,8. We shall prove this converse in what 
follows. As part of this we shall give some definitions, make some historical 
comments, and present other equivalent results. 
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10.4.1 DEFINITION. A division algebra is an algebra A over R such that 


zy=0>2=0 or y=0. 


10.4.2 Proposition. Let A be an associative algebra of finite dimension. 
Then A is a division algebra if and only if for all x #0 in A there exists a 
unique x! in A such that xx! = x'x = 1, in other words, if and only if the 
elements different from zero in A form a group under multiplication. 


Proof: Assume that x 4 0 and that there exists x’ such that ra! = 2/x = 1 
and moreover that zy = 0. Then we have 2/(xy) = (a'r)y = y = 0. The 
symmetric case follows similarly. 


Conversely, suppose that « 4 0. Since A has finite dimension, the se- 
quence {1,z,2°,2°,...,2™,...} does not form a linearly independent set. So 
for some m we have 


m1 
eet y a,x = 0. 
=0 


Let m be the smallest integer with this property. This polynomial of minimal 
degree is clearly unique, since if there were two such, we would be able to 
decrease m. If ag = 0 were true, then we would have 


which would contradict the minimality of m, since A is a division algebra. 
So a! = —ag! (2-1 + Same a;*—') is an inverse for z. ia 


10.4.3 EXERCISE. Prove that in an algebra A, if a € A satisfies ax = 0 > 
x = 0, then there exists a unique a’ € A such that aa’ = 1. 


10.4.4 Theorem. /f R” has the structure of a normed algebra, then R” with 
this structure is a division algebra. 


Proof: sy = 0 > 0 = |lay|| = |l|||ly\] > ||| = 0 or |[y|] = 0 > & = 0 or 
y=0. im 
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10.5 MULTIPLICATIVE STRUCTURES ON 
R” AND on S”"! 


Around 1900 the following question was posed: For which values of n is R” a 
division algebra? In 1960 J.F. Adams [1], making heavy use of the machinery 
of homology theory, proved that the values of n are precisely those of Hurwitz, 
that is, n = 1,2,4,8. What we shall present here are essentially results due 
to Adams and M.F. Atiyah in [5], where Adams’ original proof is simplified. 


Recall that an H-space is a space X equipped with a map w: X x X —> 
X, called the multiplication, and an element e € X, called the unit, such 
that ple,r) = x = p(ax,e). (Cf. 2.7.2. Here we are requiring that the unit be 
strict, namely that the relations p(e,z) = x = p(x, e) hold as strict equalities 


and not just as relations up to homotopy. This is not a big restriction, since 
when the pointed space (X,e) is well pointed, which means that the inclusion 
{e} — X is acofibration, then this definition is equivalent to 2.7.2; exercise. 
The condition of being well pointed holds in many important examples as 
well as in all of those that we are going to consider from now on.) 


10.5.1 Proposition. If R” has the structure of a normed algebra, then S’—! 
inhertis the structure of an H-space. 


The proof is an immediate consequence of the following lemma. el 


10.5.2 Lemma. Assume that R” has the structure of a normed algebra with 
norm ||- ||. Then © = {x € R” | ||x|| = 1} is homeomorphic to S’-! = {x € 
R” | |x| = 1}, where | -| ts the usual norm. 


Proof: The map y : S"-! —+ ¥, defined by y(x) = 2/||z||, is continuous, 
since x ++ ||a|| is continuous. Its inverse is: 5 —+ S*-!, Y(x)=2/|a|. O 


10.5.3 EXERCISE. Prove that the map x +> ||z|| in the previous proof is 
actually continuous. 


10.5.4 EXERCISE. Prove that if R” has the structure of a division algebra, 
then S°~! inherits the structure of an H-space. (Hint: First prove that R"—0 
with the restriction of the multiplication on R” is an H-space.) 


10.5.5 DEFINITION. The sphere S”~! is parallelizable if its tangent bundle 
T(S*™"') = {(z,y) € S™ x R" | (x,y) = 0} —> S*-! is trivial, where (—,—) 
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represents the usual scalar product in R”. (This means that this bundle is 
isomorphic to the bundle S°-! x R°-! —3 s7-!) 


This definition is equivalent to saying that there exist n—1 tangent vector 
fields on S"~! that are linearly independent. 


10.5.6 Theorem. /f R” has the structure of a division algebra, then S"~! is 
parallelizable. 


Proof: Choose a basis {e:,...,€n} of R” such that e; = 1. Take « < S"-! 
and define 


v(x) = xe; — (x, xe;)z, > 2. 


Then we have (z,v;(x)) = 0, and so (x, v,{x)) € T(S"~'). (This means that 
v,; is a tangent vector field on S"~!.) Since 


{1,e€2,...,€n} 
is a linearly independent set, so also is 
{x 2¢9,...,2€,}- 


Thus the vectors v2(z),...,v,{x) are lmearly independent. Consequently, 
p: St! x R™! _5 T(S™) given by 


a, (t2,...,tn)) = (x, tove(z) +--+ + trvn(x)) 


is the isomorphism we are seeking. do 


10.5.7 Theorem. If S°-! is parallelizable, then it has the structure of an 
Hl-space. 


Proof: Consider the composite 


yi Srl x Rel $s T(S7-!) 4+ gr : 


where ¢ is a trivialization of the tangent bundle and 7(z,y) is defined for 
(2,y) € T(S"?) by 


v(a2,y) = Qu+y)—2. 


=a 
4+ yl? 


It is easy to check that %(x,y) € S°-!. Figure 10.1 depicts the definition of 
a. 
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y xz 
vay 
—z 
Figure 10.1 


Clearly, if y + oo, then 2(2,y) 4 —2x. So if N°"! = R™'U {oo} is the 
one-point compactification of R°-!, then v can be extended to a map 


eight eat) sight 


such that v*(x,co) = —x. Taking a fixed element e in S*-!, we get a home- 
omorphism 7 : 5°-! —+ S*-! such that n(y) = v*(e,y) and n{co) = —e. 
Then 77! is the stereographic projection from —z. The composite 


= —1 _idxn7t = = a = 
pst! x grt idxa”. gn-l y pel __ gel 


is a multiplication with unit e that converts S*-! into an H-space. (Note 
that v*(x,0) = 2.) o 


10.6 THE Hopr INVARIANT 


In the following we are going to associate an integer, known as the Hopf 
invariant, to each element in the homotopy group ™,_i(S”). The role that 
this invariant will play in the present chapter is illustrated by the following 
diagram of implications, which gives a historical outline of the problem we 
are treating as well as all of the various interrelationships that it has to 
other properties. This diagram appeared in the article by J.F. Adams [1] 
mentioned earlier. 
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Assume that n > 1. Then the following holds. 
R® is a normed algebra over the reals a, n= 2,4, or8 
(8) 
R” is a division algebra over the reals => n = 2” 
(9) 


S°-!, with its usual differentiable ] (7) 
i a =>n=2,4, or 8 
structure, is parallelizable 


S°-!, with some differentiable structure 
(perhaps extraordinary), is parallelizable 


(6) 


S°-! is an H-space 
Tuo) 


There is an element in 72,,_;(S”) with Hopf invariant 1 


| | | | 


n=22or4r n=2™ nF#16 n=2,4, or8. 
As we have already mentioned, the equivalence (1) was proved in 1900 
by Hurwitz using algebraic methods. (We have already proved the trivial 
implication <=.) 
mplication (2), which closes the circle and makes all the statements 
equivalent, was proved by Adams in [1]. Implications (3), (4), and (5) are 
particular cases proved by G.W. Whitehead [81], J. Adem [6], and H. Toda 
[77], respectively. Adem used the Adem relations in his proof, while Toda 
used in his proof an elegant lemma from homotopy theory as well as extensive 
calculations of homotopy groups of spheres. 


mplication (6) is due to A. Dold and answers a question posed by 
A. Borel. (It is worth mentioning that Theorem 10.6.11, which we shall 
prove later, implies strong results about the nonparallelizability of manifolds, 
as M. Kervaire has proved in [41].) 


mplication (7) was independently proved by M. Kervaire [40] and by 
R. Bott and J. Milnor [18]. In both cases it was deduced from deep results 
due to Bott [17] concerning the orthogonal groups O,,. 
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Besides the left implication in (1) (which is Theorem 10.3.8), implication 
(8) (which is 10.4.4), implication (9) (which is 10.5.6), and implication (6) 
for the case of the usual differentiable structure (which is Theorem 10.5.5), 
the program that we have followed here consists in proving Theorem 10.6.10, 
which is the fundamental result for closing the circle, since it proves equiva- 
lence (10). 


10.6.1 DEFINITION. The join of two topological spaces X and Y, denoted 
by X * Y, is defined by 


X*Y=XxIXxY/v, 
where (x,0,y) ~ (x,0,y') and (2,1,y) ~ (a',1,y) for every 2,2’ € X and 


yy eY. 


10.6.2 EXERCISE. (a) Prove that X*¥ » CXxYUXxCY CCXxCY, 
where we define here CZ = Z x I/Z x {1} for any space Z. 


(b) Conclude that S™-! + S*-! w giro! 


10.6.3 DEFINITION. Let f : X x Y —+ Z be continuous. The map 
H(f): X*Y 3 DZ=CZ/Z x {0} 


given by H(f)[z,t,y] = [f(z,y),#] is called the Hopf construction applied to 
f: 

If uw: S?-t x S7-! —s S§r-! is a multiplication, then the Hopf construction 
induces a map 


i= H(p): S*1 «871 = S-! _, ysl as. 


10.6.4 DEFINITION. Given f : S*’-! —+ S” we define an integer h( f), called 
the Hopf invariant of f, as follows. In the case that n is odd, we define 


0 ifn=2m4+1,m>0, 
Mf) = : 
1 ifn=t1. 


When n is even, we consider the short exact sequence 


0 —> Ks?) “> KC, “> Ks") 0, 


which we obtain by applying (3.3.13), where 2 : S* — Cy is the canonical 
inclusion and p : Cy s?r — ys?! is the canonical quotient map, since 
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according to 9.4.9(b), K(X)= [X, BU] for every compact, connected pointed 
space X. Since K(ZX) = K-!(X), it follows from K~!(S?”) = 0 = K-1(S”) 
that the exact sequence is indeed short. 

On the other hand, K°(S*") = Z & KS"). Let b, © K(S") be a 
generator. Then there exists u € K°(Cy) that is a generator satisfying 


i*(u) = b,. However, t*(u*) = (2*(u))? = 0, since all the squares in KS") 


are zero. Therefore, there exists a unique y € K°(S*”) such that p*(y) = u?. 


If v = p*(bon), then we define h(f) by 
w=h(fyv (or y= h(f)bon), 


where bo, € K °(S*”) is the generator that satisfies bo, = by X by. We claim 
that h(f) does not depend on wu. To see this, let u’ be such that i*(u') = b,. 
Then 2*(u! — u) = 0, and so u! — u = p*(Abo,) for some A € Z. Consequently, 


ui =utp*(Abon) =utrAv, v=p*(bn), 
and 
(WY =u? + Qruv + 70? = v?, 
since v? = #*(b3,) =0 and uv =0. 


10.6.5 EXERCISE. Fill in the details in the definition of A(f). In particular, 
prove that all of the squares x? for x € K°(S") are zero. 


10.6.6 EXERCISE. Show that f ~ g > h(f) = h(g). 
10.6.7 DEFINITION. Let pp : S®-! x S*-! —s Sr-! be a continuous map, 
n> 1. By choosing e € S°-! we have maps given as follows: 

mi: S*1—>8"!, wi(x) = w(z,e), 

po: S*1— S81, p(x) = ule, 2). 


These maps are independent of e, up to homotopy, since S”~! is path con- 
nected. We define the bidegree of ys as 


bidegree (1) = (degree (j11), degree (11), 


where the degree of ji; is the integer that corresponds to [j;] € 7,_,(S"~!) un- 
der the isomorphism 7,,_;(S°-!) & Z given by the correspondence [idgn-1] 
1. In other words, the homomorphism pf : m,_\(S°-!) —> m,_,(S°~') is 
multiplication by degree (4;). 
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10.6.8 REMARK. If g : Set — > S*! has degree p and n > 1 is odd, 
then g* : K(s?) = K(S*-') is multiplication by p. If n is even, then 
(Zg)* : K(S") —> K(S") is also multiplication by p. 


10.6.9 Theorem. Let n be even. If 4: S°-! x S*-! —+ S*-! has bidegree 
(p,q), then the Hopf invariant of f = H(u): S*°-! —+ S” is equal to p-q. 


Proof: Let us consider $; and S», each one of the factors of the product S°-! x 
S’-!, as the boundaries of the n-dimensional balls B, and By», respectively. 
We can take B; to be the quotient of S; x J by the relation that identifies 
8, x {1} to a point. 

Let S% and S® be the upper and lower hemispheres of S”. These consist 
of the points ¢ = (a1,...,2%n41) € S® such that 2,4; > 0 and t,41 < 0, 
respectively. 

From j we obtain maps f; : S; x By —+ S% given by (2,y,t) 
(V1 —#)u(a,y),t) for t € I and fy : By x Sp —> 8” given by (2,t,y) 
((V/1—#)u(a, y), -t). Clearly, S$; x By UB, x S2 is homeomorphic to $+) = 
s?--!_ Also, f,; and fo determine f : S,; x By U By x 8; — St US®, which 
coincides with f : S?’--! —> S” under the homeomorphism. 

With this description of f, the mapping cone Cy is the quotient of Z = 
(B, x By) US" by the relation that identifies (x,y) € 0(B, x B,) = 8, x Bo U 
B, x Sp with g(x,y) € S”. We denote by fo: By x By —+ Cy the restriction 
of the quotient map. Note that S” (and thus S¥ and S$”) are subspaces of 
Cy in a natural way. Let 


9 = (fo, fi, fo) : (Bi X Bo, S1 x Bo, Bi x 82) —> (Cy, ST, 87) 
be the corresponding map of triples. 
Therefore, we have an isomorphism 
gt : K(C}, 8% US*) —> K((By, $1) x (Ba, 5), 


since the corresponding restriction of g is a relative homeomorphism (that 
is, it defines a homeomorphism of the complements). 


Now, if 
gi: (By X Bo, S1 x Bo) — (Cy, 8%), 


go: (B, x Bo, By x S2) —> (Cy, 8), 
are restrictions of g, then we have that the composite 
vr: K(Os) © K(G;,%) = K(Cy, 8) 
—*+K (Bi, $1) x By) © K(Bi,8;) © K(S”) 
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has the property that if u € K(Cy) is the generator such that 2*(u) = b, € 
K(S") (see 10.6.4), then yi(u) = pb,. Analogously, the composite 


pn: K(C) & K(C;,*) & K (Cy, 8) 
—=+K(B1 x (Bs, S2)) © K (Bo, 82) © K(S”) 


satisfies yo(u) = gb,. 


We can take generators 
bv) € K((B1,5;) x Bo) and b! € K(B; x (Be x S2)) 


such that they correspond to b, under the isomorphisms and such that 
b!, ~ bi corresponds to 2, under the respective isomorphism. We have 
the commutative diagram 


K(Cs)@K (Cs) 


K(Cs) 


K (C84 )@K (C7,8") ———___> K(C;8") 


94 O5 | |. pt 


K ((B1,81)x B2)@K (Bi x(Bo,S2)) ——> K(B1x Bo,81 x BoUB1 x82) 


ls 


Re), 
where ~ denotes the (interior) product in K induced by @ in Vect (that is, 
by the tensor product of vector bundles) and y{ and y} correspond to y1 
and 2 under the isomorphisms. So, chasing through the diagram starting 


with u@ u, we have 


U@ubr—> x? = pqv 


| 


(pb,,) ® (qb) = pdbon , 
which yields u? = pqv and consequently h(f) = pq. ia 
10.6.10 Proposition. Let n > 1 be odd and let 


pi Srl x gr} __y gv 


have bidegree (p,q). Then pq = 0. 
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Proof: We know that in K-theory we have 
K(s*"! x s*-!) = K(S"") @ K(S*"') = (Z@ Zu) ® (Z@Zv), 


where u and v are generators of K(s™") in the first and second factors, 
respectively. If we write K(S"-!) = Z@ Zw, then 


“TZ Zw — (Z@ Zu) @ (ZG D) 


sends w to an element of the form pu@1+1@qv+s(u@v). Because p* is 
a homomorphism of rings, we have that 0 = w* leads to (pu®1+4+1@qu+ 
s(u® v))" = 2pq(u® v), since squares are zero. Therefore pq = 0. im 


From 10.6.9 and 10.6.10 we get the next result. 


0.6.11 Theorem. fj: S°-!xS°-! —+ S°-! és an H-space multiplication, 
then f = H(u) has Hopf invariant h(f) = 1. 


Proof: Note that bidegree (4) = (1,1) and so n is even according to 10.6.10. 
Then using 10.6.9 we have A(f) = 1. o 


Now we shall prove the theorem that closes the circle of implications 
escribed at the beginning of this section. 


0.6.12 Theorem. Suppose that f : S°--! — S” has odd Hopf invariant. 
Then n = 2,4, or 8. 


Proof: Assume that n = 2r. (Note that n cannot be odd by definition). Let 
bon, bn, u, and v be as before, which can be expressed in a diagram as follows: 


0 > Kis”) 2 Kic,) 45 Ks”) 0, 


bon > vy, Urry db. 


Using the naturality of the Adams operations we see that 
Be) = ptd*(ben) 
p(k" bon) (by 10.1.9(d)) 


= Bo. 


(10.6.13) 


On the other hand, we also have that 
(b*(u)— ku) = vb.) — bby 
= k'b,—kb, (by 10.1.9(d)) 
= 0. 
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So we obtain 


(10.6.14) w¥(u) —Kus=olk)jv, o(k) eZ. 


However, using 10.1.9(c) we have 
w?(u) =u? mod 2 = h(f)v mod 2. 
Then from (10.6.14) we get 
w?(u) = Qu + o(2)v = h(f)v mod2. 


Consequently, o(2) and h(f) have the same parity, which means that o(2) is 
odd. 
But by 10.1.9(b) we know that J*y' = pa", and so 
pp(uy = out ofr) 
(ku + o(k)v) + o (DK v 
= Blut Wolk) +k o())v. 


Analogously, we obtain 
w'dk(u) = hut (ko) + Pro(k))v. 

Thus we get k"o(l) + P"0(k) = Vo(k) +k" (1), which in turn implies I” (" — 
Lo(k) = k’(k" — Yo). 

In particular, if we take / = 2 and k odd, we have that 

2°(2" — Lo(k) = k’(k" — 1)o(2). 

Therefore, since o(2) is odd, 2"|k” — 1 for all odd k. In particular, this holds 
then for r= 1. 


Assume that r > 1 and consider the group of units (Z/2")*, which has 
even order. So the congruence k” = 1 mod 2” implies that r is even, since the 
order of (Z/2")* has to divide r. Therefore, r = 2,4,6,8,.... If we now take 


k=1427, 


then we have that k” = 1+72"/? mod 2”, which implies 2/7|r, since 2"|k” —1 
and so 2"|r2"/*. But this can happen only if r = 2,4, sincer > 4 > 27/7 > r. 


So by the preceding we have n = 2,4, or 8. oO 


We can summarize all of our results in the next theorem. 
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10.6.15 Theorem. The following statements are equivalent: 
(a) n=1,2,4, or 8. 
(b) R” has the structure of a normed algebra. 


(c) R® has the structure of a division algebra. 


(d) S°-! és parallelizable or n = 1. 


) 
(e) S°-! és an H-space. (Recall that S° = Zp.) 
f) 


There exists a map f : S°°-! —s S” with Hopf invariant equal to 1. 0 
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CHAPTER 11 


RELATIONS BETWEEN COHOMOLOGY 
AND VECTOR BUNDLES 


In the present chapter we shall establish some relations between vector bun- 
dles over a space and the cohomology of the space. These relations are de- 
termined by the characteristic classes, which are called the Stiefel-Whitney 
classes in the case of real vector bundles and are called Chern classes in the 
complex case. To be more precise, we shall first rely on the fact that RP 
and CP® are simultaneously Eilenberg—Mac Lane spaces (of type K(Z/2, 1) 
and K(Z,2), respectively) and Grassmann manifolds (namely, Gi(R®) and 
Gi(C%), respectively). Here G:(R°) = GE(R°) denotes the Grassmann 
manifold of real one-dimensional subspaces of R°®, while Gi(C) = Gf(C*) 
denotes the Grassmann manifold of complex one-dimensional subspaces of 


c~. This means that on the one hand these two spaces determine the co- 
homology functors H!(—;Z/2) and H*(—;Z), while on the other hand they 
classify real and complex line bundles, denoted functorially by Vect® and 
Vect®. In this way we shall define the first Stiefel-Whitney class and the 
first Chern class. 


Later on we shall introduce the Thom class together with the Thom 
isomorphism theorem and then construct the absolute and relative Gysin se- 
quences for real and complex bundles. These sequences will be the fundamen- 
al tool for constructing the Stiefel-Whitney and Chern classes in dimensions 
bigger than one. 


We shall end the chapter by proving the famous Borsuk—Ulam theorem. 
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11.1 CONTRACTIBILITY OF S® 


An important fact in the understanding of RP® and CP”, the infinite- 
dimensional projective spaces, is that each of them is obtained as a quotient 
space of a contractible space, namely the infinite-dimensional sphere S*. In 
this section we shall prove this. 


First recall that S° = colim S°-! C colim R” = R®. More precisely, we 
can describe R® as the set of sequences of real numbers that are eventually 
zero, that is, those sequences 


(61, a F3) 2. VT Bee) 


for which there exists some 7 such that 2, = 0 for all k > n. We shall be 
using the next definition in the following. 


11.1.1 DEFINITION. The infinite-dimensional sphere S© is the subspace of 
R® containing the sequences (21,22,23,.-.,%%,Ta41,---) Satisfying 27+23 + 
---= 1. Note that this is a finite sum, since all but finitely many of the x, 
are zero. 


11.1.2 NoTE. Topologically speaking, just as C” is homeomorphic to R?”, 
so we have that C® is homeomorphic to R°°. The difference is that C° has 
the structure of a complex vector space, while R® has the structure of a real 
vector space. Since there is a commutative diagram 


g2n-1C_s cr 


[ 


geet 1 _s cmt : 


we can view S® as the subspace of C°° of eventually zero sequences of complex 
numbers (21, 22,...) satisfying |z;|? + |zo|? + --»= 1. 


11.1.3 Theorem. The infinite-dimensional sphere S® is contractible. 

Proof: First, consider the map H : S® x I —+ S@ defined for 
(@1,%9,23,...)€S° and tel 

by 


H(21,%2,%3,...,t) = ((1—t)ai, ta, + (1 —t)ae, tag + (1 —t)as,...)/N, 
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where the denominator N is the norm of the (nonzero) vector in the numer- 
ator, namely, 


N= V/((1—t)21)? + (21 + (1 —t)ae)? + (txg + (1 —t)as)? +--+. 


This homotopy clearly starts with the identity id : S° —> S and ends with 
the map H, : S*® —+ S® defined by Hi(21,x2,%3,...) = (0,21, 29,23,...), 
whose image is the set A= {x € S® | x; = 0}. 


Let us now define a new homotopy H’: A x I —+ S® by 
H'(0,2x2,23,...,t) = (t,(1—t)ze,(1 —t)x3,...)/N', 


where the denominator N’ plays the same role as N did before, namely, it 
normalizes the (nonzero) vector in the numertor. For t = 0 the homotopy 
H' is the inclusion A  S®, while for t = 1 it is a constant map. The 
composition of these two homotopies defines the desired contraction. oO 


11.1.4 EXERCISE. 


(a) Prove that the homotopies in the previous proof are well defined and 
continuous. 


(b) Compose those homotopies in order to obtain an explicit homotopy 
from the identity idgo to the constant map S°° —+ S® whose value is 


C10 Ges cy: 
11.1.5 EXERCISE. 


(a) Prove that the inclusion S*-! < S” is nullhomotopic. (Hint: Adapt 
the homotopies H and H’ from the proof of Theorem 11.1.3 to this 
situation.) 


(b) Conclude from part (a) that any map f : S* —> S” is nullhomotopic, 
provided that k <n. (Hint: According to the cellular approximation 
theorem 5.1.44, f factors up to homotopy through the inclusion S°-! 
S”.) 


From the last exercise we get the following important result. 


11.1.6 Corollary. 7,(S”) = 0 fork <n. o 
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11.2 DESCRIPTION OF K(Z/2,1) 


We shall prove in this section that RP is simultaneously homeomorphic to 


Gi(R®) and has the homotopy type of a K(Z/2, 1). 


Before starting, it is worthwhile mentioning that the following is a de- 
scription of RP”, the real projective space of dimension n. 


11.2.1 DEFINITION. Consider the equivalence relation on S” C R"*! gener- 
ated by pairs of antipodal points; namely, take the equivalence relation given 
by a ~ —2 for all zg € S”. Then we define RP” = S"/~. Consequently, there 
is a quotient map 

p:S” —> RP” 


whose inverse image of any point in RP” is a copy of S°. 


11.2.2 EXERCISE. Prove that the map p : S* —> RP” defined above is 
a locally trivial bundle. (Hint: Define U; = {[z] < RP” | x; # 0}, for 
i= 1,2,...,n+1. Then {U;} is an open cover of RP” and p|p~U; is trivial.) 


11.2.3 Proposition. There evists a Serre fibration 
p:S° —> RP? 


with fiber S°. 


Proof: For each n there is a commutative diagram 


gem gui 


| 


RP°—— Rp™! 


such that the upper horizontal inclusion is a homeomorphism on the fibers 
S°, 

In the colimit, these inclusions determine a map p : S® —> RP® whose 
fibers are S°. To prove that p is a Serre fibration we have to show that, it has 
the HLP for the cubes I*. Specifically, we have to show that for any given 
commutative square 

pk —* +ge 
Jo x Zoe lr 


Ik x [> RB? 
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there exists a lift H. However, since both J* and I* x I are compact, the 
images of h and H lie in S” and RP”, respectively, for some n. And this 
means that we have a commutative diagram 


pke—2_~gr 


a 7 
| oe |r 
I x I> RP”. 
Clearly, there exists H that makes the triangles commute in the last diagram, 
since S” —>+ RP” is locally trivial by 11.2.2 and so is a Serre fibration. Then 


He: I* x I+ 8" 4 S® makes the triangles commute in the first diagram, 
which proves that p is a Serre fibration. im 


For what we shall need in the following it is enough to know that p : 
Se —>+ RP® is a quasifibration, which is true because it is a Serre fibration. 
Actually, it is even more than a Serre fibration, as we now shall show. 


11.2.4 EXERCISE. Prove that p : S® —> RP® is a locally trivial bundle 
and, using the fact that RP is paracompact (since it is a CW-complex), 
deduce that p is really a Hurewicz fibration. 


From Proposition 11.2.3 we get the long exact sequence 
Tr(S*) Tn(RP*) Tn—1(S°) 
m(S®) m1(RP™) 0(S°) 0. 


Since 1,,(S®) = 0 for all n (because S® is contractible) and since 1,,(S°) = 0 
for all n 4 0 (because S° is discrete), we obtain from the previous exact, 
sequence that 7,(RP®) = 0 for n 4 1 and that ,(RP®) & 1(S°). Since 
m(S°) contains two elements, it follows that ™(RP®) © Z/2. So we have 
proved the next result. 


11.2.5 Theorem. RP® és an Hilenberg-Mac Lane space of type K(Z/2,1). 
o 


Using Definition 7.1.2 and Theorem 11.2.5 we get the following immediate 
consequence. 


11.2.6 Corollary. For any CW-compler B, 


[B, RP*] = H1(B; Z/2). og 
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The elements of the Grassmann manifold Gj(R"*') are the one-dimen- 
sional subspaces of R”+'. So we have a bijection between the elements of 
G,(R°*!) and pairs of antipodal points of S’ C R®+!. In other words, the 
map 

q:8" — G(R") 
defined by « ++ (x) (where (x) denotes as above the real one-dimension- 
al subspace of R°+! generated by 2) is surjective, and for every line | € 
G,(R"*!) we have g~!(1) = 1S”, which means that g~'(J) consists of a pair 
of antipodal points of S”. Since S” is compact and G;(R°*+') is Hausdorff, ¢ 
is an identification map, and so there exists a homeomorphism y : RP” —> 
G,(R°*) that gives us a commutative triangle 


aa 


Gi(Rt)., 


So we have proved the following. 


11.2.7 Proposition. There is a canonical homeomorphism 
RP” ~ G,(R°t). q 
As a consequence of Proposition 11.2.7 we now can prove the next theo- 
rem. 


11.2.8 Theorem. There is a canonical homeomorphism 


RP® ~ G,(R®). 


Proof: The inclusions --- > R°+! 4 R°+? < ... induce inclusions 
eo S*GEM* Go. 
+) RP?G RPG... , 
G(R") G G(R) G --., 


so that we have commutative squares 
RE" ——> Rp*+! 
-| |- 
G(R!) + G(R") 


for every n. Therefore, in the colimit we obtain the desired homeomorphism. 
o 
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If we let Vect®(B) denote the set of isomorphism classes of real line bun- 
dles over B, then we have the following consequence of the previous theorem. 


11.2.9 Corollary. There is an isomorphism 


[B, RP*] © Vect®(B) . 


11.8 CLASSIFICATION OF REAL LINE BUNDLES 


The work for this section has essentially been done in the previous one. By 
combining Corollaries 11.2.6 and 11.2.9 we obtain the classification theorem 
of real line bundles. 


11.3.1 Theorem. Vect?(B) = H'(B;Z/2). | 


11.3.2 DEFINITION. Let p: E —+ B be a real line bundle. We define its 
first Stiefel-Whitney class w;(E) € H'(B;Z/2) to be the image of [E] € 
Vect#(B) under the isomorphism of Theorem 11.3.1. This element is also 
called the Huler class of the line bundle p. (Cf. Definition 11.7.13.) 


By definition, w;(#) is an invariant of the isomorphism class of Z. One 
of the important properties of w; is naturality, which we now shall discuss. 


11.3.3 Proposition. Suppose that f : B' —+ B is a continuous map and 
that E —> B is a real line bundie. Then we have the naturality property 


w,(f'E) = ftw(E) € H'(BZ/2), 


where f*E —+ B' is the bundle induced by f from E —>+ B, and f*w,(E) 
is the image of w;(E) € H'(B;Z/2) under the homomorphism induced by f 
in cohomology, namely f* : H'(B;Z/2) —+ H'(B';Z/2). 


Proof: It is enough to note that by the naturality of the classifying isomor- 
phism of Vect®(B) (see 8.5.13) we have a commutative diagram 


Vect®(B) + H1(B;Z/2) 


r| |r 


Vect}(B') > H'(B'; Z/2). q 
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11.3.4 Corollary. [fp: E — B is a trivial real line bundle, then w\(E) = 
0; that és, wi(e') = 0. 


Proof: Since p : E —> B is trivial, it is isomorphic to the bundle f*R 
induced from the bundle R —+ * over a one-point space by the unique map 
f: B—- *. Consequently, we have that 


wi(E) = wi(f"R) = frwi(R) = 0. 


Here we have used w;(R) € H!(*; Z/2) = 0, which holds because H!(+; Z/2) 
[+, RP*] and RP® is path connected. 


oll 


11.3.5 DEFINITION. The canonical line bundle, or Hopf bundle, L —+ RP” 

is defined as follows. We consider RP” to be the space of lines  C R°+! and 

define ; 
L={(z,D €R™* x RP” | eet} “> RE". 


This means that this is the bundle whose fiber over each point | € RP” in the 
base space is the very same line /. Or in other words, if we consider RP” to 
be the quotient space of the sphere S” (which we get by identifying each pair 
of antipodal points x, —2x to a single point (x)), then the fiber of the Hopf 


bundle over a point (z) € RP” is the line containing the pair of antipodal 
points z, —2 €S? C R™*. 


11.3.6 NoTE. Obviously, the Hopf bundle L —> RP! ~ S! is homeomor- 
phic to the open Moebius strip (see Figure 11.1). 


ites 


MVP ae 


i 
a, 


Figure 11.1 


11.3.7 Proposition. We have wi(L) 4 0, where L —> RP! is the Hopf 
bundle. 
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Proof: There are isomorphisms 
Vect®(RP') = [RP', RP] = H\(S'; Z/2) = Z/2, 
which imply together with Corollary 11.3.4 that w;(EZ) = 0 if and only if 


E —> RP’ is a trivial line bundle. Since L —> RP" is nontrivial, it follows 
hat w)(L) 40. a 


1.3.8 EXERCISE. Prove that the Hopf bundle qg : L —> RP! is in fact 
nontrivial. (Cf. Exercise 11.3.11.) (Hint: The trivial bundle p : E —> RP! 
has the topological property that when we remove from F the zero section, 
hat is, when we consider the fiber space 


Eo={xeE|«40 in p'p(2)}, 


we obtain a space with two connected components. However, for g : L —> 
RP', the fiber space 


Io={xeL|x40€q'q(x)} 


has only one component. See Figure 11.2.) 


Figure 11.2 


11.3.9 EXERCISE. Prove that RP! ~ S!. (Hint: Consider S' = {e?™* | 
t € [0,1]} CC. Then a homeomorphism y : RP! —+ S! is given by the 
commutative triangle 

s! 

es 

RP!—>S', 
where we define y'(e?™*) = e*"* for ¢ < [0,1], or in other words, y'(¢) = ¢? 
for ¢ < S!.) 
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Using the previous exercise, Proposition 11.3.7 is really a statement about 
line bundles over the circle S'. And so we have the following consequence. 


11.3.10 Corollary. Vect¥(S!) has two elements, namely, the isomorphism 
class of the trivial line bundle and the isomorphism class of the Hopf bundle 
(which is also known as the open Moebius strip). ia 


11.3.11 EXERCISE. Recall from Definition 8.3.10 that a section of a vector 
bundle p: EF —> Bisamaps: B —> E satisfying pos = idg. We say that 
a section s is nowhere zero if s(b) 40 in p~1(b) for every point b € B. 


(a) Prove that every trivial bundle of nonzero dimension admits a nowhere- 
zero section. 


(b) Prove that the Hopf bundle L —> RP’ does not admit a nowhere-zero 
section. (Hint: Use the intermediate value theorem.) 


(c) Deduce from parts (a) and (b) that the Hopf bundle L —> RP" is 
nontrivial. 


11.4 DESCRIPTION oF K(Z, 2) 


In this section we shall essentially repeat what was done in Section 11.2, 
only now in the complex case. We shall prove that CP°° is simultaneously 
homeomorphic to G;(C°) and has the homotopy type of a K(Z, 2). 


Consider the sphere S*’+! c C”+!, namely, 


2 z 1 
Soth= {levees ect 


ntl 
SO 2%: a ae 
t=1 


Much as in the real case, we have the following description of CP”, the 
complex projective space of (complex) dimension n. 


11.4.1 DEFINITION. For z € S??+! c C”+! and ¢ € S! C C we have that 
cz € S’rt!, We define the complex projective space CP” to be the space 
we get by identifying in S*’+! the points z and ¢z for all z € S?”+! and all 
¢ €S!. This means that CP” = S*’+!/~, where the equivalence relation ~ 
is defined for z and 2! in S?"+! by z ~ 2! if and only if there exists ¢ € S! 
such that 2’ = ¢z. So there is a map 


prt! —, CP” 


whose inverse image of every point in CP” is a copy of S!. 
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11.4.2 EXERCISE. Prove that the map p : S*?+! —; CP” defined above is 
a locally trivial bundle. (Hint: For 2 = 1,2,...,n +1 define U; = {[z] = 
[(21, 22,-.-,2n41)] € CP” | z; 4 0} and show that p|p~!U; is trivial.) 


11.4.3 Proposition. There exists a Serre fibration 
s° — CP? 


with fiber S'. 


Proof: For every n we have a commutative diagram 


g2n-1_> g2nt1 


! 


Cp*-!—+> CP” 


such that the upper horizontal inclusion is a homeomorphism on the fibers 
Ss). 

In the colimit these inclusions determine a map p : S® —+ CP® whose 
fibers are S!. To prove that p is a Serre fibration, we have to show that it 
has the HLP for the cubes I*. This means that we have to show that given 
any commutative square 


TE —*_. goo 


; h-7 
Jo a P 


Tx I—>CP* 


there exists a lift H. However, since both 7* and I* x I are compact, there 
exists some n such that the images of h and H lie respectively in S*’+! and 
CP”. This says that we have a commutative diagram 


pk —b-+ gent 


F H-7 
jo “ P 


TF x I> CP", 


Clearly, there exists H that makes the triangles commute in the last 
diagram, since S*’+! —+ CP” is a Serre fibration because it is locally trivial 
by 11.4.2. Then H: IF x [ —+ $+! — §° makes the triangles commute 
in the first diagram, which proves that p is a Serre fibration. o 
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In the following it will be sufficient to know that p : S® —> CP’ isa 
quasifibration, which is true because it is a Serre fibration. Nonetheless, it 
really is more than a Serre fibration, as we now shall see. 


11.4.4 EXERCISE. Prove that p : S*° —+ CP® is a locally trivial bundle 
and, using the fact that CP® is paracompact (since it is a CW-complex), 
deduce that p is really a Hurewicz fibration. 


From Proposition 11.4.3 we get the long exact sequence 
Tr(S°) Tr(CP™) Tn—1(S!) 
m9(S°) (CP) m(S!) m(S®) = 0. 
Since m,(S°) = 0 for all n (because S® is contractible) and 7,(S') = 0 for 


alln 4 1, we get from the previous exact sequence that m,(CP°) = 0 for all 
n #2 and that 72(CP) © m(S') & Z. So we have proved the next result. 


11.4.5 Theorem. CP” is an Eilenberg-Mac Lane space of type K(Z,2). 0 
Definition 7.1.2 and Theorem 11.4.5 have the following consequence. 


11.4.6 Corollary. For any CW-compier B, there is a natural isomorphism 
[B, CP] © H7(B;Z). o 


The elements of the Grassmann manifold Gj(C"*+') are the one-dimen- 
sional (complex) subspaces of C°+!. So we have a bijection between the 
elements of G;(C”) and the great circles in S**+! C C+! Here great circle 
means, of course, the intersection of S*’+! with any one-dimensional (com- 
plex) subspace of C’*!, and not the intersection of S*’+! with an arbitrary 
two-dimensional (real) subspace of C”*+!. In other words, the map 


q:S?4! 3G (crt), 


defined by z +> (z) (where (x) denotes as above the complex one-dimensional 
subspace of C”+! generated by 2), is surjective, and for every line 1 € Gi(C”) 
we have g7/(1) = 1M S?"+!, which means that q~'(J) is a great circle in S?’+!. 
Since S’’+! is compact and G;(C”*") is Hausdorff, q is an identification map, 
and so there exists a homeomorphism y : CP” —> G,(C”*') that gives us a 
commutative triangle 


geet 


one 


cP” 


@ 


So we have proved the next result. 


11.5 CLASSIFICATION OF COMPLEX LINE BUNDLES 343 


11.4.7 Proposition. There is a homeomorphism 


CP” = GC"). = 


As a consequence of Proposition 11.4.7 we now prove the following theo- 
rem. 


11.4.8 Theorem. There is a homeomorphism CP® = G,(C®). 


Proof: The inclusions ---  C? 4 Ct! < ... induce the inclusions 
oe cy Gen-l cy Sertleay eat 
OCP GCRHC..., 
Gi(C”) GC") tee, 


so that we have commutative squares 


cpr-1—__> CE” 


-| |- 


GC) > G(C"*) 


for every n. So in the colimit we get the desired homeomorphism. oO 


If we let Vect$(B) denote the set of isomorphism classes of complex line 
bundles over B, then we have the following consequence of the previous 
theorem. 


11.4.9 Corollary. For any CW-complexr B there is a natural isomorphism 


[B, CP*] © Vect£(B) . O 


11.5 CLASSIFICATION OF 
COMPLEX LINE BUNDLES 


The work for this section has essentially been done in the previous one. By 
combining 11.4.6 and 11.4.9 we obtain the classification theorem of complex 
line bundles. 


11.5.1 Theorem. There is a natural isomorphism Vect©(B) & H?(B;Z).0 


344 11 RELATIONS BETWEEN COHOMOLOGY AND VECTOR BUNDLES 


11.5.2 DEFINITION. Let p: & —+ B be a complex line bundle. We define 
its first Chern class c\(E) € H?(B;Z) to be the image of [E] € Vect{(B) 
under the isomorphism of Theorem 11.5.1. This element is also called the 
Euler class of the vector bundle p. (Cf. Definition 11.7.13.) 


By definition, c;(#) is an invariant of the isomorphism class of B. One 
of the important properties of c; is naturality, which we now shall discuss. 


11.5.3 Proposition. Suppose that f : B’ —> B is a continuous map and 
that FE —+ B is a complex line bundle. Then we have the naturality property 
ei(f*E) = frei(E) € H*(B';Z), 


where f*E —+ BY! is the bundle induced by f from E —+ B and f*e,(E) 
is the image of c\(E) € H?(B;Z) under the homomorphism induced by f in 
cohomology, namely ft : H?(B;Z) —+ H?(B';Z). 


Proof: It is enough to note that by the naturality of the classifying isomor- 
phism of Vect€(B) (see 8.5.13) we have a commutative diagram 


Vect©(B) > H?(B; Z) 
a |r 
Vect{(B') > H*(B';Z). q 
11.5.4 Corollary. [fp : E —+ B is a trivial complex line bundle, then 
e(E) = 0. 


Proof: Since p : E —+ Bis trivial, it is isomorphic to the bundle f*C induced 
from the bundle C —> + over a one-point space. Consequently, we have that 
o(B) = e1(f*C) = fre (C) =0. 

Here we have used c(C) € H?(+;Z) = 0, which holds because 
Hx; Z) = [+,CP* 
and CP” is path connected. ia 


11.5.5 DEFINITION. The canonical line bundle, or Hopf bundle, 
EL —+ CP” 
is defined as 
L={@,Dec™ x cP | zeit} 2, ce’. 


This means that this is the bundle whose fiber over each point / €¢ CP” in 
the base space is the very same complex line /. 
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11.5.6 NOTE. The complex projective space CP! (which has complex di- 
mension one) is homeomorphic to the Riemann sphere S’ = C Uco. We 
can give a homeomorphism as follows. We first define an identification map 
p:S' — & by plz, 2’) = 2/2! for 2! 40 and p(z, z') = co for 2! = 0, where 
we use S* C C? —0 to identify points in S* as pairs of complex numbers (z, 2’) 
in C? —0. This map p has already been studied in Example 4.5.10, where 
we showed that it precisely identifies to a point in S* each circle in S® of the 
form ¢(z, 2") € S® C C? for some fixed (z, z’) in S° and all ¢ € S!. In this way 
p induces a homeomorphism from the quotient space of S* that results from 
identifying these circles to a point (this being exactly the projective space 
CP’) to S*. 


Therefore, we have H?(CP';Z) ~ H(S*;Z), and so we get the next 
result, which will be proved later on in Corollary 11.7.29 in more generality. 


11.5.7 Proposition. Let L —+ CP! be the Hopf bundle. It follows that 
ci(L) generates H?(CP'; Z) as an infinite cyclic group. In particular, c1(L) # 
0. o 


11.6 CHARACTERISTIC CLASSES 


n Sections 11.3 and 11.5 we introduced the first Stiefel-Whitney class w; 
and the first Chern class c; for real and complex line bundles, respectively. 
n this section we shall define the Stiefel-Whitney and Chern classes for ar- 
itrary real and complex bundles and shall analyze many of their properties. 
However, the proof of their existence, which we shall present in Section 11.8, 
requires some special preparatory material, which will be given in Section 
lea 


1.6.1 DEFINITION. Suppose that p : & —+ B is any real vector bundle. 
Cohomology classes 


w(B) € H'(B;Z/2), i=0,1,2,..., 


are called Stiefel-Whitney classes (for the bundle p : & —+ B) if they are 
invariants of the isomorphism class of the bundle and satisfy the following 
axioms: 


(i) The class wo(#) is the unit element 


1 ¢ H°(B;Z/2) 
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and w{E) = 0 for i > dimg(F), that is, for i > n, where F is a real 
n-vector bundle. 


(ii) Naturality. If f : B’ —+ B is continuous and p: FE —> B is a real 
vector bundle, then we have for every 2 that 


w(ftE) = frw{E) ¢ HBS Z/2), 
where f*# —+ B’ is the bundle induced by f from p: F —> B. 
(iii) Whitney Formula. If E —+ B and E’ —+ B are real vector bundles 

over the same base space, then 

k 

w(E ® E') = So wi(B) ~ wi(E’). 

i=0 

In particular, we have 


w(E@E') =w(E)+wi(E), 


w(E ®@ EB’) = w(E) + wi(B) ~ wi(E) + w(E), 


and so on. Here the symbol ~ denotes the interior (or cup) product 
in cohomology. (See Definition 7.2.2.) 


(iv) For the Hopf bundle L —> RP' over RP’ (the circle) the first Stiefel- 
Whitney class w;(L) is nonzero. 


11.6.2 Proposition. Suppose that E —> B and E! —+ B' are real vector 
bundles and that f : E' —+ E is a bundle morphism covering a map f : 
B' —+ B. Then we have w;(E') = f*(w:(E)) for every i. 


Proof: Since we have f*E' = E by using Exercise 8.1.14, the desired result, 
follows immediately from the naturality and isomorphism-class invariance of 
the Stiefel-Whitney classes. oO 


11.6.3 NoTE. Actually, Proposition 11.6.2 is equivalent to naturality and 
isomorphism-class invariance. Specifically, if # —> B is a bundle and f : 
B’ —+ B is continuous, then f: f*E —+ E is a bundle morphism, so 
that Proposition 11.6.2 implies naturality. And moreover, if we have an 
isomorphism E’ © F, then this isomorphism is a bundle morphism over idg, 
so that again by Proposition 11.6.2 we get w;(E’) = w;(E), which is precisely 
the property of isomorphism-class invariance. 
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Without having to prove the existence of the Stiefel-Whitney classes, we 
can draw some consequences from the axioms. 


11.6.4 Proposition. For each n > 0 let e” be a trivial real vector bundle of 
dimension n over the space B. Then we have w;{e”) = 0 for everyi > 0. 


Proof: The proof is carried out in essentially the same way as in Corollary 
11.3.4, namely, by applying naturality and using H;(+;Z/2) = 0 for i > 0. 
o 


The following is an important property of characteristic classes; it is some- 
times known as stability. 


11.6.5 Proposition. Suppose that &” is a trivial real vector bundle of di- 
mension n over the space B for some n > 0 and that FE —> B is any real 
vector bundle. Then we have w;(e” ® E) = w{E) for every i> 0. 


Proof: This is an immediate consequence of Proposition 11.6.4 and the Whit- 
ney formula. oO 


It is worthwhile to introduce the next formal definition, which allows us 
to treat all of the Stiefel-Whitney classes with one fell swoop. 


11.6.6 DEFINITION. We use the notation H"(B; Z/2) for the ring of infinite 
formal series 

a=agta+ag+--- 
satisfying a; € H*(B;Z/2) for every i. The product in this ring is naturally 
defined by using the multiplicative structure in cohomology given by the cup 
product. Specifically, for any pair of elements a = (ag + a, + ag +--+) and 
b = (bo +b; + bp +--+) we define their product by 


ab = (ag ~ bo) + (a, ~ bo + ag ~ b1) + (ag ~ bp + ay ~ Dy + aq ~ bg) +--+ 
= Sa ~d;. 
i750 


This multiplicative structure converts H"(B;Z/2) into a commutative and 
associative ring with unit. The additive structure is, of course, just that of 
the direct product the the abelian groups H‘(B;Z/2). Now we define the 
total Strefel- Whitney class of a real n-vector bundle # —> B to be 


w(E) = 14+ wi(E) + w(E) +--+ w(E)+04+---€ H™(B;Z/2). 
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Using this definition, the Whitney formula reduces to the simple expres- 
sion 


WE @ BE) = w(E)w(E’). 

Analogous to the Stiefel-Whitney classes, we have the following. 
11.6.7 DEFINITION. Suppose that p: # —+ B is any complex vector bun- 
dle. Cohomology classes 

o(E) € H*(B;Z), i=0,1,2,..., 
are called the Chern classes for the bundle p: & —-+ B if they are invariant 
under vector bundle isomorphisms and satisfy the following axioms. 
(i) The class co(#) is the unit element 
le H(B;Z), 


and o,(E£) = 0 fori > dimc(£), that is, for 2 > n, where E is a complex 
n-vector bundle. 


Gi) Naturality. If f : B’ —+ B is continuous and p: EF —> Bisa 
complex vector bundle then we have for every 7 that 
a f*E) = fre(E) = H™(BZ), 
where f*£ —+ B’ is the bundle induced by f from p: FE —> B. 


(iii) Whitney Formula. If £ —+ B and E’ —+ B are complex vector 
bundles over the same base space, then 


e(E ® E') = So e(B) ~ oy -:(E’). 


i=0 


In particular, we have 

o(E @ E') = o(E) + e(F'), 

o(E @ B') = of E)+e(E)~ ca(E) +a(E), 
and so on. 


(iv) For the Hopf bundle L —+ CP! over CP! (the 2-sphere) the first Chern 
class ¢,(L) is nonzero. 


Analogously to the real case, we can deduce corresponding properties of 
the Chern classes from the axioms. Since this is formally the same, we leave it 
to the reader as an exercise. When we have occasion to refer to one of these 
properties in the complex case, we shall do it by mentioning the complex 
version of the corresponding real property. 
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11.7 THom ISOMORPHISM AND GYSIN SEQUENCE 


n order to construct the Stiefel-Whitney and Chern classes we shall need 
two important tools: the Thom isomorphism and the Gysin sequence. This 
section will be devoted to developing these tools. Some of the results used 
here will not be proved, and so we refer the reader to the text of Milnor and 
Stasheff [58] for their proofs. 


Consider the exact cohomology sequence with coefficients in a ring R of 
he pair (R”,R” — 0). In view of the fact that R” is contractible and that 
S’—! is a strong deformation retract of R” — 0 we get the isomorphisms 


H-(g7"1; R) + H-(R” — 0; R) 2 3H(R",R” — 0; R). 


Using Proposition 7.1.24 we have that 


R ifi=n, 


H*(R",R” — 0; R) & (0 ifign 


Moreover, according to 7.2.20(ii), H”(R”, R”—0; R) is generated by a canon- 
ical generator g,. In more generality, if V is a real or complex vector space, 
we can find an R-linear isomorphism R” & V (that is, we can choose a. basis 
of V as a real vector space), and thereby get that 


R ifi=dima(V), 


Hi(V,V —0;R) & {0 if i 4 dima(V), 


and that H"(V, V —0; R) is generated by an element gy that corresponds to 
Gn under the isomorphism. 


11.7.1 DEFINITION. Let p: E —+ B be a vector bundle whose dimension 
over the reals is n. Let Eg C E be the complement of the zero section. 
We say that the bundle is orientable with respect to R if there exists an 
element tg ¢ H"(E, Eo; R) such that for every x € B the homomorphism 
jt: HE, Eo; R) —+ H"(p-\(x),p7 (x) — 0; R) sends te to a generator, 
where j, : (p-'(x),p-'(x) — 0) —+ (E, Eo) is the inclusion. The element tz 
is called the Thom class of the bundle for the ring R. 


In particular, if nm = 0, then p: F —> B is nothing other than id: B —> 
B, and so Eo = 9, which implies that the bundle is orientable. Specifically, we 
can take tg = 1 € H°(E, Ep; R) = H°(B; R), whose restriction to {b} C B 
is the generator 1 € H°(b) for every b € B. 


For simplicity, in what follows we shall sometimes omit the coefficient 
ring # in the cohomology. 
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11.7.2 NoTE. Assume that p : FE —+ B is a vector bundle provided with 
a Riemannian (or Hermitian) metric. Let £7} denote the set of vectors in E 
with norm > 1. Then the inclusion (EZ, Ej) @ (E, Eo) induces isomorphisms 
in cohomology (as one deduces after comparing the exact sequences of both 
pairs). Since £5 G E is a cofibration, it follows that the quotient map 
(E, Eh) -» (E£/£},*) induces an isomorphism in cohomology; namely, there 
is an isomorphism 
H"(E, Eo) & H"(E/E)). 

Given a Thom class tz, one has a corresponding element ty € H(E/E%), 


which is also called the Thom class. The space T(E) = E/E* is the so-called 
Thom space of the given bundle. 


11.7.3 EXERCISE. Given a fiber F C E of a vector bundle p: F —> B 
of real dimension n, let Fj be the subset FM Ej of F. Then F/ Fi = S”. 
Assuming that t's is a Thom class for the bundle, prove that é*(t's) ¢ H”(S") 
is a generator if 7: S* E/E} = T(E) is the corresponding embedding. 


11.7.4 EXERCISE. Prove the following properties of the Thom space. Let 
p: E —+ B,p!: E' —+ B be vector bundles and denote by «” —+ B the 
trivial bundle of (real) dimension 7 over B. 


(a) T(e”) + ©"(B*), where BY = BU {+}. 


(b) T(E @ e4) w DT (B). 


(c) T(E @ &”) = PT (EB). 
(a) T(E x E') » T(E) AT(E’). 


Here © denotes the (reduced) suspension (see 2.10.1), and A denotes the 
smash product of pointed spaces (see 5.1.49). 


11.7.5 DEFINITION. Let V be a real vector space of dimension n. An ori- 
entation of V is an equivalence class of ordered bases, where we say that 
two ordered bases (v1,02,...,Un) and (w1,w2,...,Wp) are equivalent if the 
change of basis matrix (a), which is defined by the relation w; = >? alv;, 
has a positive determinant. Obviously, every real vector space V has exactly 
two orientations. In particular, R” has a canonical orientation corresponding 
to its canonical ordered basis (€;,€2,...,€,) defined by e; = (0,...,1,...,0), 
where 1 appears in the ¢th position. Any given ordered basis (v1, 02,..., Un) of 
areal vector space V determines an isomorphism R” = V and thereby a gen- 
erator gy € H"(V,V —0; R). Two ordered bases are in the same equivalence 
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class if and only if their corresponding isomorphisms determine homeomor- 
phisms of pairs (R",R” — 0) —> (V,V — 0) that are homotopic. For R = Z 
this is the case if and only if gy = gl, where gy and gi, are the respective 
generators for each isomorphism. Consequently, this element determines an 
orientation of V, and unambiguously we also call it an orientation of V with 
respect to R. For R = Z/2 this orientation is unique, while for R = Z there 
are two orientations, which correspond to the two generators. 


Now we shall generalize the definition of orientation to the case of vector 
bundles. 


11.7.6 DEFINITION. Let p: & —+ B be areal vector bundle of dimension 
n. An orientation of p is a function that assigns to each point x € B 
an orientation of the real vector space p~'(x) and that satisfies the fol- 
lowing compatibility condition: Each pomt zg € B in the base space has 
a neighborhood Up together with a family of linearly independent sections 
81, 82,.-- 5S, : Up —> p (Uo) such that for every x € Up the ordered basis 
(si(x), so(a),...,8n(x)) of the fiber p~1(x) defines the orientation ju(z). 


A real vector bundle p : & —+ B equipped with an orientation jz is called 
an oriented bundle. 


11.7.7 Proposition. For a real vector bundle p: E —+ B of dimension n 
we have the following statements: 


(i) The bundle has a unique Thom class tg € H™(E, Ep; R). 


(ii) H*(B, Eo; R) =0 fork <n. 


Here we take R= Z df the bundle is oriented, though in general we can take 
only R= Z/2. Also, Eo denotes as above the complement of the zero section 
in Be. 


Proof: We shall prove this in five steps. 
(a) First let us assume that the bundle is trivial, namely that B= 
B x R”. Consider the composite of maps of pairs 


(R",R” — 0) —*-B x (R*,R® — 0) 4(R*, R” — 0), 


where for each b € B we define i,(y) = (b,y) for y € R”. Notice that this 
composite of maps of pairs is the identity for every 6 € B. Consider the 
canonical generator (7.2.20(iii)) g ¢ H"(R”,R” — 0; R), which is the unique 
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nonzero element if R = Z/2 and is the generator given by the orientation if 
R=Z. It follows by functoriality that proj*(g) = 1 g € H"(B x (R",R"— 
0); R) is an element satisfying ¢{(1 x g) = g for every b € B. But since g is 
the generator, we have identified the Thom classtg = 1 x g. 


Since H*(R”, R” — 0; R) is free, we can use the Kiinneth formula 7.4.5 to 
obtain an isomorphism 


+ H'(B; R) @p Hi(R",R” — 0; R) = H*(B x (R",R” — 0); R), 
itjak 
and consequently 
H*-"(B; R) @p H"(R",R” — 0; R) = H*(B x (R",R” — 0); R) =0, 


for k <n, which implies H*(E, Zo; R) = 0 in this case. 


(b) Using part (a), we find that (i) and (ii) are true in open sets U for 
which £|U is trivial. So let us assume that (i) and (ii) hold for E|U, E|V, 
and E|U OV, where U,V C B are open. We shall now prove that (i) and 
(ii) are also true for E|U UV. Consider the Mayer—Vietoris sequence 7.4.14 
for the couple of excisive pairs (E|U, Eo|U) and (E|V, Eo|V), namely 


H*-\(B|U 0 V, Eo|U NV) — HEU UV, Bo|U UV) 
—+ H*(E|U, Eo|U) ® H*(B\V, EV) — H(E|U OV, E|U NV). 


For k <n the sequence collapses to 0 —> H*(E|U UV,Ey|U UV) — 0, 
and so (ii) holds for E|U UV. For k = n the sequence becomes 


H*(E|U UV, Eo|U UV) > B*(E|U, EolU) ® H*(E|V, Eo|V) 3 
— H'ME|UNV,E|UNV). 


By hypothesis we have Thom classes tj and tzjy, and then by the unique- 
ness property of Thom classes we have ti(tgjy) = a(tajv) € HX(E|U 
V, Bo|U 1 V; R), where wy : EIU NV @ EB|U anduy : E|UNV & EB|V 
are the inclusions. Therefore, a(tgy,tzv) = ei(ta) — 4(tav) = 0, and 
so by the exactness of the sequence there exists a unique element tzjyuv € 
H”(E|U UV, Eo|U UV; R) that restricts to tgy as well as to tay. 


(c) If the bundle F is of finite type, it is the union of a finite number N 
of trivial bundles, and so the result is obtained from part (b) by induction 
on N. 


(d) The case of a CW-complex B follows from part (c) by a limiting 
argument. Using 5.1.30 we know that each k-skeleton B* can be covered 
with a finite number (namely k+ 1) of open sets that are contractible in B*. 
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Therefore, the bundle E* = E|B* is of finite type, and so by part (c) the 
theorem is true for each skeleton of B. 


Let t* ¢ H"(E", E*) be the Thom class. By naturality, 


@t2,...) ¢[] ae, Bj; R) 
k 


determines an element in lim, H"(E*, £%; R). As Milnor shows in his article 
[56], there exists a natural short exact sequence 
0 — lim!, H?-'(E*, BS) —> H"(E, Eo) — 
(11.7.8) 
— lim, H"(E*, Ek) 0. 


Since H"-!(B*, Ek) = 0, we have an isomorphism 
H"(E, Eo) — lim, H"(E", ES), 


so that to the sequence (t°,¢!,¢?,...) on the right there corresponds an ele- 
ment tz on the left. Clearly, tg is the desired Thom class. 


(e) The general case now follows immediately from part (d), if we take a 
CW-approximation of B (see Theorem 5.1.35), say f : Bo B, and consider 
the induced bundle E = PE over B. Then it follows that the Thom class of 
FE is given by tg = f*(tg), where tg is the Thom class of E. im 


11.7.9 NoTE. Let W be a complex vector space of dimension m. If 
(w1, W2,...,Wm) 
is a basis of W, then the vectors 
Wy, Wy, We, wW2,..., Wr, IWy 


form a basis of W as a real vector space. These vectors in this order deter- 
mine an orientation of W. Since the group GL,,(C) is connected, we can go 
continuously from any complex basis to any other complex basis, and so the 
corresponding orientations of the two bases are equal. In other words, W 
has a canonical orientation. 


Now, if p: # —+ B isa complex vector bundle, each fiber has a canonical 
orientation so that the underlying real vector bundle pp : Eg —> B is an 
oriented bundle. Using Proposition 11.7.7 we then have the next result. 


11.7.10 Proposition. Let p: E —>+ B be a complex vector bundle of di- 
mension m. Then its underlying real vector bundle pp : ER —> B has a 
unique Thom class tz = tz, € H°"(E,Eo;Z). aq 
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11.7.11 Proposition. Suppose that p': E’ —+ B' is a vector bundle of real 
dimension n that is orientable with respect to a ring R and that f : B —> B' 
is continuous. If p: E —+ B is the bundle induced from p! by f, namely so 
that we have a commutative diagram 


E—>F 


{} 


— s+ pi 
BB, 


then p: E —+ B is also orientable with respect to R. Moreover, iftm and tx 
are the respective Thom classes, we have that f*(tg) =tz € H"(E, Ep; R). 


Proof: For every x € B there is a commutative diagram 


(B, Eo) t (E', BS) 


je dea) 


(p-"(2), P(x) — 0) >= F(a), P(F(@)) — 0), 


where fe is the restriction of f to the fiber over z. By the definition of 
induced bundle we have that f, is a homeomorphism. Applying cohomology 
with coefficients in R (as a functor) we get the diagram 


H*(E', El) r H*(E, Ep) 


+ 


‘| # 


Hr(pl (F(a) (F(a) — 0) > Hex), p-() — 0). 


Since ee (tz) is a generator and fi is an isomorphism, it follows that 
ft re ee = if (te) is a generator for all x € B; that is, ftw) is a 
Thou. class of p: # —>+ B. Using uniqueness of the Thom class, we have 
f'(te) =tr. o 


There also is a property of the Thom class with respect to the Whitney 
sum of two vector bundles over the same space, say p: E —+ B of dimension 
n and p!: EB’ —+ B of dimension n’. Recall that if A: B —> B x B is the 
diagonal map, then the Whitney sum of two bundles is induced from their 
product by a A, namely, 


E@E'=A\(EXxE, 
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which in turn means that we have a commutative diagram 


EQ B'A+Ex EI 


= 


B BxB. 


A 


11.7.12 Proposition. Suppose that E —+ B and E' —+ B are vector 
bundles of dimensions n and n', respectively. Then the Thom class of their 
Whitney sum E ® E’ is the image of tz X te under the composite y, 


H"(E, Eo) @ H” (E', Eh) ~> H™*"'(E x B',E x ELU Ep x E') 


= HB x BI,(E x Bo) 2s HE @ B',(E@ Eo), 


where the first arrow represents an isomorphism. In other words, to calculate 
this Thom class we have the formula 


tren = A*(te x te). 
Proof: First note that the fibers over any b ¢ B satisfy p-1(b) & R® and 


pi(b) = R®. Also, the inclusion {b} > B induces inclusions p~!(b) G E 
and p'-'(b)  E’. Using these facts we obtain a commutative diagram 


H”(E, Ey) @ H” (E', Es) —> H"(R",R” — 0) @ H” (R”,R” — 0) 


a zx 


Hr’ (E : E', (E f Eo) Hr (R" Retr _ 0) . 


This diagram shows that At(tg X te) restricts to the generator €npn of 
H’(R®,R° —0) @H” (R”,R” —0), which is the cross product en x en of the 
two generators of H"(R”,R” — 0) and H”(R”,R” — 0), respectively. And 
so in fact, we obtain tmem = At(ts X te). im 


11.7.13 DEFINITION. Suppose that p: # —> B is a real vector bundle of 
dimension n and that z: B —> E  (B, Ep) is the map induced by its zero 
section. The class e(£) = z*(tz) € H"(B;Z/2) is called the Euler class of 
the real vector bundle p: BE —> B. 


For 2 = 0 we obtain, in particular, the bundle id: B —+ B with zero 
section z = id: B —+ B. Since tz = 1, we therefore conclude that e(E) = 1. 


Analogously, if p: 2 —+ B is a complex vector bundle of dimension m 
and z: B —+ E @ (E, Eo) is the map induced by the zero section of the 
bundle, then we call the class e(#) = z*(tz) <¢ H?"(B; Z) the Euler class of 
the complex vector bundle p. 
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11.7.14 Note. Let L —+ RP' be the canonical bundle. As we have already 
indicated before, L is topologically the open Moebius strip, and the comple- 
ment of its zero section Lg has the same homotopy type of the circle. In other 
words, the pair (L, Zo) has the same homotopy type of the pair (M,0M) of 
the compact Moebius strip and its boundary. So we have in cohomology 
that H'(L, Lo;Z/2) = H'(M,OM;Z/2) = H'(M/OM;Z/2). But we also 
have M/OM ~ RP*, which then implies 


H}(L, Lo; Z/2) = H'(RE*; Z/2) = [RE*, RP*] = [RP”, RP*] = Z/2. 


Since t; € H'({L,Lo;Z/2) is nonzero, under the above identifications it 
corresponds to the class [id] € [RP*, RP*], and so, again under the above iden- 
tifications as well as by the isomorphism H'(RP*; Z/2) ~ H!(RP'; Z/2) that 
is induced by the inclusion, the Euler class e(L) ¢ H'(RP'; Z/2) corresponds 
to the homotopy class of the inclusion RP! G RP* in [RP’, RF*] = Z/2. 


ore generally, since L —> RP" is the restriction of the canonical bundle 
L'! —; RP® and since RP’ G RP® induces an isomorphism in cohomology, 
we have that the Euler class of the canonical line bundle over RP™, namely 
e(L') € H'(RP™; Z/2) © Z/2, is equal to the generator (cf. 11.7.26). 


n the complex case, we can analogously assert that the Euler class of the 
canonical complex line bundle L' —+ CP, namely e(L') <¢ H?(CP™; Z) = 
Z, is equal to one of the generators. 


n the following we shall present some properties of the Euler class. 


11.7.15 Proposition. The Euler class is natural. This means that if p : 
E —+ B is a vector bundle and f : B' —+ B is continuous, then it follows 
that e(f*E) = fre(E). 


Proof: We have a commutative diagram 


fE—+E 


| | 


BiB: 


Letting zg : B —> (E,Ep) and zz : BY —+ (f*E, f*Eo) be the maps 
induced by the zero sections, we can conclude that fo tem = 2p0 f. And 
so by using Proposition 11.7.11 we obtain Pr(tz) = ty+z, which implies that 
e(f*E) = 2jsp (tye) = feb(te) = f(e(B)). o 
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11.7.16 EXERCISE. Prove that Definition 11.7.13 of the Euler class is con- 
sistent with those given in Definition 11.3.2 if p: E —> B is a real line 
bundle and in Definition 11.5.2 if it is a complex line bundle. (Hint: First, 
discuss the real case. Since the Euler class e(L') € H'(RP™; Z/2) is equal 
to the class [id] € [RP®, RP] according to 11.7.14, it follows that the iso- 
morphism Vect®(RP®) = H'(RP®; Z/2) identifies the class of the canonical 
bundle [Z'] with e(L'). So in the particular case L! —+ RP*° Definitions 
1.3.2 and 11.7.13 are consistent. Since any line bundle # —+ B is induced 
rom 1! —+ RP® by some map, the naturality of the Euler class implies 
he consistency of these two definitions for any bundle. The complex case is 
handled similarly.) 


1.7.17 Proposition. For the Euler class of the Whitney sum E ® E' of 
two vector bundles FE —+ B and E' —+ B we have the formula 


e(E@ E') =e(E)~ e(E'). 


Proof: Letting 2 : B —> E — (E,E) and 2’: B —>+ E' & (E',E) 
be the zero sections of the given bundles, it follows that (z,2/) : B —> 
(E, Eo) x (E', E}) is the zero section of their product. Then using 11.7.12, 
7.2.16, and 7.2.11 we have 


EB @ BE’) = (2,2) (tzen’) 
= (2, 2')'A'(te x te”) 
= A*(z*(tz) x 2" (te) 
= 2*(tz) ~ 2"*(te) 
=e(E)~ e(E’). o 


The next proposition gives the property of the Euler class that is analo- 
gous to the properties expressed in Corollaries 11.3.4 and 11.5.4; moreover, 
its proof is the same. 


11.7.18 Proposition. For any n > 0 let e” denote the trivial bundle of 
dimension n. Then its Euler class is given by e(e”) = 0. a 


11.7.19 Proposition. [fp: E —>+ B is a vector bundle that has a nowhere- 
zero section, then its Euler class satisfies e(E) = 0. 


Proof: Suppose that i: Ey  E and j : E —+ (E, Eo) are the inclusions 
and that s : B —> Eo C E is the nowhere-zero section of F. Here, as usual, 
Eo denotes the complement of the zero section in #. Then the composite 


BE), +E" 3B 
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is the identity, and therefore in cohomology the composite 


H"(B)—" 3H"(E)—"H"(Ey) "+ H"(B) 
is also the identity. 


Letting so : B —+> E denote the zero section, we have that z = 7 © 8, 
and so by definition we get e(£) = z*(tz) = shj*(tz). Next we note that 
po 8 = idg implies s§ op* = 1. From the exactness of the long cohomology 
sequence of the pair (7, Bo) we get that 7*oj* = 0. Now, since we have sgop ~ 
idm (evercise), it follows that e(E) = s*i*p*(e(E)) = s*i*p*(shj*(tz)) = 
s*itj"(tp) = 0. Od 


We shall now present the Thom isomorphism theorem. 


11.7.20 Theorem. (Thom isomorphism) Let p: E —+ B be a vector bundle 
of real dimension n. Then for every q the map b ++ p*(b) ~ tz, where 
b € HB; R) andtg is the Thom class of E for the ring R, is an isomorphism 
yp: HB; R) = Ht(E, Eo; R) for the case where R= Z/2 and the bundle 
is arbitrary and for the case where R= Z@ and the bundle is oriented. We 
call y the Thom isomorphism. 


Note that in the composite 
yp: H*(B; RB)" H*(B; R) 3 H""(E, By; R) 


the first homomorphism p*, being induced by p, is an isomorphism, since p 
is a homotopy equivalence. So what Theorem 11.7.20 is really saying is that 
the second homomorphism, which is defined by taking the cup product with 
tz, is in fact an isomorphism. 


Proof of 11.7.20: As in the proof of Proposition 11.7.7, we shall prove 
his in five steps. 


+ 


(a) Suppose that p: E —> B is a trivial bundle, that is, p = 7): B= 
B x R” —> B, where m7 is the projection onto the first factor. By part (a) 
of the proof of Proposition 11.7.7 we have that tg = m}(g,) = 1X gn, where 


1: Bx (R°,R” — 0) —> (R", R® — 0) 


is the projection onto the second factor and g, € H”(R”,R” — 0; R) is the 
canonical generator. Since H”(R”, R”—0; R) is free, we have by the Kiinneth 
formula 7.4.3 that there is an isomorphism 


Ht"(B; R) @g H"(R",R” — 0; R) —+ HB x (R”,R” — 0); R) 
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defined by b@y+> bx y. On the other hand, we also have an isomorphism 
H?-"(B; R) — H*"(B; R) @p H"(R”,R” — 0; R), 


defined by a> @ X Gn. 


When we combine these isomorphisms, we get an isomorphism 
H?"(B; R) —> H7(B x (R®,R” — 0); R), 


which satisfies b +> b x gp. But this isomorphism is precisely the Thom 
isomorphism, since b x gn, = m{(b) ~ 13(gn) = p*(b) ~ ta. 

(b) We now assume that this theorem is true for the restriction of the 
bundle # —+ B to the open sets U, V, and UNV in B. We shall prove that 
the theorem is also true for UV UV. For every subspace A C B define ya : 
H?"(A) —> H%(B\A, Eo|A) by ya(b) = pi(b) ~ tay. Since ty4 = ty (tz), 
we have a commutative diagram 


Hi-™(C) > H4(E|C, EolC) 


| |r 


He"(A) “* HBA, Bol A), 


whenever A and C are subsets of B satisfying A C C. So we get from the 
Mayer-Vietoris sequences 7.4.14 of the couple of excisive pairs (U,0) and 
(V,) as well as for the couple of excisive pairs (E|U, Eo|U) and (E|V, Eo|V) 
the commutative diagrams 


Ht-\UAV) Hi-"-\(UUV) 
ory | vow | 


+> HY (E\(UNV), Eol(UNV)) = HO '(B|(UUYV), Eo|(UUV)) = 


> Hi-"(U) ® H"(V) ~ HI"(UNV) ———=--- 
eur | eurw | 


— HV(E|U, Eo|U) ® HYUE|V, Eo|V) + HU E|(UAV), Eo (UNV)) +--+. 


Applying the five lemma, it follows that yyuy is an isomorphism. 


(c) Ifp: EB —> B is of finite type, then B is covered by a finite number 
N of open sets over each of which F is trivial. By induction on N and part 
(b), we obtain the isomorphism in this case. 


(d) If B is a CW-complex, then, just as in part (d) of the proof of 
Proposition 11.7.7, the restriction E* of E to each skeleton B* of B is of 
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finite type, and so by part (c), we have an isomorphism y, : H2-"(B*; R) —> 
H4(E*, Bf; R) given by yy(b) = pi(b) ~ ty, where t, = ty. and py, is the 
restriction of p to E*. In analogy to the Milnor sequence (11.7.8) we have 
an exact sequence 


— lim! H?-”-(B*) —5 HT"(B) lim H?-"(B*) 30, 


and then, by the naturality of these sorts of exact sequences, we have a 
commutative diagram 


0— lim!, H¢-"-(B*) —> H-"(B) — lim, H?-"(B*) —0 
\ We u 


O—lim', H?-"(B*, BS) > H9(E, Eo) > lim, H4(B*, ES) > 0, 


where the vertical arrows, both on the right and on the left, are the isomor- 
phisms induced by y,. So again by the five lemma (or one could say the 
“three” lemma), we get that yz is also an isomorphism. 


(e) In the general case, we take a CW-approximation f : B— B. Of 
course, this means that Bisa CW-complex and that f is a weak homo- 
topy equivalence. Letting E —+ B be the bundle induced by f, it follows 
from 4.3.37 that fi: E — Eand f: Ey —> Ep are also weak homotopy 
equivalences, and so they induce isomorphisms in cohomology. Comparing 
the exact sequences of the pairs (E, Eo) and (£,E), we find that f also 
induces isomorphisms in cohomology between these pairs. We then have the 
commutative diagram 


He-"(B) 2 H-(B) 


val «|e 


HE, Eo) => HE, Bo), 


from which we conclude that yz is an isomorphism. And with this we have 
finished the proof of the theorem. Oo 


11.7.21 NOTE. Since any complex vector bundle p : F —+ B is orientable, 
it follows from Theorem 11.7.20 that we have a Thom isomorphism in coho- 
mology with integral coefficients 


gy: H*(B;Z) — H*?"(E, Eo; Z) 


given by y(b) = p*(b) ~ tz, where m is the complex dimension of the bundle. 
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11.7.22 Theorem. Suppose that p: E —> B is a real vector bundle of 
dimension n. Then there exists a long exact sequence 


6) —s HVt-l(Ep) ¥, HUB) ~el#) Hw"(B) PA Ht"(Ep) +++, 
where w is given by the composite 
Ht-1(Bo) * 3H" E, Eo) —* —H%(B). 


Here is the Thom isomorphism (11.7.21) and po = p\|Eo. Also, all of the 
groups have coefficients in Z/2. This exact sequence is known as the Gysin 
sequence of the real vector bundle. 


Proof: Consider the diagram 


vse HOB) Ys H9(B) 2 Hatz) * H9+"( Bp) 
1y =e ye" yi 
so HE" Eo) H"(E, Bo) HY"(E) eH Ey) > 


where y is the Thom isomorphism (11.7.20) and the lower sequence is the 
long exact sequence of the pair (EZ, Eo). The first square commutes by def 
inition of ~ and the third by definition of pp. So we only have to verify 
the commutativity of the second square. But just as in the proof of Propo 
sition 11.7.19, we have that e(£) = s}j*(¢z) and that p* o s§ = 1, where 
so : B —+ E is the zero section. Then for all a € H?(B) it follows that 
p(a~ e(E)) = p'(a) ~ p(shi"(tz)) = pa) ~ s*(te) = 7*(P"(@) ~ tz) = 
F(a). Oo 


The next theorem is the version of Theorem 11.7.22 for the complex case. 


11.7.23 Theorem. Suppose that p: E —+ B is a complex vector bundle of 
dimension m. Then there exists a long exact sequence 


os Hem) & Ha By 2), potm(py 7, 


—> Hi? By) 3... , 
where w is given by the composite 


Hetem-1( 6) °° _5 Hate B B)e HB), 


Here is the Thom isomorphism (11.7.21) and po = p|Eo. Also, all of the 
groups have coefficients in Z. This exact sequence is known as the Gysin 
sequence of the complex vector bundle. 
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Proof: Since p : E —+ B is a complex vector bundle, the underlying real 
vector bundle is an oriented vector bundle of dimension 2m. So, in a way 
similar to the proof of Theorem 11.7.22, we obtain the desired sequence, 
except that now we use integral coefficients in the long exact cohomology 
sequence of the pair (EZ, Eo) and we use the version 11.7.21 of the Thom 
isomorphism for complex vector bundles. oO 


An important application of the Euler class is calculating the cohomology 
ring H*(RP®; Z/2). We shall need the next lemma. 


11.7.24 Lemma. Let p: L —>+ RP be the canonical line bundle. Then Lo 
ts contractible, where Lo is the complement in L of the zero section. 


Proof: First note that L = S° x R/~, where (x,t) ~ (—2x,—t). (Cf. Defini- 
tion 11.3.5.) It follows that Lo = (S° x (R—0)/~) = ((S* x RtTUS® x R7)/~ 
) = Se x Rt ~ Se. But Theorem 11.1.3 says that S° is contractible. im 


11.7.25 Theorem. The cohomology ring H*(RP®; Z/2) is generated as a 
ring by the Euler class e(L) € H'(RP®;Z/2) and as such can be identified 
as a polynomial ring in one variable. 


Proof: First let us consider the Gysin sequence (11.7.22) of the canonical line 
bundle p: L —+ RP™: 


Le(L 


0 —> H°(RP®) 5 (Lo) > H°(RP?)—,'(RP™) 8 


H\(Lo) —3 --» > H%(Lp) “+ Ho(RP?) 


—3 Ht (Rp) 2, yett(L5) 3... 


Using Lemma 11.7.24, we have that H%(Lo) = 0 for g > 0, and so the 
cup product with the Euler class determines an isomorphism H?(RP*°) ~ 
H*(RP®) for g > 0. On the other hand, since H°(RP®) and H°(Lo) 
are isomorphic to Z/2, we have that pj is an isomorphism. It follows that 
 : H°(Lo) —+ H°(RP*) is the zero homomorphism, and then ~ e(L) : 
H°(RP®) —+ H\(IRP®) is also an isomorphism. a 


As a consequence of this theorem we can calculate the multiplicative 
structure of the cohomology with coefficients in Z/2 of real projective spaces. 


11.7.26 Corollary. As an algebra over the field Z/2 = Zo, we have 
H*(RP”; Zp) = Zple(Ln)]/e(Ln)™* , 
where L, —+ RP” is the canonical line bundle. 
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Proof: Let C,(RP®, RP”) be the cellular chain complex of the pair of spaces 
(RP®, RP”). Since the cells of RP°° — RP” have dimension greater than n, 
it follows that C;(RP®, RP”) = 0 for i <n, and so 


H'(RP®, RP”; Z,) = 0 
for 2 <n. Then using the long exact sequence of the pair, we get that the 


inclusion j : RP? —+ RP® induces an isomorphism j* : H*(RP™; Z2) —> 
H'(RP”; Zz) for i < n—1. For i =n we have a portion of the exact sequence 


0 —> H"(RP*; Z.) 2+ H"(RP"; Zy). 
However, according to Theorem 11.7.25 we have that 
H"(RP"; Zo) = Z,, 


which implies that j* is also an isomorphism for 2 = n. Now from the 
naturality of the Euler class, proved in Proposition 11.7.15, we have that 
e( Ln) = e(7*L) = 7*(e(L)). Also, since j* is multiplicative, Theorem 11.7.25 
implies that the generators of H*(RP”; Zo) as an abelian group are the powers 
e(L,)' for 0 <i<n. o 


The following is a rather interesting consequence. 


11.7.27 Corollary. Suppose that p : TS” —+ S” is the tangent bundle of 
the n-sphere. Then we have that e(TS") € H”(S"; Z/2) is zero. 


Proof: Let ¢: S"° —+ RP” be the quotient map. Since g is a local diffeomor- 
phism, p is the bundle induced from the tangent bundle p’ : TRP” —> RP” 
by g, and so we have a commutative square 


Ts? —>TRE" 


s"—>RP", 


where g is the derivative of g. Moreover, g induces isomorphisms on the 
fibers. Now let us consider g* : H"(RP”;Z/2) —+ H"(S";Z/2) for n > 1. 
According to Corollary 11.7.26, e(Z,)” is the generator of H"(RP”; Z/2). 
Since gt(e(Ln)") = (qte(Ln))” and q*e(L,,) € H'(S";Z/2) = 0, it follows 
that q* : H°(RP”; Z/2) —> H”(S"; Z/2) is the zero homomorphism. Then 
by the naturality of the Euler class we get e(TS”) = q*(e(TRP”)) = 0. This 
proves the result for the case n > 1. 


For the case n = 1 we note that TS! —-+ S! is a trivial bundle and so 
has a nowhere-zero section. But this implies by Proposition 11.7.19 that 
e(TS!) =0. i 
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It is an erercise to check that we also have complex versions, as follows, 
of the previous theorems for the cohomology of complex projective spaces. 


11.7.28 Theorem. The cohomology ring H*(CP™; Z) is generated as a ring 
by the Euler class e(L) € H*(CP®;Z) and as such can be identified as a 
polynomial ring in one variable. Oo 


11.7.29 Corollary. As an algebra over Z we have 
H*(CP*; Z) = Z[e(Ln)|/e(Ln)"*', 


where Lm —> CP” is the canonical line bundle. im 


In order to construct the (n—1)st Stiefel-Whitney class of a real n-vector 
bundle we shall use generalizations of the Thom isomorphism theorem and 
of the Gysin sequence, which we shall present in the following discussion. 
Before doing that we present a definition. 


11.7.30 DEFINITION. Suppose that p : E —+ B is a vector bundle over a 
CW-complex B. Using the discussion just prior to Definition 8.1.20, we know 
that there exists a Riemannian metric on p that endows each fiber p~'(zx) 
with a scalar product (—,—), that depends continuously on x € B. The 
sphere bundle associated to the bundle p : E —+ B, which we denote by 
S(E) — B, is the locally trivial bundle whose total space is defined by 


S(E) ={y €E| ¥y,y)2 = 1,e = ply)}. 


11.7.31 EXERCISE. Verify that the map S(Z) —+ B (which is the restric- 
tion of p to S(E)) does actually define a locally trivial bundle. (Hint: When- 
ever F —+ B is trivial over some U C B, then S(EZ) —>+ B also is trivial 
over U.) 


Suppose that B is a CW-complex and that C C B is a subcomplex. For 
any real vector bundle p: EF —+ B of dimension n, let po : E|C —> C denote 
the restriction of the bundle to C and let Eo|C denote the complement of the 
zero section in E|C. Since B is a CW-complex, F also is a CW-complex and 
both £|C and Ep are subcomplexes of EZ. Moreover, the inclusion S(Z) 
Eo is a homotopy equivalence. Since E|C and S(£) are subcomplexes of 
E, the triple (E|C U S(E); E|C, S(E)) satisfies 7.1.8, and consequently the 
triple (E|C U Eo; E|C, Ep) also does. Therefore, the inclusions induce these 
isomorphisms in cohomology: 


(11.7.32) H™E|C U Eo, Eo) & HXE|C, EolC), 
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(11.7.33) H4(E\C U Eo, E|C) & H%( Ep, EolC). 


The next theorem not only is the relative version of the Thom isomor- 
phism theorem 11.7.20 but is also is a consequence of it, as we shall now 
see. 


11.7.34 Theorem. Let p: E —+ B be a real vector bundle of dimension n 
over a CW-compler B with C C B a subcomplex. Then for each q we have 
an isomorphism 


yp: HB, C;Z/2) — HE, E|C U Ey; Z/2). 


Proof: Consider the commutative diagram in cohomology with Z/2 coeffi- 
cients 


‘Hire (E|C,Eo|C) > Hi*"(E,ES ) —> Ht+"(E,Eo) > H9+"(E|C,Eo|C) —> ~ 


afe Bh abe he 


Het(c) HA(BC) HB) HAC) a5 


where EG = E|CU Ep. Here the first row is the exact sequence of the triple 
(E, EG , Eo) (see 7.1.33), where we have substituted H*(E|C, Eo|C) in place of 
H*(E§ , Eo) using (11.7.32). And the second row is the exact sequence of the 
pair (B,C). Finally, the vertical arrows a, 8, and y are given by the Thom 
classes tzjc, tz, and tz; namely, they send x to p*(r) ~ tz\c, p*() ~ tz, and 
p*(x) ~ te for x € H%(C), H(B,C), and H%(B), respectively. According to 
the Thom isomorphism theorem 11.7.20, a and y are isomorphisms, so that 
an application of the five lemma gives us that £ also is an isomorphism, as 
we wanted to show. a 


11.7.35 EXERCISE. Suppose that p: # —> B is a complex vector bundle of 
dimension m over a CW-complex B and that C C B is asubcomplex. Prove 
that there is an isomorphism 


yp: HB, C;Z) — Ht?"(B, E|CU Ey; Z). 


There also is a relative version of the Gysin sequence that, as we shall 
see in the following, is like the absolute Gysin sequence of Theorem 11.7.22 
in that it is a consequence of the Thom isomorphism theorem, although now 
of the relative Thom isomorphism theorem 11.7.34. 
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11.7.36 Theorem. Suppose that p: E —> B is a real vector bundle of 
dimension n over a CW-compler B and that C C B is a subcomplex. Then 
there evists an exact sequence in cohomology with coefficients in Z/2, 


+ > HA H(Ep, Eo|C)—* > 
— HB, Cc) 2s ye B, C) 3 Het" Ey, Eo|C) 


This exact, sequence is known as the relative Gysin sequence of the real vector 
bundle. 


Proof: Analogously to the absolute case in Theorem 11.7.22, we consider the 
commuative diagram 


i ¢ ve(B) 2 
se HTte1 (Bp, Bo|C) > H4(B,C) Htt*(B,0) > Het" (Bp, Bo|C) > ~ 


ate ae fe ef 


> Bt 1 (BY BIC) > Het" (BBS) > HI+"(E,E|C) > Het"( EY ,E|C) > ~, 


where Ef = E|CU Ep, ¢ is the relative Thom isomorphism 11.7.34 and the 
lower sequence is the long exact sequence of the triple (EZ, EY,E|C). The 
fact that p: (BE, E|C) —+ (B,C) is a homotopy equivalence implies that p* 
is an isomorphism. Then using (11.7.33), we have that ¢* is an isomorphism. 
Next we define 2 = y-! 08 0 (e*)-!. We then can verify, in a way similar to 
the proof of Theorem 11.7.22, that the second square is commutative. In the 
same way we check the commutativity of the third square. Therefore, the 
exactness of the lower sequence implies the exactness of the upper sequence. 


11.7.37 EXERCISE. Let p : E —> B be a complex vector bundle of di- 
mension m. Prove that there exists an exact sequence in cohomology with 
integral coefficients 


os 3 HP ™-1( By, Eo|C)—* 3 HUB, C) 
A) ratem(B C)—P)_ 5 Hat?” Ey, Eo|C) 3 


This exact sequence is known as the relative Gysin sequence of the complex 
vector bundle. 


11.8 CONSTRUCTION OF CHARACTERISTIC 
CLASSES AND APPLICATIONS 


In this section we shall use the Gysin sequence studied in the previous sec- 
tion to construct the Stiefel-Whitney classes of a real vector bundle. Then 
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we shall indicate how to realize the corresponding program of constructing 
the Chern classes of a complex vector bundle. Finally, as an application of 
the Stiefel-Whitney classes, we shall prove the Borsuk—Ulam theorem in its 
general form. 


11.8.1 DEFINITION. Let p: E —> B be a real vector bundle of dimension 
n. Letting By denote the complement of the zero section in F as usual, we 
now define a new bundle of dimension n—1 over Eo, denoted by q: ES Eo, 
as follows. 


Consider E’ = {(v,e) € Ey x E | p(v) = ple)} —+ Eo, which is the 
bundle over Hp induced from the bundle p by the map p|Eo. Next, take 
the line subbundle of E’ given by L = {(v,e) € E' Le = Av, A R}. We 
then define gq : E —+ Ey to be the bundle quotient BF = E'/L —> Ep. For 
any v © Ep the fiber q7/(v) is the vector space quotient p~!(b)/(v), where 
p(v) = b defines b € B and (v) denotes the subspace of p~1(b) generated by 
the vector » € p~/(b). It follows that the dimension of the bundle & —+ Ep 
isn — 1. 


Clearly, this construction can also be carried out in the complex case. 


11.8.2 NoTE. Define po = p|Eo : Ey —> B, and then let 4 : pp 1(b) G Ep 
denote the inclusion of the fiber over b € B. Then the restriction E|p5!(b) = 
it(E) has total space sees a Since the dimension of p : FE —+ 
B is n, it follows that p> '(b) ~ R® — 0, which in turn implies that é*(#) is 
essentially the bundle over R® — ' whose fiber over a point v is R®/(v) = vt. 
In other words, this fiber is the hyperplane in R” orthogonal to v, so that 
restricting even further to S°’-! Cc R® — 0 we obtain the tangent bundle of 
the (n — 1)-sphere. 


11.8.3 EXERCISE. ae E —+ Bandy’: E’ —> B be two vector bundles. 
Prove that E @ E' = E@ p(B) = pi(£) & El. 


11.8.4 Proposition. Suppose that p: E —> B is a real vector bundle of 
dimension n over a CW-complex B. Then the Euler class e(E) lies in the 
image of pi: H"-\(B;Z/2) —+ H”“\( Eo; Z/2). 


Proof: First let us prove this in the case where B is path connected. We 
start by considering the following portion of the Gysin sequence of the pair 
(B, {b}) from Theorem 11.7.36: 
H-(B, {0}) SHB, {0}) * He '(Eo,p1(B) - 0) 
— HB, {b}). 
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But H~1(B, {b}) = 0, and since B is path connected, we also have that. 
H°(B, {b\) = 0. And this implies that 


pt: H"-(B, {b}) — H?!(E,p71(b) — 0) 


is an isomorphism. 


Now consider the following portion of the exact sequence of the pair 
(Eo, p71(b) — 0) = (Eo, R® — 0): 


H?-2(R” — 0) — H®-1(Ep,R” — 0) 5 H*""(Ey) HR” — 0). 


If e(B) € H-'(Ep) is the Euler class, then using Corollary 11.7.27 and 
Note 11.8.2, we have that é*(e(E)) = e(é*(B)) = 0. By the exactness of the 
sequence there exists a (unique) element z ¢ H”-1(Ep,R” — 0) satisfying 
j*(@) = e(B). 

Since the case n = | is trivial, we can assume that n > 1 hereafter. So 
we then have 


pi: H°-\(B; Z/2) = H°(B, {0}; Z/2) = H"-!(Eo, R” — 0; Z/2), 


and therefore e(E) € im(p}) follows from j*(x) = e(E). And this proves the 
result in the case that B is path connected. 


Finally, for the case where B is not path connected, let us consider B = 
U, Ba, where each B, is a path component. Then using 7.1.5 we have 
(%%) : H*(B) = T], H*(B.), where each i. : B, —> B is an inclusion. Now 
applying the previous case to each restriction it(E) = E|B., we get the 
result in this case. oO 


11.8.5 DEFINITION. Let p : E& —+ B be a real vector bundle of dimen- 
sion n over a CW-complex B. We shall define the Steefel-Whitney classes 
w{E) € H'(B;Z/2) of the bundle inductively on n, as follows. Consider 
from Theorem 11.7.22 the following portion of the Gysin sequence of EF: 


H-"(B; 2/2)“. B; 2/2) *™& Hi( Bo; Z/2) & H'(B; Z/2). 


For ¢ <n — 2 we have that H*-"(B; Z/2) and H'-"*!(B; Z/2) are zero, and 
so pi, is an isomorphism. For 7 = n — 1 we have that pj is a monomorphism. 
Also, from Proposition 11.8.4 it follows that e(E) € im(pi). So, by induction 
on the dimension 7, we define 


wal E) = e(E) 
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and, using the fact that the dimension of Eisn— 1, for i < n we define 
we EB) = (pi) (wi). 


In particular, if dim # = 0, we have wy(E) = 1, and therefore for any & with 
dim EB > 0 we also have wo(E) = 1. Finally, for i >» we define w;(E) = 0. 


11.8.6 EXERCISE. Prove that this definition is compatible with the defini- 
tion of w; given in Definition 11.3.2. (Hint: Apply Exercise 11.7.16.) 


11.8.7 Theorem. The classes w;(E) € H'(B;Z/2) defined above in 11.8.5 
satisfy the axioms 11.6.1(i)-(iv). 


Proof: First, axiom (i) is satisfied by definition. 
To prove axiom (ii) it is enough to note that the Euler class is natural by 


Proposition 11.7.15. 


Let FE —+ B and E’ —+ B be two bundles of dimensions n and n’, 
respectively. Then axiom (ili) follows for k = n+n’ from Proposition 11.7.17, 
since Wryn(E ® E') = cE @ E’), w,(E) = e(E) and w,(E') = e(E’). For 
k<n-+yn' we argue by induction on the dimension of E 6 E’. The case of 
dimension one is straightforward. Next, using 11.8.3, it follows that 


w,(E ® E') = (pt) (w(E@E ® E) 
= (96) (wl E @riE)) 
= (pi) (= w(B) ~ 589) 


= Si) wd B)) ~ (pt) wh (w,(E)) 


itjak 


= YO wi(B)~ w(B). 


itj=k 


Finally, axiom (iv) was proved in Proposition 11.3.7. (See also 11.7.14.) 
o 


11.8.8 DEFINITION. Let p: # —+ B be a complex vector bundle of dimen- 
sion m over a CW-complex B. We shall define the Chern classes o;(E) € 
H?i(B; Z) of the bundle inductively on m, as follows. Consider from Theorem 
11.7.23 the following portion of the Gysin sequence of FE: 


Hp, 7), ~e(E) H(B; zm 8 (By: Z) A pie amt (BZ) 
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For 2% < 2m — 2 we have that H*-?"(B;Z) and H**?"+!(B: Z) are zero, 
and so pf is an isomorphism. So, by induction on the complex dimension m, 
we define 


Cm(E) = e(E) , 


and using the fact that the dimension of Eism— 1, for 2 << m we define 
ex(E) = (p5)"*(e( B)) 


In particular, if dim £ = 0, we have co(B) = 1, and therefore for any # with 
dim EF > 0, we also have co(#) = 1. Finally, for i > m we define ¢;(#) = 0. 


11.8.9 NOTE. Suppose that E,,(R°) —> G,(R°) is the real universal n- 
vector bundle (cf. Definition 8.3.9). We denote its Stiefel-Whitney classes 
by w; = w(E,(R®)) € H'(G,(R®); Z/2). These classes are universal in the 
following sense. By the real version of Theorem 8.5.13, for any given real 
n-vector bundle # —+ B with paracompact base space there exists a map 
f: B —+ G,(R°), unique up to homotopy, such that F = f*(E,(R®)). 
Therefore, by the naturality of characteristic classes we know that w,(E£) = 
f*(w,). So starting with the classes w; for 2 = 0,1,...,n we can construct 
the Stiefel-Whitney classes of any real n-vector bundle over a paracompact 
space. The complex case is handled similarly. 


We shall calculate the cohomology of the Grassmann manifolds G,,(R®) 
with Z/2 coefficients and G,(C®) with Z coefficients. This will generalize 
the calculation of the cohomologies of G;(R®) = RP* and G;(C*) = CP” 
given in 11.7.26 and 11.7.29, respectively. This will allow us to obtain the 


uniqueness of the Stiefel-Whitney and the Chern classes. We shall discuss 
only the real case, but everything is true in the complex case. We begin with 
a, definition. 


11.8.10 DEFINITION. A characteristic class of dimension ¢ for real n-vector 
bundles is a function c that assigns to each real n-vector bundle # —> B 
over a paracompact base space an element c(EZ) € H‘(B;Z/2), which is an 
invariant of the isomorphism class of the bundle and which is natural; that 
is, whenever f : B‘ —+ B is continuous, we have e(f*(E)) = f*(c(E)). We 
shall let Ci, denote the set of these characteristic classes. This set has the 
structure of an abelian group, where the sum is given by the formula 


(c+c)(E) =c{E)+e(B). 


Moreover, the collection of these groups for fixed » and variable 2 has the 
structure of a graded ring with multiplication 


Chx Ci 3 Cid 
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given by the formula 


(c-c)(B) = cE) ~ c(B). 


It is an evercise left to the reader to verify the statements made in the 
prior definition. 
11.8.11 Theorem. There exists an isomorphism of graded rings 
pic, = H(G,(R™);Z/2), 
defined by y(c) = c(E,(R™)) for c€ Ch. 


Proof: Define o : H(G,(R®); Z/2) —+ Ci fori =0,1,... by 
v(x)(E) = fz(2), 

where z € H‘(G,(R®);Z/2) and E —+ B is a real n-vector bundle, which 
has a classifying map fz: B —+ G,(R°®). We claim that 2 is the inverse of 
y. 

First, since 

PPE) = fe(elo)) = Fa(C(En(R™))) = c(fe(En(R™))) = E), 

it follows that poy= 1. 

Next, for all x ¢ H*(G,,(R®); Z/2) we have that 

pz) = (2)En(R”)) = ide, ceo)(2) = 2, 

which implies that pow = 1. 


Since ¢ is clearly a ring homomorphism, we have proved the desired result. 
ia 


As we shall see later on in Corollary 11.8.16, the previous theorem to- 
gether with a knowledge of H*(G,,(R®); Z/2) will allow us to identify all 
real vector bundle characteristic classes having values in cohomology with 
Z/2 coefficients. 


11.8.12 Proposition. Let E2(R®) be the complement of the zero section 
of the real universal bundle. Then there exists a homotopy equivalence a : 
G,-1(R®) —> E8(R®) such that the composite 


G,-1(R®)—* > E2 (R®) —3G,, (R®) 


is a classifying map for the bundle e| @ E,_1(R®). 


372 11 RELATIONS BETWEEN COHOMOLOGY AND VECTOR BUNDLES 


Proof: Let RY be the subspace of R° consisting of all vectors of the form 
(0,a1,a9,...). The map 7 : Rf —+ R® defined by 7(0,a1,a2,...) = 
(a1, 4@2,...) isa homeomorphism, whose inverse a is defined by o(a1, a2,...)= 
(0, a1,a2,...). 
Then 7 determines a homeomorphism 
F: Ga-a(RP) 4 Gail), 
defined by 7(V) = 7V, whose inverse @ is defined similarly. 


We now define a : G,_1(R®) —> E2(R®) by a(V) = ((en) 6 a(V), eo), 
where ep = (1,0,0,...) € R® —0. Moreover, we define 8 : E2(IR®) —> 
G,_1(R®) by B(W,w) = W/(w), where 0 4 w € W and W is an n- 
dimensional subspace of R°. That is, 8(W, w) is the orthogonal complement 
in W of the one-dimensional subspace generated by w. We shall now prove 
that a and § are homotopy inverses. 


First, for any V € G,,_;(R°) we note that 
Ba(V) = A((eo) ® GV), €0) = (eo) ® @(V))/(e0) = a(V). 
The homotopy % : R° —> R® defined by Ai(ai,a2,a3,...) = (ai, — 
tha, + tag, (1 — tae + tas,.. .) is a monomorphism for every ¢, and it also 


induces a homotopy h; : G,_1(R°) —+ G,_:(R®) that begins with Boa 
and ends with the identity. 


On the other hand, for W, w, and e9 as above we have 
af(W,w) = a(W/(w)) = ((eo) @ F(W/(w)), eo). 


In this case, we define a homotopy ky : E2(R®) —+ E2(R®) by &(W,w) = 
((w(t)) © he(W/(w)), w(t), where w(t) is any path in R° — 0 going from eo 
to w. Then the homotopy k begins with ao f and ends with the identity. 


Finally, we have a commutative diagram 


R x E,-1(R®) > E,(R®) 


‘| |p 


Gr-1(R) ag Ga(R™) , 


PoC 


where in the obvious notation we define p(W,w) = W, q(s,(V,v)) = V, and 
¥(s,(V,v)) = ((e9)Pa(V), seg+o(v)). Moreover, ¥ is an isomorphism on each 
fiber, since for each V € G,,_;(R°®) the fiber over V is R x V and y maps it 
isomorphically by the formula (s,v) +> seg + o(v) to the fiber over ppa(V) = 
(eo) ® G(V), where po : E2 —> G,,(R°) is the restriction of p. Therefore, 
using 8.1.14, we conclude that po oa classifies e1 BE,,_1(R®) —+ G,_1(R®). 

o 
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11.8.13 Proposition. Let 
E,(R”) — G,(R®) and E,-1(R®) —> G,_1(R”) 


for n > 1 be the universal bundles. Let f : Gn_1(R®) —> G,(R®) be a 
classfying map for the bundle ¢! ® E,1(R®) —> G,_i(R®). Then there 
exists a long exact sequence 


1G, (BR) PY ate, (R°)) 2 
—2Ht(G,_1(R°)) HG, (R*)) — 
Proof: Using Proposition 11.8.12 we know that the composition pp oa : 


Gy_-i(R®) — G,,(R®) classifies 1 @ E,,_;(R°) and that a is a homotopy 
equivalence. 


From Theorem 11.7.22 we have the Gysin sequence of E,,(R®), 


= HG, (R)) 7 He" (B2(R™)) > HCG, (R°)) >> 
- aye a m 


A(G,_1(R™)) 
where e = e(E,,(R™)). If we take f to be pp 0 a and define y to be Poa !, 


then we get the desired sequence. oO 


11.8.14 NoTE. Propositions 11.8.12 and 11.8.13 clearly are also valid in the 
complex case. 


11.8.15 Theorem. As an algebra over Z/2 = Zn, 
H*(G,(R™); Zp) = Za [ey w2,---, Wr], 
where w,,W2,...,W, are the Stiefel-Whitney classes 


w; = wi{En(R™)) € H(Gp(R™);Z), t= 1,...,0. 


Proof: The proof will be by induction on n. For n = 1, the result is nothing 
other than Corollary 11.7.26. So we assume that the theorem holds for n — 1 
for some n > 1. Let f : G,_i(R®) —> G,(R°) be a classifying map for the 
bundle ¢' @E,,_;(R®). By the naturality property 11.6.1(ii) and the stability 
property 11.6.5 of the Stiefel-Whitney classes, we get 


f*(w{En(R?))) = wif (En(R™))) 
= we! 6 E,-1(R®)) = wi(En—1(R™)) 
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for ¢ = 1,2,...,n. Furthermore, since dim E,,_;(R®) = n — 1, we have that 


Wr(En—1(R®)) = 0. 
By the induction hypothesis, we have as algebras 
A*(Gr-1(R™)) 
= Z[wi(En-1(R™)), w2(En-1(R™)), --- ,Wn-1(En-1(R™))] , 
implying that the ring homomorphism f* is surjective in cohomology. By def- 


inition e(E,(R®)) = w,(E,(R®)), so that the exact sequence of Proposition 
11.8.13 yields the exact sequence 


H4(G,(R®))—"S H**"(G,(R)) > H*"(G,_1(R™)). 
From this short exact sequence we find that every element a € H?*"(G,,(R™)) 
can be written as a = b +c, where b comes from H%(G,,(R®)) and therefore 
6 is a polynomial in which every term contains w,. Moreover, ¢ comes from 
H@"(G,_i(R°)), and so by the induction hypothesis ¢ is a polynomial in 
W1, W2,...,Wn—1. Now an induction on the dimension of a proves the desired 
result. oO 


From Theorems 11.8.11 and 11.8.15 we immediately get the following. 


11.8.16 Corollary. Let c be a characteristic class of dimension k for real 
n-dimensional vector bundies. Then we have that 


c= To Asuttul wi 
Jez, 
where I, = {J = (a1, %2,...,in) © N° | SP_ a, =k} and Ay © Z/2. That is, 
for every real n-dimensional vector bundle E we have 
o{B) = $7 Aswit(B) ~ wP(B) ~ --- ~ win(B). 
Jey, 
im 


The previous corollary implies that any characteristic class for real vector 
bundles can be expressed in terms of the Stiefel-Whitney classes. We shall 
now see that these latter classes are characterized by axioms 11.6.1(i)-(iv). 


11.8.17 Proposition. Suppose that L —+ RP® is the canonical bundle over 
RP® and that f : RP* x --. x RP® —+G,(R®) és a map that classifies the 
bundle L x --- x L (with n factors). Then the homomorphism 


ft: HMG,(R®); Z.) —+ H*(RP® x --. x RP®; Zp) 


is @ monomorphism. 
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Before starting the proof, note that if Vi,V2,...,Vn € RP™ are distinct 
one-dimensional subspaces of R®, then f(Vi, Va,...,V.) =Vi@Ve@- OY € 
G,(R®). 


Proof: We know from Theorem 11.7.25 that 

H*(RP®; Ze) = Ze[w(L)]. 

Using the Kiinneth formula 7.4.4, which in this case asserts that 
H*(RP® x --- x RP®; Z)) = H*(RP”; Zz) @ --- @ H*(RP™; Zp), 


we can deduce that H*(RP® x --- x RP®;Z:) = Zo[ti,...,tn], where we 
define t; = m!(wi(L)), and 7; : RP* x --. x RP® —> RP® is the projection 
onto the ith coordinate. By hypothesis we have f*(E,,(R®)) = Lx +--+ x L. 
And using Exercise 8.1.7, we have L x --- x L=a}(L)@---@ wk(L). 


Using the naturality axiom 11.6.1(ii) and the Whitney formula axiom 
11.6.1 (iii), but applied now to the total Stiefel-Whitney class of Definition 
11.6.6, we get 


F*(w(En(RO))) = wF(EnfR))) 
=w(Lx.---x L) 
= w(ry(L) B+ Gm {L)) 


= [Juan 


= [la+e. 


Consequently, for each dimension 1 to n we have 
Pw (E(R°))) = tr to tty 
f*(wp(En(R™))) = tite + tits t+ t+ tite tot tratte 


S*(wn(En(R™))) = t-te 
In other words, this says that 
F* (we(En(R™))) = on(t1,--- tr), k= 1 cn, 


where o; for k= 1,...,n denotes the kth elementary symmetric function in 
n variables, which is defined in general by 


o%(41,42,...,4n) = S iy Gig ** Biz 
n<Qn<o<i, 
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It is a fundamental result of Artin [10] that the subring of Zo[t1,...,tn] 
consisting of the symmetric polynomials is in turn the ring of polynomials 
generated by the elementary symmetric functions 01,09,...,@n. 


Since H*(G,(R°)) = Zo[w)(E,(R™)),...,w,(E,(R®))] holds by Theo- 
rem 11.8.15, it follows that f* is injective. In fact, the image of f* is precisely 
the subring of the symmetric polynomials. Oo 


Now we have assembled enough machinery to dispose of the proof of the 
uniqueness of the Stiefel-Whitney classes in short order. 


11.8.18 Theorem. (Uniqueness of the Stiefel-Whitney classes) There exists 
a unique sequence of cohomology classes associated to real vector bundles over 
paracompact base spaces and satisfying axioms 11.6. 1(i)—(iu). 


Proof: Let us assume that for every real vector bundle over a paracompact 
base space we have a sequence of cohomology classes w;(E) that are invari- 
ants of the isomorphism class of the bundle and that satisfy 11.6.1(i)-(iv). 
Consider the canonical line bundle L; —> RP’. By axiom 11.6.1(iv) we 
have that w;(L;) = w)(Z1), since both coincide with the nonzero element 
of Hi RP; Zo) = Zo. Because L; is induced from the canonical line bundle 
L —+ RP® by the inclusion « : RP! <> RP®, and c* : H!(RP°; Z,) —> 
H}(RP!; Z,) is an isomorphism (see 11.7.14), the naturality axiom 11.6.1(ii) 
implies that *(w,(L)) = w,(L,) = w;(L,) and therefore w)(L) = w,(L). 
Consequently, the total class corresponding to the classes w,, defined again 
as the sum of all together, satisfies w(L) = 1+ wi(L). 


Let f : RP® x --. x RP® —+ G,(R®) be as before the classifying map 
of the bundle L x --- x L —+ RP® x--- x RP®. Then from the naturality 
axiom 11.6.1(ii) and the Whitney formula axiom 11.6.1(iii), much as in the 
proof of Proposition 11.8.17, it follows that 


f*(@(En(R™))) = w(fEn(R™)) 
= iL x ---x L) 
= W(r}(L) ®--- 6 m,(L)) 


= |] ara) 
i=1 


=[Ja+ aera) 


= [Ja+e@rm) 
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= Ila +t) 
= F(w(B(R™))). 


Here t; = m}(wi(L)) = w)(a}(L)) is just as in the proof of Proposition 
11.8.17. 


But again using Proposition 11.8.17, we know that f induces a monomor- 
phism f* in cohomology. And so we obtain from the previous calculation that 
iH(E,(R°)) = w(En(R™)). 


Now if & —-+ B is any real vector bundle of dimension n over a para- 
compact space with classifying map fz : B —+ G,(R°®), then using the 
naturality axiom 11.6.1(ii) and the result just obtained we find that 


w(E) = w(fz(En(R™))) 
= frw(E,(R™))) 
= fe(w(Ep(R™))) 

w( fi(E.(R™))) 

= w(E). 


And this proves that the two sequences of characteristic classes for this bundle 
are equal term by term. oO 


We shall now give some interesting applications of characteristic classes. 
First we shall see that those that are nonzero are obstructions to the existence 
of nowhere-zero sections of a bundle. To do this we start off with a definition. 


1.8.19 DEFINITION. Suppose that p : EH —+ B is a vector bundle with 
sections 81,82, ...,8%. We say that these sections are linearly independent if 
for each point b € B the vectors s;(b), s9(b),..., s,(b) are linearly indepen- 
dent as elements of the vector space p~'(b). In particular, each section s; is 
nowhere zero. (See 11.3.11.) 


1.8.20 Lemma. Let p : FE —+ B be a real vector bundle over a para- 
compact space B, for ecample a CW-complez. If the bundle admits linearly 
independent sections 81, 82,...,8%, then the bundle has a decomposition as a 
sum E' ®@ e*, where e* is a trivial bundle of dimension k and E' — B is 
some other bundle. 


Proof: The subbundle E; of E defined by Ey = fe = 30%, Assi(z) | A € 
R and x € B} is a trivial bundle of dimension k, as can be seen from the 
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explicit trivialization B x R* —+ FE, defined by (b, A1,...,Ax) SD Assi(b). 
Since B is paracompact, the bundle F has a Riemannian metric (see Defi- 
nition 8.1.20 and the discussion preceeding it), and so by Proposition 8.1.23 
there exists a subbundle FE» of F that is the orthogonal complement of E in 
E and that, moreover, satisfies E & E, @ e*. ia 


Combining Proposition 11.6.5 with Lemma 11.8.20, we can prove a result 
that generalizes Proposition 11.7.19. Specifically, from 11.6.5 we get w;(£) = 
w;(E£2), which implies for i > dim(Z2) = n — k that w;(£) = 0. We then 
have the next result. 


11.8.21 Proposition. Suppose that E —> B is a real vector bundle of 
dimension n and that B is a paracompact space. If the bundle admits a 
nowhere-zero section, then w,(E) = 0. More generally, if the bundle admits 
k linearly independent sections, then 


Wye 1 (EZ) = We_eo(Z) = --- = w,(£) = 0. o 

In this way, the last nonzero Stiefel-Whitney class, say w,,_,, is an ob- 
struction to the existence of more than & linearly independent sections in F. 
There is a similar statement for complex vector bundles and Chern classes, 
using the corresponding results for the complex case. They are stated below 


and are proved in exactly the same way as their counterparts in the real case, 
and are left to the reader as exercises. 


11.8.22 Theorem. The classes cE) <¢ H**(B;Z) defined in 11.8.8 satisfy 
the avioms 11.6.7(i)-(iv). o 


Let now Ci, denote the set of characteristic classes for complex n-bundles 


with values in H‘(B;Z), as in 11.8.10. 


11.8.23 Theorem. There exists an isomorphism of graded rings 
pC, = H(G,(C™);Z), 
defined by y(c) = c{E,(C®)) for c € Cr. o 
11.8.24 Theorem. As an algebra over Z, 
H*(G,(C); Z) = Zle1,c2,..., en], 
where €1,€2,...,€n are the Chern classes 


co; = o(E,(C™)) € H*(G,(C%);Z), i=1,...,n. g 
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11.8.25 Corollary. Let c be a characteristic class of dimension k for com- 
plex n-dimensional vector bundles. Then we have that 


c= ye Ascites? --- ch, 
Jel, 
where I, = {J = (i1,%2,...,¢n) EN” | SL, = k} and Ay € Z. That is, 
for every complex n-dimensional complex vector bundle E we have 


B) = So Ne (E) ~ of (E) ~~ en (EB). 


Jel, ia 


11.8.26 Proposition. Suppose that L —+ CP® is the canonical bundle over 
CP® and that f : CP® x--. x CP® —+G,(C®) és a map that classifies the 
bundle L x... x L (with n factors). Then the homomorphism 


fi: H(G(C™);Z) —+ H*(CP® x --. x CP; Z) 


is @ monomorphism. oO 


11.8.27 Theorem. (Uniqueness of the Chern classes) There exists a unique 
sequence of cohomology classes associated to compiex vector bundles over 
paracompact base spaces and satisfying axioms 11.6.7(i)—(tw). im 


To end this chapter we shall now present one more application of the 
Stiefel-Whitney classes. This will be a proof of the Borsuk—-Ulam theorem, 
whose classical formulation is as follows. Already in Chapter 2, we have given 
in 2.4.29 the special case where n = 2. 


11.8.28 Theorem. (Borsuk-Ulam) Suppose that g : S* —> R” is continu- 
ous. Then there exists x € S” that satisfies g(x) = g(—x). 


Proof: If there were no such point 2, that is, if g(x) # g(—a) for every x € S", 
then the formula (= af-2) 

Gu) — W-2, 

fe) =~ — 7 

g(x) — g(-2)|| 

would define an odd map 
f:sv 5st], 

namely, a map satisfying f(—x) = — f(x) for all z € S". However, this would 
contradict Theorem 11.8.29, which we shall prove later. So the desired point 
z € S” has to exist. o 
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As it was in the case n = 2 (2.4.31), we have the following. 


11.8.29 Theorem. Form <n there does not exist an odd map f :S" — 
S™, that is, a map satisfying f(—x) = — f(x) for allz <8”. 


Proof: If there were such a map f, then it would induce a map f : RP” —> 
RP” making the diagram 


f 


s° —— Ss” 


| |: 


RP” —> RP” 
f 


commute, where p and q are the usual quotient maps. This is really a diagram 
of locally trivial bundles, which in turn induces a map H, —> H,, of the 
canonical line bundles over the projective spaces. More precisely, for every k 
the canonical line bundle H, —> RP*, which is given in Definition 11.3.5, is 
the projection onto the second coordinate restricted to the space of pairs 


H, = {(2,) <R* x RP | el}. 


Then there is a commutative diagram of vector bundles 


H, — +H, 


>| |: 


RP” a RP”, 


where f(2,l) = (|x|f(x/|a|), f(D) for z 4 0 and f(0,1) = (0, F(d)). It imme- 
diately follows that fis well defined and is continuous. Moreover, it is linear 
on the fibers, for which it is enough to show that it commutes with scalar 
multiplication, namely that 


ry Ar 


f(Ax,!) (el FY) FO) 


eee =Af(x,)) if A>0, 
(Ala| (GE).FO) = AF(@,D ifr <0, 


where the second case follows from the first case and the fact that f is odd. 


Using Proposition 11.3.3, we find that the homomorphism induced in 
cohomology f : H*(RP”;Z/2) —> H*(RP”;Z/2) satisfies f'(rm) = tn, 
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where 2, = w;(H,) € H'(RP*; Z/2) is the Euler class of the bundle H, —> 
RP* for k = m,n. In particular, using Proposition 11.3.7 and m +1 <n, 
we have that 0 = F (amt) = amt! 4 0. And this is a contradiction. 
Consequently, there cannot exist an odd map f : S* —> S™. oO 


11.8.30 NoTE. There isan alternative way of proving the Borsuk—Ulam the- 
orem, in the formulation of Theorem 11.8.29, by using the theory of covering 
maps as well as cohomology theory. Specifically, the square diagram 


Sg ie gm 


| 2s 


RE” oe RP”, 


which we used in the proof of Theorem 11.8.29, is a diagram of covering maps 
(see 4.5.3). Now we pose the question of the existence of a lift fi: RP” —> S” 
of f, as is indicated in the previous diagram. Such a lift exists if and only 
if f sends the fundamental group m(RP”) into the image under gq of the 
fundamental group 7;(S™), as we have seen in Exercise 4.5.14. There are two 
cases. In the first case, when we have m = 1, it follows that 7 (RP!) = Z 
and, since n > 1, that 7(RP”) = Z/2. Therefore, the homomorphism 
fi. 2 m(RPE”) —> m(RP") is zero and the lift exists. In the second case, 
when we have m > 1, we again want to show that f, = 0. We just give a 
sketch of the proof as follows. First we note that 7(RP*) & H,(RP*; Z/2) 
H'(RP*;Z/2). But for k = m,n there is a correspondence under these 
isomorphisms of f, with f in cohomology. But this last map is zero, as we 
have already seen in the proof of Theorem 11.8.29. 


In both cases, then, by Exercise 4.5.14 there exists a lift fs RE’ —> 8”. 
In this way, both of the maps 


fop, f:S* —8s™ 


are lifts of fop: S* —> RP™. Then for every x © S” we have that 
afp(x) = qf(x), which implies either that fp(x) = f(x) or that fp(x) = 
—f(x) = f(—x). Consequently, the two lifts are equal either in x or in —z, 
where we use the fact that p(x) = p(—2). 


But since S” is path connected, the two lifts must then be identically 
equal. However, this is impossible, since one separates antipodal points while 
the other sends antipodal points to the same point. Therefore, such a map 
f cannot exist. 
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The following exercise uses the multiplicative structure of the cohomology 
to distinguish between two spaces having the same additive structure in their 
cohomology groups. 


11.8.31 EXERCISE. Let X = S? V St and Y = CP*. Show that X and 
Y have the same cohomology groups, but multiplicatively their cohomology 
rings are different. Conclude that X and Y are not of the same homotopy 
type. 


CHAPTER 12 


COHOMOLOGY THEORIES AND 
BROWN REPRESENTABILITY 


In Chapter 7 we presented cohomology theory, and in Chapter 9 we intro- 
uced K-theory. Both theories have some properties in common. In this 
chapter we unify these properties and define the generalized cohomology 
theories. From this point of view we shall be able to obtain several results 
that follow from the formal properties rather than from the specific charac- 
teristics of the theory in question. Further, we shall prove a theorem that 
shows that our approach to both theories is quite general. Namely, we prove 
the Brown representability theorem, which shows that in an adequate cate- 
gory of spaces every generalized cohomology theory is represented by some 
classifying spaces, such as the Eilenberg-Mac Lane spaces in the case of co- 
homology and the spaces BU x Z and BU in the case of K-theory. Thus 
cohomology can always be expressed in homotopical terms. Finally we see 
hat the representability of the cohomology theories implies the existence 


t. 

of certain objects, called spectra, which topologically, or better, homotopi- 
cally, encode all the information concerning their associated cohomology and 
homology theories. 


12.1 GENERALIZED COHOMOLOGY THEORIES 


The cohomology groups in Chapter 7 as well as K-theory in Chapter 9 have 
some properties in common; namely, they are contravariant functors, they are 
homotopy invariants, both produce exact sequences for pairs of spaces, and 
they have some excision property. All these conditions make these theories 
cohomology theories. In this section we define in general what a cohomology 
theory is, and then from its properties we derive several results that were 
obtained in the special cases from the particular definitions of the theories 
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studied earlier. 


12.1.1 DEFINITION. Let Top be the category of pairs (X, A) of topological 
spaces and maps of pairs. Let, moreover, A be the category of abelian 
groups and homomorphisms. A cohomology theory h* on TJopg is a collection 
of contravariant functors and natural transformations indexed by q € Z, 


h?: Topp —> A and 85%: h?o R—> ht}, 

these last called connecting homomorphisms, where R : Topy —+ Topo is 
the functor that sends a pair (X, A) to the pair (A,@) and the map of pairs 
f : (X,A) —> (Y, B) to fA, satisfying the following axioms: 
Homotopy. If fo ~ fi : (X,A) —> (Y, B) (a homotopy of pairs), then 

fi = ff AY, B) — A(X, A) 
for all g € Z. 
Excision. For every pair of spaces (X,A) and a subset U C A satisfying 
U CA, the inclusion j : (X —U, A—U) —> (X, A) induces an isomorphism 

he(X, A) © AY(X —U,A—U) 


for all g € Z. 


Exactness. For every pair of spaces (X, A) we have a long exact sequence 


8 


“$h8(X, A) “> he(X) Hy he(A)phet(X, A), 
where é: (X,0) — (X, A) and 7 : (A,@) — (X,) are the inclusions, and we 
write h(X) instead of h?(X, 9). 


12.1.2 EXAMPLES. 


(a) The functors (X,A) +» H%(X,A;G) constitute a cohomology theory 
for every abelian group G in the category ope of all pairs of spaces. 


(b) The functors (X,A) +» K%(X,A) form a cohomology theory in the 
category of pairs of paracompact spaces and closed subspaces. (See 


9.5.9, (9.5.8), and 9.5.10.) 
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12.1.3 REMARK. There is also the dual concept of a homology theory h, on 
Top, which is a collection of covariant functors and natural transformations 
indexed by g € Z, 


hg: Top, —+ A and d,:hy —>hyg10R, 


these last called connecting homomorphisms, where as before, R : Top, —> 
Top: maps a pair of spaces to the second space of the pair, and they satisfy 
the same axioms as the cohomology with the obvious modifications. 


Some examples we have of this are the ordinary homology groups with 
coefficients in an abelian group G as introduced in Section 5.3, and given by 
(X, A) BH H,(X, A; G). 


Sometimes it is more convenient to work with the so-called reduced coho- 
mology theories defined on the category Jop, of pointed spaces and pointed 
maps. 


12.1.4 DEFINITION. Let Top, be the category of pointed spaces (X, 29) and 
pointed maps. Let, as before, A be the category of abelian groups and 
homomorphisms. A reduced cohomology theory k* on Top, is a collection of 
contravariant functors and natural equivalences indexed by g € Z, 


k?: Top, A and s?:k?o S$ —+ ke"1, 


these last called suspension isomorphisms, where S : Top, —+ Top, is the 
unctor that sends a pointed space (X, 2x9) to its reduced suspension (DX, *) 
and the pointed map f : (X,20) —> (Y, yo) to Uf (see 2.10.1), satisfying the 
ollowing axioms: 


Homotopy. If fo © fi : (X,20) —> (Y,y0) (a homotopy of pointed maps), 
hen 
Jo = ff BY, 40) — k(X, x0) 


or all ge Z. 


Exactness. For every pointed pair (X, A) we have an exact sequence 
ke(X UCA, *) 2 bX, a9) “+ k2(A, 20), 


where 7: (A,2o9) @ (X, 20) is the inclusion and 7 : (X,20) G (X UCA,*) is 
the canonical inclusion into the cone of 7. 
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12.1.5 EXAMPLES. 


(a) The functors 
(X,20) 4 H%(X;G) = HX, {x0}; G) 


constitute a reduced cohomology theory for every abelian group G in 
the category of all pointed spaces. 


(b) The functors = 
(X, a) + K(X) 


constitute a reduced cohomology theory in the category 7op, of pointed 
paracompact spaces. (See 9.3.3 and 9.5.11.) 


12.1.6 REMARK. Also in the reduced case one has the dual concept of a 
reduced homology theory k, on Top,, which again is a collection of covariant, 
functors and natural equivalences indexed by g € Z, 


k,: Top, —> A and s,: hy —+ hy41 0S, 


these last called suspension isomorphisms, where S : Jop, —+> Jop, maps a 
pointed space to its suspension as before, and they satisfy the same axioms 
as the reduced cohomology with the obvious modifications. 


There is another property that was included in the list of axioms of Eilen- 
berg and Steenrod for homology or cohomology. It is the Dimension axiom, 
which in the case of cohomology states that h?({*}) = 0 for the one-point 
space if g # 0, and k#(S°,*) = 0 if ¢g 4 0 in the reduced case. In the case 
of homology it states that h,({*}) = 0 for the one-point space if g # 0, 
and k,(S°, *) = 0 if g# 0 in the reduced case. Cohomology and homology 
theories that satisfy this axiom are called ordinary. Examples of this type 
are of course the cohomology with coefficients in G, H*(—;G), and the ho- 
mology with coefficients in G, H,(—; G). A cohomology or homology theory 
that does not satisfy this axiom is called extraordinary or generalized. An 
example of this type of cohomology theory is of course the K-theory, K*(—). 


In what follows we restrict ourselves to the case of cohomology theories, 
though all of the results have a counterpart in homology. 


9 


There are several important properties of cohomology theories that are 
deduced from the axioms. We state them in what follows. 


Assume that 2: AG X is a homotopy equivalence. Since then 2* : 
h?(X) —>: h?(A) is an isomorphism by the homotopy axiom, then taking 
the long exact sequence of the pair, we obtain the following result. 
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12.1.7 Proposition. Let h be a cohomology theory. Ifi: AG X isa 
homotopy equivalence, then h?(X, A) =0 for all q. im 


12.1.8 Corollary. Let h be a cohomology theory. If X is a (strongly) con- 
tractible space, then h?(X,{xo}) =0 for all q. ia 


Assume that A C X is a cofibration. Then the quotient map (X U 
CA,CA) —> (X UCA/CA,+*) » (X/A,*) is a homotopy equivalence by 
4.2.3. We thus have the following. 


12.1.9 Proposition. Let h be a cohomology theory. If A C X ts a cofi- 
bration, then the quotient map p : (X UCA,CA) —+ (X/A,*) induces an 
isomorphism p* : hi(X/A,{*}) —> h?(X UCA,CA). Oo 


Moreover, one can delete the base point of the unreduced cone C'A and 
then deform the pair (X U CA—+*,CA-— *) to (X, A); that is, the inclusion 
(X, A) G (X UCA-— +, CA -— +) is a homotopy equivalence. Thus by the 
homotopy and the excision axioms we have the following consequence. 


12.1.10 Corollary. Let h be a cohomology theory. If AC X is a cofibration, 
then the quotient map p: (X, A) —>+ (X/A, {*}) induces an isomorphism 


p: ht(X/A,*) —3 h4(X, A) for dlqgeZ. gd 
From the exactness axiom, one has also the following. 


12.1.11 Proposition. Suppose that X is a topological space and that BC 
Ac X are subspaces. If h is a cohomology theory, then there is a long exact 
sequence 


vs 5 nO1(A, B) 2s no(X, A) — h9(X, B) 
— hi(A,B) > ---, 


where the homomorphisms are induced by the inclusions, except for 5, which 
as defined as the composite 


5: hI-"(A, B) —s h91(A)—5h2(X, A). 


This is the so-called exact sequence of the triple (X, A,B). (See 7.1.33.) 
The proof uses the exact sequences of (X, A), (X, B), and (A, B). im 
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There is a way of passing from an unreduced cohomology theory to a 
reduced one and vice versa. Let h* be a cohomology theory defined in Tops 
and consider the family h* of functors on Jop, defined by 


h9(X, x0) = h%(X, {ao}). 


Recall that SX = CX/X, where CX is the reduced cone on X, and consider 
the exact, sequence of the triple {+} C X C CX (see 12.1.11), 


<5 hYOX, {4}) — AUX, faro}) 25 AH(CX, X) 
—s ntH(OX, f4}) 


Since CX is (strongly) contractible, h?(CX,{+*}) = 0 for all g, and hence 

6 is always an isomorphism. On the other hand, by Corollary 12.1.10, 

pe: RUDX,{+}) —s h4(CX, X) is an isomorphism, where p : (CX,X) > 

(2X, {*}) is the quotient map. Therefore, we define the isomorphism s‘ as 
the composite 

- * 5 

sf: AM(DN, ¥) = AMD, fa) 2s nsttox, xX) 25 

— R(X, {a0 }) = hI(X, a0). 


Using the exactness axiom for the cohomology theory h, it is immediate 
to check that the reduced cohomology exactness axiom holds for k. We thus 
have the following. 


12.1.12 Theorem. /f h?, 5%, is a cohomology theory on Jop2, then Ad, st 
as defined above is a reduced cohomology theory on Top,. Oo 


Conversely, given a reduced cohomology theory k* defined on Jop,, we 
consider the family of contravariant functors k* defined on Top, on objects 
by setting 

K(X, A) = kt X* U CAT, ¥) 
and on maps f : (X,4) —> (Y,B) by letting f* : k(Y,B) — hi(X, A) 
be given by the induced pointed map f: X+UCAt —> Y*+ UCB, where 
Z* is the space ZU {+} f for any space Z with the obvious base point. The 
natural transformations 6 : h2(A) — is A) are given by the composite 


Ba(A) = Ba At») neta») 22 
— kt(Xt+ UCAT, «) = ktt1(X, A) ‘ 
since AU C@ = At, where p: Xt UCAt —> Xt UCAt/Xt = DAP is the 


collapsing map (see 3.1.3), and 7 : LA* —+ YA?* is the homotopy inverse of 
the H-cogroup SAT (see 2.10.3). 
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12.1.13 NoTE. The inclusion (X,A) — (X7*,A*) induces a homeomor- 
phism X UC'A » X+ UCA®* from the unreduced cone of A+ X onto the 
reduced cone of At — X*, which maps the vertex of the unreduced cone 
C'A to the base point of the reduced cone C'At. Therefore, we may use 
either one or the other. Moreover, if the pair (X,A) has a nondegenerate 
base point, that is, if the inclusion of the base point + < A is a cofibration, 
then by 4.2.3 the canonical quotient map X UC’A + X UCA is a homotopy 
equivalence. 


12.1.14 EXERCISE. Prove that one has a long exact sequence for the pair 
(X, A) for the functors k? and natural transformations 6. (Hint: Use the 
exactness axiom for k and compare with the Barratt-Puppe sequence con- 
struction, Section 3.5.) 


We have the following result similar to Theorem 12.1.12. 


12.1.15 Theorem. /f k?, s?, is a reduced cohomology theory on Jop,, then 
k%, 6, as defined above, is a cohomology theory on Jop2. o 


One might think that the two constructions above are inverse to each 
other, that is, that starting with an unreduced cohomology theory, con- 
structing its associated reduced theory and then passing from the latter to 
its unreduced theory, we come back to the original theory. This is generally 
not so. In what follows we establish criteria to see to what extent the given 
(unreduced) theory and the one obtained after two steps coincide. Simi- 
larly, we consider what happens when we start with a reduced theory. The 
following definition will be useful. 


12.1.16 DEFINITION. Let h} and h} be cohomology theories. A transforma- 
tion T : ht —>+ hj of cohomology theories is a family of natural transforma- 
tions T, : hit —+ hj for q € Z such that for every pair of spaces (X,A) one 
has a commutative square 


h§(A) +> azt(x, A) 


n| [ae 


h§(A) > ng4(X, A). 


The transformation T is called an equtvalence if each T, is a natural equiva- 
lence. There are corresponding notions of transformation and equivalence of 
reduced cohomology theories. 
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In order to compare the two constructions given above, we produce trans- 


formations between h* and h* and between k* and k* and analyze under what 
circumstances they are equivalences. 


Since the inclusion of pairs (X*UCAt, {*}) G (X*+UCAt, CAT) induces 
isomorphisms in cohomology (just take the exact sequences of both pairs 


and observe that C'At is contractible), given a cohomology theory h*, the 
inclusion (X, A) (X* UCA*t, CA?) induces a homomorphism 


T, : W(X, A) = bY X* UCAT,#) 
= h(X+ UCAt, CAt) —s h9(X, A). 


This is obviously a natural transformation compatible with the connecting 
homomorphisms. 


On the other hand, if the spaces involved have nondegenerate base points, 
that is, if the inclusions of their base points are cofibrations, then the canon- 
ical inclusion of pointed spaces (X,29) (Xt U CAt,*) is a homotopy 
equivalence. Hence, given a reduced cohomology theory k*, there is an iso- 
morphism 


Tl: RX, 00) = R(X, {z0}) = W(X* U Cfao}*,») & (X20) - 


This is a natural equivalence, and one may prove that it is compatible with 
the suspension isomorphisms. Therefore, starting from a reduced cohomology 
theory we come back to the same theory, provided that the spaces we are 
dealing with have nondegenerate base points. However, if we start with an 
unreduced theory, this is not the case. 


In order to get a one-to-one correspondence between reduced and unre- 
duced theories, we need to introduce another axiom for a cohomology theory 
ht. 


Weak homotopy equivalence. Given a weak homotopy equivalence of 
pairs of spaces f : (X,A) —+ (Y,B), then f* : h?(Y,B) —> h%(X, A) is an 
isomorphism for all g € Z. 

There is the corresponding axiom for a reduced theory k*. 
Weak homotopy equivalence. Given a weak homotopy equivalence f : 
X —+Y, then f* : k?(Y, f(2)) —> k?(X, 2) is an isomorphism for all x € X, 


qéeZ. 


We have the following result (cf. (76, 7.42, 7.44]). 
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12.1.17 Theorem. Let h* be a cohomology theory and k* a reduced coho- 
mology theory, each satisfying the weak homotopy equivalence axiom. Then 


(a 2s h* enh* is an equivalence of cohomology theories on the category 
Topo, and 


(b) T’: Kk —s k* is an equivalence of reduced cohomology theories on the 
category Tope of topological spaces with nondegenerate base points. 


12.1.18 REMARK. If we are working in the category Wop, of pointed 
spaces that have the same homotopy type as CW-complexes or the cate- 
gory W/Top. of pairs of spaces of the same homotopy type as CW-pairs, then 
by the Whitehead theorem 5.1.37, any cohomology theory satisfies the weak 
homotopy equivalence axiom. Therefore, in these categories we have a one- 
to-one correspondence between unreduced and reduced cohomology theories. 


Of course, the corresponding result holds for homology theories. 


Milnor introduced a further axiom to study infinite CW-complexes, which 


allows us to prove a uniqueness theorem for homology and cohomology the- 


ories. 


Additivity. For every collection {(X),,A))}x< of pairs of topological spaces, 
the inclusions 2 : (X), A,) Lea Xu, Ay) induce an isomorphism 


(Hh) she fi x[]4} — [ae An. 


ACA 


And similarly, for a reduced cohomology theory k* we have the following 
axiom. 


Wedge. For every collection {(X),2))},ea of pointed topological spaces, 


the inclusions 2, : X, Vuer X,, induce an isomorphism 


(&) sk (\v X00) — [] 0). 
» 


AEA 


There are the corresponding axioms in the case of homology, where the 
direct products are exchanged for direct sums and the isomorphisms point in 
the opposite direction. Theories that satisfy either axiom are called additive. 
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Milnor proved the following uniqueness result for ordinary homology and 
cohomology theories [56]. 


12.1.19 Theorem. Let h* (respectively h,) be an additive ordinary cohomol- 
ogy (respectively homology) theory on WTop, with h°({+*}) = G (respectively 
ho({+*}) = G). Then there is an equivalence of cohomology (respectively ho- 
mology) theories 

ht —+ H*(-3@) 
(respectively 

h, —> H,(-;G)). 


Moreover, if h* (respectively h,) satisfies the weak homotopy equivalence ax- 
tom, then both theories are equivalent in the category Top. of all pairs of 
topological spaces. 


Later on, in Section 12.3, we give an alternative proof to Milnor’s of this 
result in the case of cohomology. 


Since our homology and cohomology theories, as defined in Sections 5.3 
and 7.1, are additive and satisfy the weak homotopy equivalence axiom (see 
5.3.31 and 5.3.25 as well as 7.1.13 and 7.1.15), as do singular homology and 
cohomology (see [67])}, we have the following consequence. 


12.1.20 Corollary. H,(—;G) is equivalent to singular homology with coef- 
ficients in G, and H*(—;G) is equivalent to singular cohomology with co- 
efficients in G, both on the category Top: of all pairs of topological spaces. 

o 


One of the important things that can be obtained from the axioms of a 
cohomology or homology theory is the Mayer—-Vietoris exact sequence, which 
we obtained using the cellular complexes for ordinary cohomology and ho- 
mology (see 7.4.13). 


12.1.21 DEFINITION. A triad of spaces (X; A, B) is called excisive with re- 
spect to a cohomology theory h* (respectively a homology theory h,) if the 
inclusions 7 : (A, AM B) @ (X,B) and j : (B, AN B) & (X, A) induce 
isomorphisms 


AX, B) 3 hYA, ANB), 7: R(X, A) — AB, ANB), 
(respectively 


int Rg(A, ANB) — h,(X,B), je: hg(B, AN BY) — h,(X, A),) 
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for all g. In fact one can prove that if ¢* (respectively é,) is an isomorphism, 
then j* (respectively j,.) is also an isomorphism. 


Examples of excisive triads for ordinary cohomology and homology are 


excisive triads (X; A,B), that is, triads such that A U B = X, and also 
CW-triads. 


The following theorem generalizes Theorem 7.4.13 to every homology and 
cohomology theory. 


12.1.22 Theorem. Suppose that (X; A, B) is an excisive triad for a homol- 
ogy theory hy and take C C AM B. Then there is an exact sequence in 
homology 
+ 3 hy AN B,C) 4 h,(A,C) @ h,(B, C) 23 hg XC) 23 
— hg s(AN B,C) —----, 
where 
B(c) = (i (e), FA), aa, b) = i.(a) + 9.(0), 


and the homomorphism @ is the composite 
= , -1 
d+ ho(X,C) > hy(X,B) => h,(A, AN B) 2s hy1(AN B,C) 


and 8 is the connecting homomorphism in the homology theory h, for the 
triple (A, AN B,C). 
Also, if the triad is excisive with respect to a cohomology theory h*, then 


there is an exact sequence in cohomology 


oe 3 AT AN B,C) 5 


ha(X,C)  h9(A, C) @ h2(B, C) © n(AN B,C) >>, 


where 
al(c) = (#(c),7*(c)),  B'(a,b) = 2*(a) — 700), 


and 6 is given by the composite 
5: n(4A 0 B,C) 5 (A, An B) © a(x, B) & n(x, 0) 


and & is again the connecting homomorphism in the cohomology theory h* 
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for the triple (A, AN B,C). Here i, v, j, j', k, and k! are the inclusions 


(A,C (A, ANB) 
dv 4 k 
(AN B,C) (X,0), (X,B). 
(B,C (X,C) 


The proof is obtained by putting together the exact sequences of the 
triples (A, AN B,C) and (X, B, C) and using the fact that k: (A, ANB) 
(X, B) induces isomorphisms. Oo 


12.1.23 EXERCISE. Take C = {xo}, where x9 € AN B is the base point of 
X, and construct the corresponding Mayer—Vietoris sequences for reduced 
homology and cohomology. 


12.2 BROWN REPRESENTABILITY THEOREM 


In this section we present a beautiful result of E.H. Brown [21] that treats 
a general class of homotopy invariant functors in the category of path- 
connected pointed spaces. The main theorem characterizes certain functors 
on the subcategory of CW-complexes. We follow closely the proof given by 
E.H. Spanier [67]. We start with some categorical considerations. 


Let C be a category. Each object Co of C defines a contravariant functor 
C(—,Co) : C —> Set, 


given on objects by C ++ C(C,Co), where C(C, Cy) denotes the set of mor- 
phisms in C from C to Co, and on morphisms f : C —+ D in C by 
f# = C(f,Cp) : C(D, Co) —+ C(C, Cp), FRY) = po f. 


12.2.1 DEFINITION. A contravariant functor F : C —+ Set is said to be 
representable if there is an object Cp in C and a natural equivalence e : 
C(—,Co) —> F. In this case one says that Co represents F’. Cp will also be 
called a classifying object for F. 


The following is known as the Yoneda lemma. 
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12.2.2 Lemma. Let F : C —> Set be a contravariant functor. Then there is 
a one-to-one correspondence between natural transformations e : C(—,Co) —> 
F and elements u € F(C). The correspondence is such that for each object 
C in C, eg : C(C,Co) —> F(C) ts given by ec(y) = F(y)(u) for any 
gy: C+. 


Proof: Let e : C(—,Co) —+ F be a natural transformation. Hence, given 
any morphism y : C —+ Co, there is a commutative diagram 


(Co, Co) “2+ F(Co) 


| [rw 


C(C,Co) => F(C). 


If u = ecy(1c,) € F(Co), then by chasing this element around the diagram, 
we have 
lo, +——> u 


| 


pr—> F(~)(u), 
and therefore eo() = F(p)(u). 
Conversely, given u € F(Cp) and any object C in C, define 


ec : C(C,Cy) — F(C) 


by ec(y) = F(yp)(u). Then e is a natural transformation. o 


12.2.3 DEFINITION. If F is a representable functor and 
e:C(—,Co) 4 F 


is a natural equivalence, then the associated element according to the Yoneda. 
lemma, up = ec, (1c,) € F(Cp), is called the universal element for F. 


12.2.4 Proposition. Let FG: C —+ Set be contravariant functors repre- 
sented by Co and Ch, respectively. Let Kk: F —+ G be a natural transforma- 
tion. Then there exists a unique morphism p: Co —> Ch such that for each 
object C in C the diagram 


C(C, Co) -F> C(C, Ch) 


nls ole 


F(C) GC) 


be 23 
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commutes, where px(ip) = poy and eg, ey are the corresponding natural 
equivalences. Furthermore, if « is a natural equivalence, then p is an iso- 
morphism in C. 


Proof: First, we shall try to make the diagram commute in the special case 
where C = Co. So take lo, € C(Co,Co). Then up = ec (la) € F(Cb). 
Since e,, is a bijection, there is a unique element p € C(Cy, Ch) such that 
€6y(P) = Kop (ur). 

Now take y € C(C, Cp). Then, by Lemma 12.2.2, the naturality of « and 
the definition of p, we have that 


Koeo(y) = ko F(y)(ur) = Gy) Kao (ur) = G(y)ec,(p)- 


On the other hand, 


eopxly) = eo(p 0%) = G(po yu) = G(y)G(p)(ua) = G(v)ee,(P) , 


where ue = €(y(1o,) € G(C)) is the universal element for G. Therefore, 
Koec(~) = eopx(y), and so the diagram commutes. 


The uniqueness of p follows immediately from the first paragraph of this 
proof, since g is the unique morphism making the diagram commute in the 
special case C = Cp. 


Finally, assume that « is a natural equivalence. Since for each object C 
in C, ko : F(C) —+ G(C) is a bijection, we have that the inverse functions 
kg! : G(C) —> F(C) determine a natural transformation K: G —> F such 
that Ko = Kal. By the first part, there is a unique morphism p: Cf —> Co 
corresponding to ®. For each C in C, the composite Kc o Kg is the identity 
F(C) —+ F(C), and the composite Kc © Kc is the identity G(C) — G(C). 
But these composites also correspond to pop and pop according to the first 
part of the proposition. By the uniqueness we have that pop = 1g, and 
pop=lcys. Hence, if x is a natural equivalence, then p is an isomorphism. 

og 


12.2.5 Corollary. Let F : C —+ Set be a representable contravariant func- 
tor. If Co, Ch are representing objects for F with universal elements up, 
ulp, respectively, then there is an isomorphism p : Co —> Ch such that 


F(p)(up) = up. 


Proof: By assumption we have natural equivalences 


e:C(-,%) SF, e&:C(-,Ch) SF, 
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so that A = e'"! oe : C(—,Co) —> C(—,C%) is a natural equivalence. By 
the previous proposition, A determines a unique isomorphism p: Cp —> Cf 
such that for every object C in C, Ac : C(C,Co) —+ C(C,Ch) is given by 
Ac(f) = po f. So in particular, Ac, (1c) = p. 

Recall that the universal elements are given by ur = e€c,(1c,) and up = 
e4 (Ics). Thus by the naturality of e’ and the equality for p shown above 
we have that F(p)(u'p) = F(p)eo, (les) = eo, (0) = €b,Aco(1c,). But by the 
definition of \ we have e!o \ = e and hence e4,Ac,(1a) = €o,(lo,) = ur. 
Thus F(p)(wp) = up, as desired. a 


2.2.6 EXERCISE. State and prove the converse of 12.2.4. 


Recall that we defined the cohomology groups of a CW-complex X with 
coefficients in G by H"(X) = [X, K(G,n)], where K(G,n) is the Eilenberg— 
ac Lane space with a single nonvanishing homotopy group in dimension n, 
this group being isomorphic to G. Notice that from 4.4.7, since K(G,n) is a 


ath-connected H-space for n > 1, pointed and unpointed homotopy classes 
coincide, since (X, x0) is a well-pointed space (zo is a O-cell). Therefore, for 
any pointed CW-complex (X, 20), 


H°(X) & [X,29; K(G,n),*] (n> 1). 


More generally, for any fixed pointed topological space (Y,yo), we set 
n*(X) = [X,20;Y,yo]. This is obviously a contravariant functor from the 
category Top, of pointed topological spaces and continuous maps preserving 
base points to the category Set, of pointed sets and pointed functions, since 
for any pointed map f : (X',25) —> (X,20) we define a pointed function 


ft a (X) — a¥(X') 


by f*[a] = [ao f], which satisfies the required functor axioms. Here the base 
points of the sets 7’ (X), «*(X’) are the homotopy classes of the constant 
maps. 


Strictly speaking, there is another category structure on the objects of 
Top,, where the morphisms are homotopy classes of maps between pointed 
spaces. Specifically, given pointed spaces X, Y, a morphism [f] : X —> Y is 
a pointed homotopy class [f], where f : X —> Y is any pointed map. The 
composition is given by [g] o [f] = [go f], and the identity morphism of X is 
the class 1x = [idx]. Observe that these morphisms are not functions of the 
underlying sets anymore. The corresponding category is denoted by Jop* 
and is called the pointed homotopy category. Then, given pointed spaces X, 
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Y, the morphism set Top’(X,Y) is precisely [X,Y],, and thus the functor 
n’ defined above is nothing but the functor Jop*(—,Y), which is a special 
case of the situation considered at the beginning of this section. 


What we shall study in the sequel are conditions that characterize the 
functors 1” restricted to the category PTopo of path-connected spaces with 
nondegenerate base points; that is, we shall study the conditions a functor T 
must satisfy in order that it become naturally equivalent to one of the form 
m* or, in other words, to be representable. 


12.2.7 DEFINITION. Consider a contravariant homotopy functor, that is, a 
functor T : Top? —> Set,, from the pointed homotopy category to the cat- 
egory of pointed sets and pointed functions. We use the following notation. 
If X CY and v € T(Y), then v|X denotes the element T((#])(v) € T(X), 
where i: X — Y denotes the inclusion map. We call T a Brown functor if 
it fulfills the following two axioms. 


Wedge. If {X,,} is a family of pointed spaces and i, : X,  \/, Xz is the 
inclusion, then 


(Piz)):T (v x] — [] rex) 


is an equivalence of sets. 


Mayer-Vietoris. Let (X; A, B) be an excisive triad. Then for any u € T(A) 
and v € T(B) such that uJ ANB = »|ANB, there exists 2 € T(X) such that 
2|A=u and 2|B=v. 


2.2.8 EXAMPLE. Using the axioms of functoriality, homotopy, and exact- 
ness (namely, the Eilenberg—Steenrod axioms excluding the dimension axiom) 
or an ordinary cohomology theory, one has for each g that H? is a homotopy 
‘unctor that satisfies the axioms for a Brown functor, except for the fact that 
he wedge axiom need hold only for finite families. However, by 7.1.13 our 
ordinary cohomology does satisfy the wedge axiom fully. 


2.2.9 EXERCISE. Show that the Mayer-Vietoris axiom for H% follows from 
he reduced Mayer-Vietoris exact sequence for H*. (Cf. 7.4.13 and 12.1.23.) 


The next is an important concept for what follows. 


2.2.10 DEFINITION. Given pointed homotopy classes [f], [g]: C —> Y, a 
coequalizer for them is a pointed homotopy class [j] : Y —+ X, such that: 
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@) [3] ° [f] = ly] © [g], or speaking informally, [f] and [g], become equal 
after composition with [J]. 


(ii) If [7] : Y —+ X‘ is a pointed homotopy class such that [j/] 0 [f] = 
[7Jo[g], then there exists a unique [g] : X —> X’ such that [7] = [g]o[y]. 


In other words, the underlying pointed map g : X —+ X’ is such that in the 
diagram 


uf, j 
Cc ¥ Xx 
g i 
Xo 
j y 
x 


the two composites on the top are homotopic, and if the two composites 
down diagonally to the right are also homotopic, then the vertical map exists 
uniquely up to homotopy, so that the triangle commutes up to homotopy. 


Coequalizers exist. Namely, given pointed maps f,g : C —> Y, take 
X to be the double attaching cylinder Y USC x l= Cx IUY/~, where 
(c,0) ~ fle), (e, 1) ~ gfe), (c0,#) ~ yo for e € C,t € I and where co, yo are 
the corresponding base points. It is then easy to prove the following result. 


12.2.11 Proposition. The homotopy class [j]: Y —+ X of the map j such 
that j(y) = q(y), whereqg: CXIUY — X is the quotient map, is a coequalizer 
for [f| and [g]. o 


12.2.12 Proposition. Assume that the functor T satisfies the Mayer-Vie- 
toris axiom. Then tt has the following property. If f,g : C —> Y are 
pointed maps and w € T(Y) satisfies T([f])(w) = T((g])(w) € T(C), then 
there exists v € T(X) such that T([j])(v) = w, where [j]: Y —> X is a 
coequalizer for [f] and |g]. 


Proof: Let X' = Y Uf C x I be the double attaching cylinder of f and g. 
Take A = Y Uy C x {0,1) and B= Y U9 C x (0,1) C X'. Then the triple 
(X"; A, B) is excisive, and ANB = Cx (0,1), which has the homotopy type of 
C. Let p: A—+ Y,q: B —+Y be the canonical projections, which are also 
homotopy equivalences, and let u = T((p])(w) € T(A) and v = T([q])(w) € 
T(B). Then T(([f])(w) = T([g])(w) € T(C) implies ul|AN B= v|AN B. By 
the Mayer-Vietoris axiom for T, there exists z € T(X’) such that z|A = u 
and z|B = v. 


Now, the inclusion jf : Y — A= Y Uy C x [0,1) + X is such that 
jlo f x jog. Since [jy] : Y —+ X is a coequalizer, there exists a map 
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g: X —+ X' such that goj ~ 7’. Then the element v = T((g])(z) € T(X) 
is such that T((j])(v) = w. o 


Let T be a Brown functor. In order to show that it is representable, say 
by a pointed space Y, by the Yoneda lemma, it is enough to construct a 
space Y and a universal element u ¢ T(Y). The space Y will be called a 
classifying space for T 


One can produce universal elements, as we shall see below. First we have 
the following result. 


12.2.13 Proposition. /f T ts a Brown functor and * denotes the one-point 
space, then T(+*) is a set that also consists of a single element. 


Proof: By the wedge axiom, there is an equivalence of sets 
T(* V *) = T(*) x T(*). 


Since + V * = +, the equivalence becomes the diagonal function T(+) —> 
T(*) x T(*), and this equivalence holds only if T(+) has a single element. 0 


12.2.14 Proposition. If T is a Brown functor and X = DX’ is the sus- 
pension of some space, then T(X) can be given a group structure with the 
distinguished element in the pointed set T(X) as neutral element. It is abelian 
if X' = UX", 


Proof: This follows from the fact that if X is a suspension, then it is an 
H-cospace and has an H-comultiplication X —+ X VX (see 2.10.4), which, 
using the wedge axiom, induces a multiplication 


T(X) x T(X) & T(X Vv X) — T(X), 


making T(X) a group. 
If X is a double suspension, namely X = D*X", then T(X) inherits 
two group structures, which have a common bilateral unit and are mutually 


distributive. By 2.10.10, these two structures coincide and turn T(X) into 
an abelian group. oO 


If T is a (Brown) functor and u € T(Y), then by the Yoneda lemma 
12.2.2 there is a natural transformation e: 7” —+T. 
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12.2.15 DEFINITION. Given a Brown functor T and a space Y, we say that 
an element u € T(Y) is an n-universal element if the function 


Ga: (8!) = n(¥) 3 TS?) 


given by y.([f]) = ese({f]) = T([f])(u) is an isomorphism for g <n and an 
epimorphism for g =n. An element u € T(Y) is an co-universal element if 
it is n-universal for all n > 1. 


We shall construct below n-universal elements for T by induction on n. 


12.2.16 Lemma. Given a Brown functor T, a topological space X, and an 
element v € T(X), there exists a space Y; D X together with a 1-universal 
element u; € T(Y1) such that u4|X = v. 


Proof: For every element a € T(S') take a copy S! of S! and construct 
YHXVV, Si. Then by the wedge axiom, there is an equivalence of sets 


T(¥i) = T(X) x [[ TS). 


Take u; € T(Y1) corresponding to the element 
(v,(a)) < T(X) x T] TS) 


under the equivalence. Then y,,, : 7(¥,) —> T(S°) is surjective, since every 
a € T(S') satisfies ~,,([i.]) = T((t.])(u) = a, where i, : S! —> Y; includes 
S! as SL. Moreover, X C Y; and u|X = v. o 


12.2.17 Lemma. Given a Brown functor T, a space X, and an element 
v € T(X), there exists a space Y,, obtained from X by attaching cells of 
dimension less than or equal to n, together with an n-universal element ty, € 
T(Y,) such that u,|X =v. 


Proof: We can assume inductively that we have constructed Y,,_; such that 
X C Y,-1 (obtained from X attaching cells of dimension less than or equal 
to n — 1) together with an (n — 1)-universal element u,—; € T(Yp-1) such 
that up1|X = v. 

We construct Y,, as follows. For every element 6 € T(S”) take a copy S3 


of S” and set YJ = Y,-1 VVe Sg. By the wedge axiom, there is an equivalence 
of sets 


T(¥) = T(¥n-1) x [] TS2). 
B 
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Take u!, € T(Y,!) corresponding to the element 


(tn-1, (8) € T(Yn—1) x [] T(S2) 
6 


under the equivalence. Then as before, yu, : ,(¥) —> T(S") is surjective. 


Now, every element a € m,-1(Y¥/) such that yy (a) = 0 € T(S*~!) is 
represented by a map f, : St-! = S""-! —; Y!. For each a we shall attach 
ann cell with f, as attaching map. In other words, define Y,, as the mapping 
cone Cy of the map f : \/, S27! —> Y/, where f|St-! = fu. 


Since Y,, is obtained from Y;), and thus also from Y,,1, by attaching n- 
cells and since 1,(Y,,) depends only on the (n—1)-skeleton of Y,, for gq < n—2, 
it follows that the map 


ait ($9) = Hq(¥n-1) _ (Yn) =a (Ss) 


induced by the inclusion is an isomorphism for g < »—2 and an epimorphism 
forg=n-— 1. 

We now construct an n-universal element u,, € T(Y,,) such that u,,|¥,_1 = 
U,_1. It will then follow that u,|X =v. 


Consider 
Fi 
VoS TEV e%s, 
ms 
where i is the inclusion and ¢ is the constant map. Then T([i])(u,) = 
T ([t])(ui,). Moreover, [j] : ¥{_, @ Y;, is a coequalizer for {#] and [¢]. Thus, by 
the Mayer-Vietoris axiom, there exists u,, < T(Y,,) such that u,|¥,_1 = un_1. 
We now show that u,, is n-universal. We have a commutative triangle 


4(Yn-1) z m(¥n) 


TS), 


where j, is an isomorphism for g < n — 2 and an epimorphism for g=n-— 1. 
Moreover, (u,,_; is an isomorphism for g < n — 2 and an epimorphism for 
q=n-—1. Thus y,, is an isomorphism for g < »—2 and an epimorphism for 
q=n-1. In order to show that it is a monomorphism for g= n—1, assume 
that ~,,,(¥) = 0 for some 7 € m,_;(Y,,). Since j, is an epimorphism for g = 
n—1, there exists 7 € 7,_1(¥,-1) with j,(7) = y. But then y,,_,(7/) =0 
and thus 7 = a € ker(y,,_,) and j,(a) = 0, since we attached a cell for 
every element a € ker(y,,_,). Thus y = 0, and y,,, is an isomorphism also 
forg=n-—1. 
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Now it is clear that y,, is an epimorphism for g = n, since y, is an 
epimorphism and the triangle 


TlYn) 


Tal Yn) 


@ut Pun 


* "TS") 


commutes. Hence, u, is n-universal. Oo 


12.2.18 Theorem. Let T be a Brown functor, Yo a pointed space, and up € 
T(Yo). Then there is a pointed space Y obtained from Yo by attaching cells 
together with an co-universal element u € T(Y) such that ulYo = uo. 


Proof: We construct a space Y and an element u € T(Y) such that y, : 
m(Y) —+ T(S*) is an isomorphism for all g. 


Given a space Yo and up € T(Yo), by 12.2.17 we have a sequence 
YCNCKHe--che-: 


together with n-universal elements u,, < T(Y,.), where each Y,, is obtained 
from Y,_; by attaching cells of dimension less than or equal to n. Let Y = 
U,, Yn with the topology of the union. One has 


colim 1,{Y,,.) = m,{Y). 


Consider the maps 


fo fi: VY VM, 


where fo|¥n = tn? Yn @ Yny1 and fi = idy y,- Then the homotopy class of 
i: \/,Y¥n —> Y such that iY, : Y,  Y is a coequalizer for [fo] and [fi]. 
Moreover, the element (u,) € [] T(Y,) maps to (u,.) under both T({fo]) and 
T([fi]). Hence, by the Mayer-Vietoris axiom, there exists u € T(Y) such 
that ulY, = Un. Then 


colim 7,{Y,) 


mY) 


(Pun) ve 
T(S) 


commutes, implying that y, is an isomorphism for all g. Thus u € T(Y) is 
an oo-universal element. Oo 
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12.2.19 Theorem. Let T be a Brown functor. IfY and Y' are pointed CW- 
complexes with co-universal elements u € T(Y) and u' < T(Y"), then there 
exists a homotopy equivalence f : Y —+ Y' such that T([f])(u’) = u. 


Proof: Take Yo = Y VY’. Let ug € T(Yo) correspond to (u,u’) € T(Y) x 
T(Y") using the wedge axiom. Then by 12.2.18 there exists Y” containing 
Yo together with an oo-universal element u” € T(Y") such that u!/Yo = uo. 
The composite 7: Y @ Y=Y VY’ Y" induces 


nY) - n(¥") 


a a 


@u ut 


T(S*), 


so that j, is an isomorphism for all g. Hence, 7 : Y — Y” is a weak 
homotopy equivalence, and thus a homotopy equivalence, since Y and Y” 
are CW-complexes. Similarly, 7’: Y’ < Y” is a homotopy equivalence. If 
j : Y" —+ Y' is a homotopy inverse of 7’, then the composite 


f: yey “ey 


is a homotopy equivalence such that T([f])(u’) = wu. d 


12.2.20 Proposition. Let T be a Brown functor, Y a CW-complex, and 
u €T(Y) an co-universal element and (X,A) a CW-pair. Given a pointed 
map g: A —+Y and an element v € T(X) such that v|A = T({g])(u), then 
there exists an extension f : X —+Y of g such that v = T((f])(u). 


Proof: Consider the diagram 


where i, ip, 4; are the inclusions and j is such that [j] is a coequalizer for 
[éo] o [2] and [2;] o [g]. By the construction of coequalizers (see 12.2.11) Z 
is a CW-complex. By the wedge axiom there is an element vo’ € T(X V Y) 
such that v'|X =v and v'/Y = u. By the Mayer-—Vietoris axiom there exists 
w € T(Z) such that T([j])(w) = v'. 
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By 12.2.18 there is a pointed space Y’ obtained from Z by attaching 
cells, hence a CW-complex together with an co-universal element u! < T(Y") 
such that «|Z = v'. Since we already have a pointed space Y together 
with a universal element u € T(Y), 12.2.19 implies that there is a homotopy 
equivalence h : Y' —+ Y such that T((h])(u) = w’. 


Define f’ as the composite 


fr xX—sxvy 


y’ 
Then g & f’ot. Sincez: AG X is acofibration, we may extend a homotopy 


between f’o2 and g starting with f’ and thus obtain f ~ f’ such that fot = g. 
o 


12.2.21 Proposition. Let u<T(Y) be an co-universal element. Then u is 
a universal element in the category of pointed CW-complexes, and therefore 
Y is a classifying space for T. In other words, if X is a pointed CW-complez, 
then ~, : m*(X) —> T(X) is a bijection, and thus it determines a natural 
equivalence n* —> T. 


Proof: We shall prove that y,, is one-to-one and onto. To see that it is onto, 
take an element v < T(X). We may apply Proposition 12.2.20 for A= {xo} 
the base point of X. Therefore, there exists a map f : X —> Y extending 
the inclusion g : {zo} <+ Y onto the base point of Y in such a way that 
T([f])(a) =v. Hence v.([f]) = T([f])() = v, and so y, is surjective. 


To see that y, is one-to-one, suppose that y.([go]) = vu([91]), [gol, [91] € 
n*(X). That is, T((go])(u) = T([gi])(u). The space X' = X x I/{ao} x I 
is a CW-complex with g-skeleton X'? = (X? x I/{xo} x I) UX? x OF. Take 
now A= X x OI /{xo} x OI. Observe that Ax X VX. Define g: A—> Y 
by ge(v,0) = go(x) and gpe(x,1) = gi(x), where p: X x OF — A is the 
quotient map. On the other hand, the projection p : X' —+ X is a homotopy 
equivalence. Take v! = T((p])T({[go])(u) € T(X). Then, if 7: AG X’ is 
the inclusion, T([j])(v’) corresponds to the element (T(([go})(u), T([gi])(a)) € 
T(X) x T(X) = T(A) by the wedge axiom. By Proposition 12.2.20 there 
exists an extension of g to f : X' —+ Y such that T({f])(u) = v’. But then 
the composite 


H:XxI—>x+y, 


where p: X x I € X' is the quotient map, is a homotopy between go and gi. 
Thus [go] = [g:], and y, is injective. ia 


Assume that T is a Brown functor. Take the singleton space + and the 
single element uo < T(+*) according to Proposition 12.2.13. From Theorems 
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2.2.18 and 12.2.19, taking Yo = +, there is a pointed space Y, unique up to 
homotopy, and an co-universal element u <¢ T(Y). Finally, by Proposition 
2.2.21 there is a natural equivalence 7” —+ T in the category of pointed 
CW-complexes; in other words, for every pointed CW-complex X there is a 
bijection 

Ox : [X,Y], — T(X) 

such that ®x[f] = T([f])(u). That is, the functor T is representable. We 
have then the main result of this section. 


12.2.22 Theorem. (Brown representability theorem) Every Brown functor 
T is representable in the category of path-connected pointed CW -complezes. 
More specifically, there is a pointed CW-complex Y, unique up to homotopy, 
and a natural equivalence 


6 : [-,Y],——T. es 


12.3. SPECTRA 


In this section we show, using the Brown theorem, that any generalized 
cohomology theory determines a family of topological spaces linked together 
with a special structure, which constitutes a so-called spectrum. 


Let k* be a cohomology theory defined on W7op,, the category of pointed 
CW-complexes, and satisfying the wedge axiom. For simplicity in what 
follows, we omit writing the base point. We thus write k”(X) instead of 
k"(X,2x0). If (X; A,B) is a pointed CW-triad, then it is excisive with re- 
spect to k* and there is a Mayer-Vietoris sequence for this triad (see 12.1.23). 
The exactness of this sequence at k”(A) ® k"(B) implies that each homo- 
topy functor k” satisfies the Mayer—-Vietoris axiom for a Brown functor (see 
12.2.9). Then by the Brown theorem 12.2.22 there exists a pointed connected 
CW-complex L,,, unique up to homotopy, and a natural equivalence 


[Y, Lalk —> k"(Y) 


for each connected pointed CW-complex Y. Define spaces P,, as the loop 
spaces 
P, = OLn41, 


for each n € Z. Moreover, if X is any pointed CW-complex, then its re- 
duced suspension ©X is connected, and so k"+1(©X) & [EX,Lntil,. Now, 
since k* is a reduced cohomology theory, there is a natural equivalence 
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8, 2 kP+1(DX) & k"(X) for each n. On the other hand, by 2.10.5 there is 
another natural equivalence [[X, Lntil, = [X,QLn41],. Therefore, putting 
all these natural equivalences together, we have that 


K(X) & BMS) & [EX, Lntile © [X, Lnsile = [X, Pale 


for any pointed CW-complex X. 


Since each L,, is unique up to homotopy, P, is also unique up to homo- 
topy. Thus we can associate to the reduced cohomology theory k* the family 
{P,}nez- Milnor proved in [54] that the loop space of a CW-complex has the 
homotopy type of a CW-complex; therefore, each space P,, has the homotopy 
type of a CW-complex. 


We now establish a relationship between the spaces P,, for different values 
of n. For this, consider again the suspension isomorphisms s,, : k"+1(DX) & 
k"(X). We have the composite of natural equivalences 


[X, Pale & R(X) & WPL) & (EX, Pos ile & ([X, OPoaile 


for any pointed CW-complex X. Since there are CW-complexes K, L such 
that K ~ P, and L ~ OP,.1, then we have a natural equivalence 


[X, K],. = [X, LI. 


for any CW-complex X. By 12.2.4, for this natural equivalence there is a 
corresponding homotopy equivalence K —+ L, which in turn corresponds to 
a homotopy equivalence ¢, : P, —> QP,+1. 


Such a family of spaces {P,.}n<z together with the homotopy equivalences 
En : Py —> QP,+41 is an instance of what used to be called an Q-spectrum. 
Now it is called an Q-prespectrum, as defined by May [51]. Observe that 
from the bijection [EP,., Pryilk = [Pr,QPr+iJ, the maps ¢, have adjoints 
&, : DP, —> Prt. We are led to the following definition. 


12.3.1 DEFINITION. An Q-prespectrum consists of a collection of pointed 
spaces {P,, neg and weak homotopy equivalences €, : P, —+ QPn41. 


Therefore, we have the following result. 


12.3.2 Theorem. Each additive reduced cohomology theory k* on the cate- 
gory WTops of pointed spaces of the homotopy type of a CW-complex deter- 
mines an Q-prespectrum P such that for any X, k"(X) = [X,P,],. This is 
called the associated Q-prespectrum of k*. o 
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Conversely, let P = {P,,} be an Q-prespectrum. Then we can define an 
associated reduced cohomology theory, usually denoted by the same letter P, 
such that if X is any pointed CW-complex, then 


P"(X) = [X, Pale 


The suspension isomorphisms s” are given by 


~ —1 aie 
Pel. X) = [DX, Pastle © [X,OPosile 3 (X, Pale = BCX), 


where the weak homotopy equivalence ¢,, induces a bijection by 5.1.33. In 
particular, the bijection P(X) = [E?X, P42] induces the structure of an 
abelian group on P(X). Proposition 3.3.8 shows that if A C X, then we 
have an exact sequence 


P(X UCA) — P(X) — P(A). 


This shows that the exactness axiom is satisfied. Using CW-approximations, 
we can extend the theory P* to the category Jop, of pointed topological 
spaces. Hence we have the following. 


12.3.3 Theorem. /f P is an Q-prespectrum, then the functors Pr. Top, —> 
A together with the isomorphisms s” : P°+'([X) —> P°(X) for any pointed 
space X are an additive reduced cohomology theory. o 


Let S : k* —+ k’* be a transformation of additive reduced cohomology 
theories (see 12.1.16) such that for the 0-sphere S° one has an isomorphism 


Spo : k"(S°) —s k/"(8°) 
for alln € Z. The following is a commutative diagram: 


4S) B, p/n-2(9°) 


ke(St) — > k"(S9) , 


where s? and s’% are the corresponding composites of suspension isomor- 
phisms. Thus Sg: : k”(S?) —+ k'”(S*) is an isomorphism for all q. 


Assume now that P is the 2-spectrum associated to k and P! that asso- 
ciated to k'. So one has natural equivalences ¢ : k” —+ [—, P,],, e : k'” —> 
[-, Pf], By 12.2.4, there is a map p,, : P, —> P! such that eX Sx = prgex. 
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Therefore, for any sphere X = S%, pp» : [S?, P,], —> [S*, P{], is an iso- 
morphism. Thus p, is a weak homotopy equivalence, and since P,,, P/ have 
the homotopy type of a CW-complex, p, is a homotopy equivalence. Conse- 
quently, prx : [X,P,J, —> [X, PJ], is also an isomorphism for every pointed 
space X, and so Sy : k*(X) —>+ k’”(X) is an isomorphism. 


We have proved the following comparison theorem, which, in a sense, 
generalizes 12.1.19. 


12.3.4 Theorem. Assume that k*, k'* are additive reduced cohomology the- 
ories on WTope and let 8: k* —+ k'* be a transformation such that 


Spo : K"(S°) —s k’"(S°) 


is an isomorphism for alin. Then S is an equivalence of cohomology theories, 
that is, 

Sx i kX) — h’"(X) 
as an isomorphism for alin and every pointed space X of the homotopy type 
of a CW-compilez. oO 


12.3.5 REMARK. If the theories k* and k* above satisfy the weak homotopy 
equivalence axiom, then they are equivalent in Jop,. 


In the case of ordinary cohomology theories, we have the following result. 


12.3.6 Theorem. Let k*, k'* be ordinary additive reduced cohomology the- 
ories on WTope such that there is an isomorphism of coefficients 
7: k°(S°) — k°(S8°). 
Then T induces an equivalence of cohomology theories 
S:k* +k. 
Proof: By 12.3.2 there are associated Q-prespectra P, P’ such that P,,, and 
P! have the homotopy type of a CW-complex and 
K(X) & [X, Palas K"(X) & [X, P'], 


for all n and for all pointed spaces X of the homotopy type of a CW-complex. 
We have 


0 ifgsn, 
G ifg=n, 


T4(Px) = [S%, Pale = B"(S4) & BS?) & { 
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where G = k°(S°). In other words, each P,, is an Eilenberg—Mac Lane space 
of type (G,n). Analogously, P! is an Eilenberg—Mac Lane space of type 
(G',n), where G! = k'9(S°). 

By 6.4.9, the isomorphism 7 can be realized by a homotopy equivalence 
Pn: P, —> P! for each n € Z. Thus it defines an equivalence 


Be I 
S:k* —+k*. Oo 


12.3.7 REMARK. If the theories k* and k* in the two previous theorems 
also satisfy the weak homotopy equivalence axiom, then they are equivalent 
in Top,. 


12.3.8 EXAMPLES. 


1. Let G be an abelian group. Then the family of Eilenberg—Mac Lane 
spaces {AK(G,n)} constitutes an Q-prespectrum, where the homotopy 


equivalences 
En: K(G,n) — QK(G,n+1) 


are given as follows. Since 
m(QK(G,n + 1) © m(K(G,n +1) 


and 


1 (K(G,n)) = tii(K(G.n + 1), 
one has 
aA K(G,n)) = 1 (QK(G,n+1)) for allg>0. 
Therefore, by 6.4.6, there is a map 
€,: K(G,n) —> QK(G,n +1) 
inducing the isomorphism 
Tr(K(G,n)) © a,(QK(G,n + 1)). 


Since all the other homotopy groups are zero, €,, is a weak homotopy 
equivalence. Moreover, QK(G,n +1) has the homotopy type of a CW- 
complex, and so by the Whitehead theorem 5.1.37, ¢, is a homotopy 
equivalence. 


The (-prespectrum HG, where HG,, = K(G,n) for n > 0 and HG, = 
{«} for n < 0, is called an Filenberg-Mac Lane (pre)spectrum. Hence 
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the cohomology theory defined by HG is precisely the cohomology the- 
ory H(—;G) defined in Chapter 7. Thus for any n, 


HG’ (X) = H"(X;G) 
for every pointed space X. 


2. The family of spaces Po, = BU x Z and Po,4; = QBU for n © Z, 
has the property that P2,_; = QBU = Q(BU x Z) = QP», and Pen = 
BU x Z ~ QBU = OPon4; by the Bott periodicity theorem 9.5.1. 
Hence this family is an Q-prespectrum called the BU-spectrum, usually 
denoted by K. The associated cohomology theory K* is called complex 
K-cohomology. This is the theory defined in Section 9.5. If X is a finite- 
dimensional CW-complex, then by 9.4.9, K(X) © K(X). Taking 
unpointed homotopy classes gives K(X) & [X,BU x Z] = K°(X*+) for 
any finite-dimensional CW-complex X. 


3. Similarly, the family of spaces P;,_, = Q)BOx Z,0<r<8,neZ, 
together with ¢g, : BO x Z —+ Q°BO x Z given by the real Bott 
periodicity, and the identity in other dimensions, has the structure of 
an Q-prespectrum called the BO-spectrum. 


12.3.9 DEFINITION. A family of pointed spaces {P,,} together with pointed 
maps 0, : DP, —> P,4; (where the adjoint maps ,, : P,, —+ QF, +1 are not 
necessarily weak homotopy equivalences) is called a prespectrum P. If P and 
P’ are prespectra, then a map of prespectra f : P —+ P’ consists af a family 
of maps f, : P, —> P! such that the diagram 


DP, ~2> DP! 


|e 


yf 
Pott Gap Poa 


commutes for all n € Z. 


A typical example of a prespectrum is the so-called suspension spectrum 
SX associated to any pointed space X, which is defined by 


SX, = 7X ifn 2 0, 
* ifn < 0, 


with the maps a, given by the obvious homeomorphisms g,, : YU"X —> 
yurt!x. A special case of this is the sphere prespectrum S consisting of all 
spheres. Other examples are the Thom spectra, which appear in cobordism 
theories (see [76]), as we shall see below. 
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12.3.10 DEFINITION. Given a prespectrum P = {P,}, we define its homo- 
topy groups by 
t.A(P)= colim Tntk(Pr) 5 


where the colimit is taken over the homomorphisms given by the composite 


Tnth(Pk) —> Trnti(D Ph) > tosngi(Pest) - 


12.3.11 EXAMPLE. If X is a pointed space and SX is its suspension prespec- 
trum, then its homotopy groups 7,(SX) are the so-called stable homotopy 
groups of X and are usually denoted by 7$(X). In particular, taking X = S°, 
that is, if one takes the sphere prespectrum S, then 7,,(S) is known as the 
n-stem and is simply denoted by x5. 


In order to study invariants that are, so to speak, independent of the 
dimension, like the stable groups that appear in the Freudenthal suspension 
theorem, it is necessary to define a good stable homotopy category. This is 
not an easy matter; the first satisfactory construction was given by Board- 
man. We now follow May’s approach [44]. 


The first step is to consider prespectra as the objects of this category P 
and their maps as the morphisms of P. 


The next step is to consider a good family of prespectra; this is the family 
of CW-prespectra. A CW-prespectrum W is a collection of CW-complexes 
W,, and cellular inclusions 0, : LW, @ Wr+1- 


12.3.12 DEFINITION. Given a CW-prespectrum W = {W,,} and a pointed 
CW-complex X, one can define groups 


W(X) = [X,colimOWrsile 5 


where the colimit is taken over the maps 26,4, : Q'Wry_, —> QWs 
and where @;,4, is the adjoint of 7,4,. We also define groups 


W(X) =2,(W AX), 


where W AX is the prespectrum given by (WAX), = W, AX with structure 
maps o!, = 0, ANidx. 


__. One easily defines isomorphisms W(X) —s W(X) and W,(X) — 
W,+4i1(2X), and one has the following theorem. 
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12.3.13 Theorem. Let W = {W,,} be a CW-prespectrum. Then the groups 
W(X) define an additive reduced cohomology theory and the groups and 
W,(X) define an additive reduced homology theory, both on the category 
Wop, of pointed CW-complexes. These are the associated reduced coho- 
mology and homology theories for W. 


12.3.14 REMARK. These theories can be extended to any pointed space 
by taking a CW-approximation X. 


For the proof we refer the reader to [76]. a 


12.3.15 EXERCISE. Prove that the associated reduced cohomology and ho- 
mology theories for the CW-prespectrum HG are ordinary; more precisely, 
prove that 


G ifn=0, 
0 ifn40, 


G ifn=0, 


HG" (S°) & HG,,(S°) © 

e) { s) {0 ifn 40. 

(Hint: Prove that for any CW-prespectrum W that is an (-prespectrum, 
ae sees 

colim, 2°W,.4, < Wy.) By applying 12.1.19, conclude that HG and HG, are 


equivalent to AY ; G) and Ay; G), respectively, on the category WTop,. 


12.3.16 EXAMPLE. For the sphere prespectrum S the associated cohomol- 
ogy theory is given by the stable cohomotopy groups 7?(X) and is the so- 
called stable cohomotopy theory. Its associated homology theory is given by 
the stable homotopy groups 7$(X) and is the so-called stable homotopy the- 
ory. There are also K-homology theories associated to the prespectra BU 
and BO. 


2.3.17 DEFINITION. A spectrum is a prespectrum, {E,,},<g together with 
On : DE, —> E,41, such that the adjoint maps ¢,: E, —> QE,41 are 
homeomorphisms. 


If E and EF’ are spectra, then a map of spectra f : E —+ E' is a map of 
he underlying prespectra. 


Let S denote the category of spectra and let P be the category of pre- 
spectra. Then the functor F : S —+ P that “forgets” the spectrum structure 
has a left adjoint L : P —+ S defined as follows. If P is a prespectrum such 
that each 6, : P,, —+ QP,4; is an inclusion, then let L(P) be the spectrum 
such that L(P), = colim; Q*P,.,, where the colimit is taken with respect 
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to the maps Q*G,4, : Q*P.4, —> OP. .4) fork > 0. If f: P — PI 
is a map of prespectra, then L(f) : L(P) —+ L(P’) is given by L(f), = 
colim ,Q*f,,4, for each n. The definition of L for an arbitrary prespectrum 
is more complicated (see [44]). 


Since L is a left adjoint functor of F’, there is a bijection between mor- 
phism sets 
S(L(P), E) + P(P, F(E)) 
for any prespectrum P and any spectrum EF. 


ia 


[he category CW-S of CW-spectra is the image under L of the category 
CW-P of CW-prespectra. 


a 


[o define the stable homotopy category we consider the following. For 
any spectrum £ take the prespectrum whose nth space is E,, A [0,1] and 
apply the functor L to it. The result is denoted by Cyl(£). We say that the 
maps fo, f; : 2 —+ E’ of spectra are homotopic if there is a map of spectra 
h: Cyl(EZ) — E' such that A|E x {v} = fL, v=0,1. The stable homotopy 
category has the same objects as CW-S, and the homotopy classes of maps 
of spectra as morphisms. 


n the category of spectra we have the obvious concept of a weak homo- 
topy equivalence and similar results to the more common ones presented in 
Chapter 5. 


12.3.18 Theorem. Jn the category S of spectra we have the following facts: 


(a) For any spectrum E there is a CW-spectrum W and a weak homotopy 
equivalence f: W —> E. 


(b) Let E and E' be spectra and let f : E —+ E' be a weak homotopy 
equivalence. Then for any CW-spectrum K we have that f : [K,E] —> 
[K, E'] is bijective. 

(c) Every weak homotopy equivalence between CW-spectra is a homotopy 


equivalence. 


Finally, we remark that there is a homology (covariant) version of the 
Brown representability theorem, expressed in terms of spectra, which is due 
to Adams [3]. 


12.3.19 Theorem. Let k be a reduced homology theory defined on the cate- 
gory Wop, of pointed CW-compleres satisfying 


colim k(X;) = kX), 
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where {X;} is the family of all finite subcomplexes of X. Then there is an Q- 
prespectrum P such that k is the homology theory corresponding to P. That 
as, there is an equivalence of homology theories 


k,(X) — m(PAX), 


where X is any pointed CW-compler. 


12.3.20 REMARK. To define products in cohomolgy one needs a good def- 
inition of the smash product of spectra to obtain the so-called ring spectra. 
Although it is possible to do this with the conventional spectra (as we did for 
products in cohomology in Section 7.2 and shall do again below for cobor- 
dism), it is more convenient to take spectra indexed not by the integers Z, 
but rather by finite-dimensional subspaces of the inner product space R® 
(see [44] or [29]). These are the so-called coordinate-free spectra. Another 
approach is given in [33]. For the comparison of these approaches and others 
see [49]. 


We introduce in what follows a very important family of spectra. 


From 8.5.17 (b) we obtain the pullback diagram 


E, @ e! —~ Exist 


hae 


BO, ——> BOg41, 


where BO, denotes the real Grassmann space G;,(R®) and E, —+ BO, 
represents the universal k-vector bundle. Therefore a Riemannian metric on 
Ex+1 induces one on Ey © e!. So we have for the Thom spaces an induced 
embedding T(E, Be!) G T(Exy1). By 11.7.4 (b) we have a homeomorphism 
T(Ex ®@ e!) » DT(E,). Defining MO; = T(E;), we have embeddings 


EMO, > MO, 4; 


for all k > 0. Since each BO, is a CW-complex (see [58]), MO, is also a 
CW-complex. Hence these spaces constitute a CW-prespectrum MO, where 
MO, = + when k < 0. 


The cohomology theory MO" associated to MO is called unoriented cobor- 
dism and the homology theory MO, is called unoriented bordism. These 
theories were introduced by Atiyah [11]. There is another pullback diagram 


E, x E; Bey 


| | 


BO, x BO; —>BOx41, 
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which by 11.7.4 (d) induces maps MO, A MO; —+ MO,,;. This makes MO 
into a ring spectrum. The coefficients of this theory are the graded ring 
O,(S°) = 7,(MO). This ring has the following geometric interpretation. 


Consider two smooth closed (i.e., compact with empty boundary) n- 
manifolds M, N. We say that they are cobordant if there is a compact 
smooth (n + 1)-manifold W such that its boundary OW is diffeomorphic to 
he topological sum M UN. One can show that this is an equivalence rela- 
ion. Clearly, if two manifolds are diffeomorphic, then they are cobordant. 
So cobordism is a weaker equivalence relation than diffeomorphism, but one 
hat allows us to study the topology of smooth manifolds. We denote by NV, 
he set of cobordism classes of n-manifolds. Taking the topological sum of 
manifolds turns \V,, into a group. Taking the Cartesian product of manifolds 
we can define a graded product 


Nn X Na — Ninn s 


so that A, is a graded ring. Thom [78] proved that \V, and 7,(MO) are 
isomorphic as graded rings. This is the fundamental result in cobordism 
theory, and it translates a classification problem of manifolds into a problem 
in homotopy theory. Then, using the tools of algebraic topology, Thom 
calculated the ring ,(MO), obtaining the following remarkable result [78]. 


12.3.21 Theorem. \V, is a polynomial ring over Zz with one generator Xp € 
N,, for eachn 42° —1 (k>0). 


Furthermore, using Stiefel-Whitney classes, Thom defined algebraic in- 
variants that characterize the cobordism class of a manifold. 


Atiyah [11] gave a geometric interpretation of the groups MO,,(X) in 
terms of cobordism classes of pairs (M,y), where M is a closed smooth n- 
manifold that is the boundary of a compact smooth (n + 1)-manifold W 
and y: M —+ X is continuous. A similar interpretation for the cobordism 
groups MO"(X) was given by Quillen [61], who also gave another proof of 
Thom’s result using formal groups. 


Using the complex universal bundles E,(C*°) —+ BU, one can construct, 
a spectrum MU, where MUp,, = T(E,,(C®)) and MUp,,,; = EMU2, (n > 0), 
and whose coefficients are isomorphic to the cobordism ring of stably almost 
complex smooth manifolds. This theory was studied by Milnor [55] and 
independently by S.P. Novikov. Complex cobordism can be used to study 
the stable homotopy groups of spheres [63]. There are cobordism theories 
associated to other families of Lie groups. For example, certain bordism 
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groups of spin manifolds are used to study the Gromov-Lawson—Rosenberg 
conjecture about the existence of a positive scalar curvature metric on a spin 
manifold [72]. 


Algebraic K-theory yields an important family of spectra. 


Let R be a ring (associative with unit). Consider the category of finitely 
generated left projective R-modules. Let S(R) be the semigroup (under the 
product) of isomorphism classes of such modules. We define Ko(R) to be the 
Grothendieck group associated to S(R) (see 9.1.1). Let C(.X; F’) be the ring 
of continuous functions from X to Ff = R or C. We can assign to a vector 
bundle p: EB —> X the C(X; F)-module I'(Z) (see 8.3.10). If X is a finite- 
dimensional paracompact space with a finite number of components, then by 
the Serre-Swan theorem [75] there is an isomorphism K(X) = Ko(C(X;C)) 
(similarly, KO(X) = Ko(C(X;RB))). Quillen ([62]) defined groups A;(R) 
or all 2 > 0, called the algebraic K-theory of R. He considered the group 
GL(R) = colim GL, (R), its classifying space BGL(R) (cf. 4.6.17), and then 
he applied his plus construction to obtain a space BGL(R)* (not the dis- 
joint union with a point!). He set K,(R) = 1,(BGL(R)t). These groups 
have applications in topology. For example, for a space X dominated by 
a finite CW-complex (see 6.3.22), C.T.C. Wall defined an obstruction in 
Ko(Zm(X)), where Zm(X) denotes the group ring of 7)(X), for _X to have 
the homotopy type of a finite CW-complex. There are also applications in 


number theory, algebraic geometry, operator theory, etc. (see [64]). 


Consider now the space KR = Ko(R) x BGL(R)*. This is (like BUxZ 
and BOxZ) a remarkable space, namely an infinite loop space, i.e., it has the 


homotopy type of the Oth space of an Q-spectrum. Therefore the algebraic 
K-theory groups of R are the homotopy groups of this spectrum. 


Spectra allow us to classify the cohomology operations of its associated 
cohomology theory. 


12.3.22 DEFINITION. Let P be a CW-prespectrum that is also an Q-pre- 
spectrum. A cohomology operation of type (n,n +?) of the cohomology theory 
P* is a natural transformation 6: P” —+ P+ of contravariant functors 
from the category of pointed CW-complexes to Set. We denote by A‘(P) 
the set of cohomology operations of type (n,n + i). 


Since P?(X) = [X,P,], for any CW-complex X, by the Yoneda lemma 
12.2.2 there is a bijection 


3: Ai(P) — P™(P,). 
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Obviously, Ai (P) has a natural group structure, and ®% is an isomorphism 
with respect to it and the group structure of P"**(P,,). 


12.3.23 DEFINITION. A cohomology operation of degree i is a family of co- 
homology operations of type (n,n +7), 6° = {6%}, for alln € Z. Such an 
operation is called stable if the diagram 


Pr(x) 0) _.. posit x) 
fs af ane 
PHoyxy prHlny 

ee) P41 (EX) (=X) 


commutes for all X and all n. We denote by A‘(P) the group of stable 
operations of degree i in P*. 


The proof of the next result is an erercise. 


12.3.24 Theorem. The isomorphisms 6%, induce an isomorphism 
o: A'(P) — lim P*"(P,), 


where the homomorphisms of the limit are given by the composites 


sith 


piteHl(p 1) 2% pitetippy pip). Oo 
12.3.25 EXAMPLES. 


1. The Adams operations defined in 10.1.7 are cohomology operations in 
K-theory of type (0,0). Although these operations were defined using 
vector bundles only for compact spaces X,, it is possible to extend them 
as maps BU—-+BU. See [2]. 


2. Let HZ, be the Eilenberg—Mac Lane spectrum with coefficients in Zy. 
In this case, A} = A*(HZz) is called the mod 2 Steenrod algebra. By 
12.3.24, Ai = lim, H'+"(K(Zo,n); Zo) = lim, [K (Za, n), K(Zo,n+d)]x- 
K(Zg,n) is (n — 1)-connected. Hence by 7.3.18, H*(K(Zy,n)) = 0 for 
k <n. Therefore, Ai = 0 for i < 0, ie., there are no operations that 
lower the degree. One can show that there are stable operations Sqi of 


degree z for each 2 > 0, called Steenrod squares, which are characterized 
by the following properties: 


(i) Sqi(x) = 2°, (ii) Sqi(x) =0 for r <a. 


12.3 SPECTRA 419 


The Steenrod algebra A% is indeed an algebra if one takes the composition 
as a multiplication. Serre in [66] showed that the Steenrod squares generate 
Aj as an algebra. They do not generate it freely; there are relations among 
the squares known as Adem relations [6]. 


For an n-dimensional real vector bundle p : E —+ B, Thom discovered 
that w,;(E) = y~'Sqi (tz) (see 11.7.20). See [58], where this formula is used 
to define the Stiefel-Whitney classes. 


There are also cohomology operations in H Zz, called Steenrod pth powers, 
for all other prime numbers p. These generalize the Steenrod squares. 


This page intentionally left blank 


APPENDIX A 


PROOF OF THE DOLD—THOM THEOREM 


In this appendix we shall give a version of the results presented in [26], and 
this will lead to a proof of Theorem 5.2.17. As far as we know, the original 
proof in German is the only one available in the literature, besides the one 
in the Spanish version of the present text. 


A.1 CRITERIA FOR QUASIFIBRATIONS 


In this section we study some conditions that guarantee that a given map is 
a quasifibration. 


A.1.1 DEFINITION. Let p: FE —+ B bea continuous map. A subset U C B 
is called distinguished (with respect to p) if U C p(£) and if the restriction 
of p, py : p-(U) —> U, is a quasifibration (see 4.3.39). 


We have the following criterion. 


A.1.2 Theorem. Let p: E —> B be a continuous map. Let U = {U;} be 
an open cover of B such that each element U; is distinguished with respect to 
p. If for each b © U;1U; there exists U, € U such that be U, CU;NU;, 
then B is distinguished, that is, p: E —+ B is a quasifibration. 


We shall give the proof later, after making some comments and proving 
some lemmas. The following is an immediate consequence of A.1.2. 


A.1.3 Corollary. Ifp: E —> B is continuous and U, V, and UNV are 
distinguished, then so also is U UV. o 
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A.1.4 REMARK. The second hypothesis of Theorem A.1.2 cannot be elimi- 
nated; that is, it is not sufficient that the distinguished sets cover B, as the 
ollowing counterexample shows. 


A.1.5 EXAMPLE. Suppose that B = R? and E is the plane with a cut along 
he interval 0 < x < 1, y = 0 without the lower boundary, that is, without 
he boundary of the region y < 0. In other words, F is the result of taking 
he upper half-plane R?. = {(a,y) € R? | y > 0} and the part of the lower 
half-plane R2. = {(x,y) € R® | y < 0} from which one takes away the said 
interval, and identifying the half-lines {(x,0) | « < 0} U {(x,0) | « > 1} of 
both via the identity. Let p: E —+ B be the natural projection (see Figure 
Al). 


Figure A.1 


The open half-planes U = {(x,y) | z > 0} and V = {(2,y) | a < 1} are 
distinguished, since the groups ,,(p-!(U) p—'(b)), m(U), m(p71(V),p-1(b)), 
and m,(V) are all trivial. Moreover, they cover B. If p were a quasifibration, 
then we would have an isomorphism p, : 7,(E) = 7,(B), since all of the 
fibers are points. However, the group 7,,(B) is trivial, while ,,(£) is infinite 
cyclic because E has the homotopy type of the circle S! (see 4.5.13). 


The previous example shows also that a subset of a distinguished set 
is not necessarily distinguished. The half-plane U is distinguished, but the 
strip 0 < x < 1 is not (otherwise, the whole plane would be distinguished by 
Theorem A.1.2). In particular, this proves that a map B’ —>+ B into the base 
space of a quasifibration # —+ B does not in general induce a quasifibration 
EB! — B'. 


n the following we shall prepare ourselves for the proof of A.1.2. 


A.1.6 Lemma. Let p: E —> B be a continuous map and U C B a distin- 
guished subset. Then the following statements are equivalent: 
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(a) my: t(E,p*(b),e) = ,.(B,b) for anyb oU, ee p(b), andn > 0. 


(b) pe: t(E,p-\(U),e) = t(B,U,b) for any b © U, e € p'(b), and 
n>0. 


Proof: For every e € p~'(b) the map p induces a homomorphism between 
the long exact homotopy sequences of the triples (E,p~1(U), p-1(b)), and 
(B,U,}), as follows (see 3.5.10): 


crane) ice > n1(p""(U),p-1(b)) + 
> T(B) > Tn(B,U) > Tn—-1(U) See, 


In the diagram above, under either hypothesis (a) or (b), all of the vertical 
homomorphisms, with the possible exception of one out of each four (the 
first or the second in the part shown), are isomorphisms. The assertion is 
obtained by applying the five lemma (see [47, 1.3.3]). im 


A.1.7 REMARK. For n = 0,1 in the previous diagram, the sets with dis- 
tinguished element are not necessarilly groups. Nonetheless, the five lemma 
remains true. It is an exercise to verify that the proof of the lemma (by chas- 
ing elements) is still valid. Note that, in this case, the kernel of a function is 
simply the inverse image under the function of the distinguished element. 


A.1.8 Lemma. Assume that p: F —+ U is a continuous map, V C U, 
G=p(V), andr > 0. For everyb € V ande € p7'(b) assume that 
Px Tn( F,G) —s 1,(U,V) (which are groups based on e and b, respectively) 
as a@ monomorphism for n = r and an epimorphism forn =r+1. Suppose 
that we are given maps 


(i) H: (D" x I,D" x 1) > (U,V), 
(ii) h: (DT x OUS™! x 1,87! x 1) — (FG) = (p10), pV), 
(iii) d: ((D" x OUST! x I) x 1,(8'-! x 1) x I) SG (U,V), 
such that d(z,t,0) = H(z,t) and d(z,t,1) = po h(z,t). 
Then there exist extensions of h and d, that is, continuous maps 
(a) H:(D" x 1,D" x 1) —> (F,G), such that H\(D" x OUS™! x I) =h, 


(b) D: (D"xIxI,D"x1xI) —+ (U,V), such that D|(D" x0US""!xI)xI = 
d and D(z,t,0) = H(z,t), D(z,t,1) = po H(z,t). 
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Proof: Since (D’ x OUS™! x 7,8"! x 1) » (D’,S™!) & Er, 0), the 
map h defines an element a € 7,(F,G), whose projection in 7,(U, V) is zero. 
Namely, by (iii), poh is homotopic to HT by means of d. But since H is define 
on all of D” x J, which is contractible, it is nullhomotopic. Therefore, since 
a= 0 and by assumption, p, : 1,(F,G) —> 2,(U,V) is a monomorphism, h 
can be extended to a map H’: (D” x I,D” x 1) —> (F,G). 


On the other hand, we have two nullhomotopies of poh; namely, the firs 
is po H' and the second is given by d and H. Both nullhomotopies determine 
an element 8 € 1,4;(U,V). We can modify 8 by an arbitrary element o: 
p»(t,41(F, G)), modifying H' appropriately at the same time. Since p, is an 
epimorphism in this dimension, in particular we can choose H’ = H so thai 
6 =0 holds. Then D is the corresponding nullhomotopy. 


We can assume that H’ maps a small (r + 1)-disk of the form K x [s,1 
constantly to a point, say toy <¢ p'(V). Then K is a homothetic reduction 
of D” and 0 < s < 1 (see Figure A.2). 


K x [s,1] 

J 
Bs eek = 

i) i) 

1 i) 

1 1 
0 I I 

—— 4 

K 
Figure A.2 


We now consider the (r + 1)-disk 


K=0(D xIxIh-Dx1x!I 
=D xIx0UD’xIx1UdD"xIxiI, 


and we define a map D’ from this disk to U that for z € K and t € I maps 
the boundary to V as follows: 


D'(z,t,0) = H(z,t); D'(z,t,1) =po H'(z,t); 
D\(D’ x0UdD" x I)x I=d. 


Then D! maps K x [s,1] x 1 to the point x = p(y) and represents a certain 
element 8 € 7,4:(U,V). We now choose a map H” : (K,0K) —> (F,G) 
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whose projection po k” represents the element —8 and that maps the com- 
plement of K’ x [s,1] x 1 constantly to the point y. Then we define H : 
(D” x I,D” x 1) —> (F,G) by 


_ fH"(2,t1) if (et) e Kx [oI], 
Hin ae if (2,1) ¢ K x [3,1], 


We also define D : (K,OK) —> (U,V) by 
D(z,t,1) = po H'(z,t,1)=poH(z,t) — if (z,t)e K x [s,1], 
D(z,t,u) = D'(z,t,u) if (z,t) ¢ K x [s,]]. 
Then D represents the element (—8) + 8 = 0 € a,4:(U,V) and so can be 
extended to amap D: (D’ x Ix I,D” x 1x I) —> (U,V). The maps H and 
D so constructed satisfy conditions (a) and (b). Oo 


As Example A.1.5 shows, in a quasifibration it is not possible in general 
to lift an arbitrary homotopy of a finite polyhedron (that is, one with a finite 
number of simplices). A weak form of the homotopy covering theorem is, 
however, true. In fact, we have the following result. 


A.1.9 Theorem. Let p: E —+ B be continuous and let U = {Uy} be an 
open cover of B by distinguished sets that satisfy the hypotheses of Theorem 
A.1.2. (Then according to Theorem A.1.2, p is a quasifibration.) Suppose 
that P is a finite polyhedron and that h: P —> E and H: P x I —> B are 
continuous maps such that H(z,0) = po h(z) for z € P. Moreover, assume 
that K, C P xT are a finite number of compact sets such that H(K,) C 
U, © U. Then there exist maps H: Px I —+ E and D:PxIxI—-B 
that satisfy 


(a) H(z,0) = A(z), 


(b) D(z,t,0) = H(z,t), D(z,t,1) = po H(z,t), D(z,0,u) = H(z,0) for 
ute l, 


(c) D( Ky x 1) CU). 


Obviously, given H, we can pick the compact sets Ay so that they cover 
Px I. Then we can reformulate Theorem A.1.9 in an abbreviated form as 
follows: The homotopy H can be lifted to E up to a suitable deformation 
relative to P x 0. This deformation can be picked sufficiently small so that 
the images of all the points vary inside one element of the cover UU. 


Let {o,} and {J,} be cellular decompositions of P and J, respectively. 
(Here I, = [tv,tv4i] for 0 = t) < tg < +--+ < t = 1.) For the proof of 
Theorem A.1.9 we now need a lemma. 
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A.1.10 Lemma. By picking {o,} and {I,} suétably, we can associate a set 
U’ EU to every cell p of the product cellular decomposition {o,} x {I.} of 
Px I, so that we have 


(a) H(p) c UP; 
(b) ¢f p ts a face of p', then U? CUP; 
(c) f pNKy #9, then U? CUy. 


Proof: We shall show this by inductive descent on the dimension of the cells 
of P x I. So we suppose that there are decompositions {o,,} of P and {J,} of 
KK and a mapping p+> U® such that (a), (b), and (c) hold for all the cells of 
dimension bigger than k. Under this induction hypothesis, let 7 be a k-cell 
of P x I. According to the assumption of Theorem A.1.2, for every y € 7 
there is a neighborhood u, in P x J and an open set UY € Uf such that. 


(i) H(uy) c UY, 
(ii) UY C UP for each p that has 7 as a face, and 


(iii) U¥ CU) for all Ky that intersect u, nontrivially. 


If we make a sufficiently fine subdivision of 7, then every cell 7 of this 
subdivision lies in one of the sets u,, and so H(T) C UY = U7, We can 
obtain such subdivisions simultaneously for all 7 if we subdivide sufficiently 
finely the decompositions {o,,} and {J,}. Thereby the cells g of dimension 
bigger than & are subdivided further. To the cells p that we obtain from p 
we associate the set U? = U?. ia 


Proof of A.1.9: Using Lemma A.1.10 we associate a subdivision to the cells 
o, x I, in the following way. First we take the cells o, x J), starting with 
hose of the lowest dimension. Then we take the cells 0, x J2, again in order 
increasing dimension, and so on. The maps H and D are constructed 


nod 


uccessively on the cells o, x J, and o, x I, x I, respectively, in such a way 
hat D(p x I) C U? for all the cells g in the subdivision of P x J. Using 
c) of Lemma A.1.10, we automatically satisfy (c) of A.1.9. In each stage 
the construction we have the following problem: Given Hf : (a x I,a x 
) — (u*!,U%™*?) and given H defined on o x 0 Uo x I and D defined on 
oa x QU@0x I) x I, we have to find extensions of H and D. These extensions 
xist according to Lemma A.1.8. (One takes V = U°™! and U = U°*!, so 
hat V and U satisfy the hypotheses of A.1.8 by A.1.10(b) and by Lemma 
A.1.6.) d 


m~_et 


° 


+O NE 
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Proof of A.1.2: Take U ¢ U,b ¢ U and e € p-'(x). We shall show that 
Dy 2 T(E,p-'(U),e) —>+ m,(B,U,») is an isomorphism. Since the sets U 
cover B, the assertion is obtained from A.1.6. 

(a) p, is an epimorphism. First note that the case n = 0 is trivial, since 
pis onto. For n > 0, an element a € 7,,(B,U,b) is represented by a map A : 
(f?-! x I, I"! x0) —> (B,U) from an n-cube that maps I°~! x 0UdI""! x I 
constantly to the point b. We rewrite 7?~! x I in the form P x I with 
P=I"" x 0UaI”""! x I, as Figure A.3 illustrates. 


Bama wal 


PO 7 Pxt 
Figure A.3 


Now we apply Theorem A.1.9 with A(P) =e, Ko =I?! x1, and Up =U. 
So we obtain an extension 


H:(?x TI? x 1) (Px 1,Ko) 3 (E,p 10) 
of h whose projection po H is homotopic to H by means of the homotopy 
D:( "x Tx I, xixDx(PxIxi,Kox 1 3 (B,0), 


under which the image of P remains fixed. Then po H turns out to be a 
representative of a. 


(b) p, ts a monomorphism. Let a € m,(E,p~'(U),e) be such that p,(a) = 
0. Suppose that h : (I",0I") —> (E,p7'(U)) is a representative of a and 
that H : (I” x I,0I° x 1) —> (B,U) is a homotopy of po H to the constan 
map H(I” x 1) =). We apply Theorem A.1.9 with P= 1”, Ko = OI” x IU 
Ix 1 and Up = U, and so we get a map H : (I” x 1,01” x I) —3 (E,p71(U)) 
such that H(z,0) = A(z) and H(z,1) € p7'(U); that is, a = 0. (Note that in 
the construction of a nullhomotopy it is not necessary to hold the base poin 
fixed.) o 


To finish this section we shall give two more criteria for determining 


when a map is a quasifibration as well as a useful application for the secon 
appendix. 
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A.1.11 Lemma. Let ¢: E —> B be continuous and surjective. Let B’ C B 
be a distinguished subset with respect to q and put E’ = q-'(B'). Assume 
that we have homotopies D,: E —+ E and d;: B —+ B such that 


Do=id, D(E)CE', D(E)CE', 
d=id, a(BYCB, d(B)CB, 


and 

(A.1.12) qoD,=d,0q. 

For everyb € B andn > 0 suppose that we have 
(A.1.13) Dry 2 nq '(b)) = tq '(dild))). 


Then B is also a distinguished set with respect to q, that ts, g is a quastfibra- 
tton. 


Proof: Since d; and D; are homotopies, we have for all n that 


(A114) diy: To(B,b) = a(Biv), = di(d), 


(A.1.15) Diy: T(E, e) © t(E',e'), e' = Dy(e). 


Then D, maps qg~'(b) to q~1(b’), and so it induces a homomorphism from 
the homotopy sequence of the pair (E,q~1(b)) to the homotopy sequence 
of the pair (E’,q~'(B')). By (A.1.13) and (A.1.15) the absolute homotopy 
groups are mapped isomorphically, and then by the five lemma so also are 
the relative groups, namely, 


(A.1.16) Dy (EB, '(b)) = mE gb), e! = Dile). 


Now let us consider the diagram 


tn(B,q7'(b)) > a Bg) 


«| [caer 


T(B,b) T( Bib). 


diy 


According to (A.1.12) the diagram is commutative. Also, dj, and Di, are 
isomorphisms by (A.1.14) and (A.1.16), and likewise so is (g|E'),, since by 
hypothesis B’ is a distinguished subset. Thus q* is also an isomorphism. 0 
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The following theorem is important for CW-complexes, since it implies 
that every map p: # —> B with B a CW-complex is itself a quasifibration, 
provided that it is a quasifibration when restricted to every skeleton of B. 


A.1.17 Theorem. Assume that p: E —+ B is continuous and that B = 
UB; is Hausdorff with the union topology. If each B; is distinguished with 
respect to p, then so is B itself; that is, p is a quasifibration. 


Proof: We have to prove that p, : ™,(E,p~'(b)) —+ m,(B,) is an isomor- 
phism. It is enough to notice that the elements of both groups are homotopy 
classes of maps defined on compact sets, and so their images lie in one of the 
spaces of the union (see 5.1.10). So, we have to consider elements, whether 
in the first group or in the second, that also represent elements in the cor- 
responding groups of each space in the union, for which the corresponding 
assertions are found to be true because each B,, is a distinguished subset. 0 


We conclude this section by proving a result that will be used in Appendix 
B to prove the Bott periodicity theorem. 


Let us consider a map p : E —+ B, where B is Hausdorff. Also assume 
that B = |),,, B;, where B; C B;,, for i > 0 and where each B; is closed in 
B. Suppose, moreover, that p is trivial over each difference B;,, — B;, that 
is, we have a commutative triangle 


Eiy1 — = (Bai — B)x F 
Tee Coe 
Biz — Bi, 


where E; = p-'(B;). In particular, taking B_; to be the empty set, yp = 
p\Eo : Eo —> Bo also is trivial. So for every x € B we have the fiber 
p\(x) » F. 


Suppose, moreover, that for each 7 there exists an open neighborhood U; 
of B; in B:,; and a deformation retraction (that is, a homotopy equivalence) 
vr, : U; —> B; that lifts to a deformation retraction 7; : p~'U; —> E;. This 
means that we have the commutative diagram 


(A.1.18) al |r 


Then, by restricting the maps 7; to each fiber, we obtain maps 7? : p-'(x) —> 


p(ri(2)). 
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Under the above hypotheses, we have the next result. 


A.1.19 Theorem. If 7? : p~!(x) —+ p7\(ri(x)) is a homotopy equivalence 
for every i and every x € U;, then p: E —> B is a quasifibration. 


Proof: We are going to apply A.1.17, for which it is enough to check that each 
space B; is distinguished with respect to p. We shall verify this by induction 
on 2. Since by hypothesis pp is trivial, it follows that Bo is distinguished with 
respect to p. So let us assume that B; is distinguished with respect to p for 
some 2 > 0 and let us prove that B;,; also is distinguished. To do this, we 
shall apply Theorem A.1.2 to the cover of B;,; formed by the open sets U;, 
V; = Bui — B;, and W; = U; — B;, and so it is sufficient to show that each 
of these open sets is distinguished. 


Because p|( £41 — E;) is trivial, V; is evidently distinguished. Since W; C 
V;, we also have that p|p~!(W,) is trivial, and so W; is distinguished. 


To prove that U; is distinguished it is enough to observe that by the 
commutativity in (A.1.18) and the naturality of the long exact homotopy 
sequence of a pair (3.4.6), we have commutative squares for all ¢ € U; and 
k > 0 in the diagram 


+++ (p7'U;) > (pV, pa) > a (pe) —> + 
Ful Fu} =F 


+ > my (Ep) —> (Esra) S mae (r(x) > 


and so, by the five lemma, the vertical homomorphism in the middle is an 
isomorphism. 


Let us consider the commutative square 


me(p'U;, p-\(x)) ——> (Ui, 2) 


m(Ei,p'(ri(2))) a> mi Bi, rz). 


We have just proved that the left vertical arrow is an isomorphism. The 
right vertical arrow is an isomorphism because 7; is a homotopy equivalence. 
Finally, the lower horizontal arrow is an isomorphism by the induction hy- 
pothesis. Consequently, the upper horizontal arrow is an isomorphism, which 
proves that U; is distinguished. oO 
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A.2 SYMMETRIC PRODUCTS 


In this section we shall make use of the definition of symmetric product that 
we presented in Section 5.2, and we shall study in more detail its properties. 


A.2.1 DEFINITION. Let X be a Hausdorff space with base point xo. In 
the infinite symmetric product SP X we introduce a sum in a natural way, 
+:SP X xSP X —> SP X, which consists in putting together g-tuples and 
r-tuples as follows: 


[@1, 225... %q) + [15 Y25- +65 Yr) = (1, 22)... 5% q, V1, YI2s+-- 5 Yr] - 


In particular, if we simply write x; for [x;], then [%1,22,..., 2] = #1 + a9 + 
cee $ Bq. 


A.2.2 EXERCISE. (a) Prove that the operation + is well defined and con- 
verts SP X into a free abelian semigroup over X with 0 = [zg]. 


(b) Prove that if f : X —+ Y is continuous, then the induced map fi: 
SP X —>SP Y isa homomorphism of semigroups. 


The problem of continuity of + is not trivial. We clearly have that the re- 
striction + :SP?X xSP’X —+SP X is continuous, since it factors through 
the continuous map SP?X x SP’X —> SP?*”X, which is obtained, by pass- 
ing to the quotient, starting from the map X x X —> XS 3 sparx 


given by 
(C21, a5. Ly)y (Urs Yasser) MP (1, Lo, 00 Lye Yrs YI Url - 
As the diagram 


X’x xX” 


ate 
x? 


SP7X x SP"X +gpat-x—+ SP X 


illustrates, by taking the quotient map and then + we get the same thing as 
by first taking the product and then the quotient map. The next statement 
is immediate. 


A.2.3 Proposition. /fSP X x SP X has the union topology with respect to 
the spaces Z° = | |" (SP*X x SP”*X), then the sum is continuous. o 
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Nonetheless, it is not true that SP X x SP X is always equipped with 
the union topology. There are some results that tell us when this condition 
does hold. In the first place, Steenrod proves in [70] that if X = |) X” and 
Y = UY" have the union topology, then X x Y =|J Z” also has the union 
topology, where we define Z” = |J?_,(X*x Y°~*) and where x represents the 
product in the category of compactly generated spaces (see 4.3.22). Therefore, 
we have the following result. 


A.2.4 Proposition. If X is compactly generated and the product SP X x, 
SP X = k(SP X x SP X) is the product in the category of compactly gener- 
ated spaces, then +: SP X x, SP X —+SP X its continuous. o 


The case of CW-complexes is particularly important for us. Let us recall 
that a CW-space has the union topology with respect to its skeletons (or its 
closed cells). In general it is not true that the product of CW-complexes is a 
CW-complex; however, it is indeed true if we take the compactly generated 
product x, (see [82, II(1.6)]}. On the other hand, this product coincides 
with the usual one in some cases, namely, as we saw in Chapter 5, we have 
that af X and Y are CW-complexes such that either X or Y is finite (1.€., tt 
has finitely many cells) or such that both X and Y are countable (1.e., they 
have countably many cells), then X x, Y = X x Y(see 5.1.46). So we have 
the following important particular case of A.2.4. 


A.2.5 Theorem. /f X is a countable CW-complez, then the sum + : SP X x 
SP X —>SP X is continuous. oO 


By what we have said before, the following result is always true. 


A.2.6 Theorem. The sum + : SP X x SP X —+ SP X is continuous on 
each SP4X x SP”X as well as on every compact subset of SP X x SP X. 
og 


A.2.7 Corollary. For any compact space or, more generally, for any com- 
pactly generated space, say W, we have that +: SP X x SP X —> SP X 
induces an additive structure on [W,SP X]. q 


A.2.8 EXERCISE. Analyze what corresponds to the additive structure on 
SP S* after identifying the elements of this space with the complex polyno- 
mials (see 5.2.4). 
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The equation a+ z= in SP X either does not have a solution or has a 
unique solution. In other words, the “difference” x = b — a is unique if it is 
defined. Then we have the following. 


A.2.9 Lemma. The difference function (a,b) ++ a —b is continuous in the 
intersection of tts domain of definition with SP’X x SP*X for alir and s. 
It also is continuous on every compact subset of its domain of definition. 


Proof: We can assume that r > s and so define g = r—s (> 0). Let us 
consider the set X%° of points ((a1,a2,..., 445), (bi,b2,...bs)) of X@*8 x XS 
that satisfy b; = a,4; for allt > 0. The image of X%* under the identification 
mapo: X%tsx X$8 —; SP %sX xSP °X is precisely the domain of definition 
of the difference a — b. The map X*%* —+ SP X given by 


((a1, 42,- ++, @q4s), (d1,b2,...,0s))  [ai,a2,. aq] 


is compatible with the identification map o|X%*. Passing to the quotient 
o(X®*) we therefore obtain a continuous map 0(X**) —> SP X, namely, 
the difference function. oO 


A.2.10 Corollary. Let a be a given point in SP X. The mapsxisa+e2 
( “left translation”) and x ++ a— x, wherever they are defined, where x € 
SP X, are continuous. 


Proof: By A.2.6, left translation ++ a+ 2 is continuous on each SP?X and 
so is continuous. The map z +> a — & is continuous on the intersection of 
its domain of definition with SP?X. This intersection is closed, as we see 
from the proof of A.2.9, since XS is closed and o is a closed map. Thus the 
entire domain of definition is closed in SP X, and the assertion is obtained 
from the fact that therefore this domain has the union topology given by its 
intersections with each SP?X (see A.2.11). a 


A.2.11 EXERCISE. Prove that if Y = | Y,, is Hausdorff and has the union 
topology and if C C Y is closed, then C = |_|(Y,,C) has the union topology. 


A.2.12 EXERCISE. Analyze the relationship between the operation Q(+) : 
QSP X x QSP X —> QSP X and the operation on QSP X as a loop space. 


Before ending this section it is worthwhile to present a result about the 
symmetric product of the wedge X VY of two pointed spaces X and Y. We 
define a map p: SP X x SP Y —+ SP (X VY) by 


P([e1,22,--- 52a], [y1,¥2,---Yr]) = (21, 22,--- ey Y1,Y2,- +59] - 
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Here we are considering X and Y as subspaces of X V Y. Obviously, p 
establishes a bijection between its domain and its codomain. We shall analyze 
the possiblity that p is continuous. To do this, we factor it into the maps 


SP X x SP Y —“5 SP (X VY) x SP (X VY) —*—> SP (X VY), 
where 7 and Z are induced by the canonical inclusions i: X 4 X VY and 
j:Y GXVY, and a is the addition. As before, the restriction of p to 
SP?X x SP’Y is continuous for every g and r. So just as in A.2.5, we obtain 
from this the continuity of itself in the case that X and Y are countable 
CW-complexes. 


Note that p~! always is continuous. To show this it is enough to prove 
that the composite 


SP (X VY) °-3 SP Xx SPY 2; SP. x 


is continuous, where p; is the projection onto the first factor (and analogously 
for the projection p2 onto the second factor). This composite p; op! is 
nothing other than 7, where r; : X V Y —+ X is the canonical retraction. 


1 


Therefore, p; 0 p~' is continuous. 


A.2.13 Theorem. The map p-! : SP (X VY) —> SP X x SPY 3s well 
defined and is continuous. lis inverse is continuous on each SP4X x SPTY 
as well as on each compact subset of SP X x SP Y. Consequently, p~! is a 
weak homotopy equivalence. In the case that X and Y are countable CW- 


complexes, p is a homeomorphism. 


Proof: It remains only to note that p~! induces isomorphisms of homotopy 
groups (that is, it is a weak homotopy equivalence), since both p~! and p 
determine bijections between the set of continuous maps of any compact 
space W into SP (X VY) and the set of continuous maps of W into SP X x 
SPY. ia 


A.3 PROOF OF THE DOLD-THOM THEOREM 


In this section we shall give a proof of Theorem 5.2.17. Before doing that, 
we present the reformulation as it appears in [26]. 


Suppose that X is a Hausdorff space with base point x9 and that A CX 
is a closed subset that contains zp. Let X/A be the quotient space that 
results by identifying the set A to a single point, which will serve as the base 


A.3 PRoor oF THE DoLD-THoM THEOREM 435 


point of the quotient space. Let p : X —+ X/A be the identification (or 
quotient) map, which turns out to be a pointed map. We also shall suppose 
that X/A is Hausdorff, which is always true if X is a regular space. The map 
p induces a map p: SP X —+ SP (X/A) between the symmetric products. 
Under certain conditions this map is a quasifibration. 


A.3.1 Theorem. /f A is path connected and has a neighborhood W that is 
deformable to A in X, then the map p: SP X —+ SP (X/A) defined above 
is a quasifibration with fiber f-'(0) = SP A. 


Proof: According to Theorem A.1.17, it is enough to show that the restriction 
of p to SP,X = p-'(SP (.X/A)), denoted by p, : SP ,X —+ SP2(X/A), is a 
quasifibration for each g. We shall do this by induction on gq. 


If we define SP °(X/A) = 0 (the singular space), then using 5.2.8 we have 
that SP ,>X = SP A, and so the statement for g = 0 is trivial. Let us assume 
that g > 0 and that the statement is true for g— 1. We shall construct a 
system of distinguished sets in SP *(.X/A) that satisfy the hypotheses of The- 
orem A.1.2. First we take the set V = SP*(X/A) —SP2-1(X/A). A point 
Pe pV) has exactly g elements 21,22,...,£, in X — A. Any other ele- 
ments ¥1,%2,...,¥, in V, viewed as a subset of SP (X/A), liein A. The map 
o : py (V) —> Vx SP A, defined by P +> (p,[%1,22,...,2¢],[¥1,925--.54r])s 
is a bijection. We shall prove that ¢ and a! are continuous on compact sets. 
Then o will behave like a homeomorphism with respect to compact subsets, 
and so V will be a distinguished subset with respect to p,. 


First we shall consider the following maps: 
XDX-A—* > X/A-HCX/A. 
These induce maps, some of which are homeomorphisms (see 5.2.8), namely, 
SPX > SP*(X — A) + SP4(X/A— Zp) 

w SP4(X/A) —SP2-1(X/A)=V. 
Therefore, we can identify V with a subset of SP?X by means of the map py. 
In order to prove continuity of 0, as desired, we have to prove that the maps 
o1: P+ p,[x1,%2,...,%q] and 02: P +> [y1,42,...,%] are continuous on 


compact sets. But 7; = py and o2(P) = P—p,(P) (where we are considering 
py(P) as a point of SP?X), and the statement is obtained from A.2.9. 


The inverse o~! is obtained by taking the sum SP X x SP X —> SP X 
and restricting it to V in the first factor and to SP (X/A) in the second 
factor. Thus it also is continuous on compact sets by A.2.6. 
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Second, we shall find an open subset U C SP%(X/A) that contains 
SP7-'(X/A). And with this we shall have finished the proof, since U, V, and 
UV constitute a system of distinguished sets, as we wished to construct. 


Since there exists a neighborhood W of A in X that can be deformed to 
A (see 5.2.15), we can take the set U to consist of those points in SP #(.X/A) 
that have at least one element in the open set W = p(W) X/A. Then U 
can be deformed to SP?~!(X/A); namely, if d; is a deformation of W in A 
that maps the set A to itself, then a; =pod,op-! is a deformation of Ww to 


¥o that leaves fixed % and so contracts W toa point. The restriction of d; 
to U contracts U to SP?-1(X/A). Analogously, the deformation d; contracts 
the subset (p,)~'(U) to (p,)"!(SP?-!(X/A)) = SP 7_1X, and we have the 
equality py od; = dy op,. According to Lemma A.1.11, U is distinguished with 
respect to p, if d® : p;'(x) —> p;'(x') (where 2! =d,(z)), the restriction of 
d, to p, (2), is a (weak) homotopy equivalence. To show this, let 2° € Py (2) 
be the point that does not have any element different from xp (the base point) 
in A. We define 2° € p;'(z') in an analogous way. The maps y +> 2°+y and 
yt &°+y are homeomorphisms of SP A to pz (2) and Pp, (x'), respectively 
(see A.2.10). Through these homeomorphisms we turn d* into a map of 
SP A to itself, namely, into the map that sends y 1 y° + di(y), where 
oy? = d\(x°) — 2°. (Note that this difference is defined, since d;(x°) € p,(z).) 
But this map can be deformed into the identity of SP A, namely, since A is 
path connected, we can connect y° with 0 by a path y* in SP A and so obtain 
the desired deformation by defining y +> y* + di_:(y). im 


APPENDIX B 


PROOF OF THE 
Bott PERIODICITY THEOREM 


In this appendix we shall present a topological proof of the Bott periodicity 
theorem in the complex case 9.5.1, as we announced in Chapter 9. The proof 
essentially follows the lines indicated by D. McDuff in [53]. We shall make 
use of one of the results of Dold and Thom that we presented in Appendix 
A. This appendix is based on the article [7] by M.A. Aguilar and C. Prieto. 


B.1 A CONVENIENT DESCRIPTION OF BU x Z@ 


In this section we shall slightly modify the definitions of U and BU given 
before, with the idea of giving a description of BU x Z. 


Let us recall that the unitary group U,, consists of unitary matrices in 
GL,(C), that is, of those matrices whose column vectors form an orthonormal 
basis of C” with respect to the canonical Hermitian inner product in that 
vector space. In other words, a matrix A belongs to U,, ifand only if AA* = I, 
where A* represents the transposed conjugate matrix of A and I is the identity 
matrix. 


B.1.1 DEFINITION. We define the unztary group of infinite dimension as 
U = colim U,,, 
n 


with respect to the closed inclusions U,,—+U,,;1 given by sending the matrix 
MeU, to 


M|O 
€ Unti- 
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Let us observe that the inclusion of U,, in U,4; is that of a subgroup, as 
well as that of a closed subspace, so that the colimit is the same, whether as 


group or as space, and has the structure of a topological group (of infinite 
dimension). 


Let us now recall the definition of BU, which, even though it is equivalent 
to that given in Definition 9.2.8, we shall express in a more convenient form 
for what we have in mind here. To do this we shall introduce some more 
notation and definitions. 


Suppose that —co < p < q < oo (with at least two of the inequalities 
strict) and define 


C= {z:Z—+C| z; =0 for almost alli and if i <p or i> q} 


with the usual topology in the finite-dimensional case, and the topology of 
the union in the infinite-dimensional case. Clearly, we then have Cf = C?, 
cr = Cc», Ch} = C, Cf = {0}, and so forth. All of the spaces C2 are thus 
subspaces of C°°.,. With these definitions we have that if -oo< p<q<o, 
then dim CZ = q—p. Moreover, ifp <q<r, then C2 6C) = Cp. 


‘We then have the Grassmann manifold 
G,(C4) = {W | W is a subspace of C§ of dimension n} 


as well as 
BU, = G,,(C3°) = colim G,,(C8) , 
q 


where the colimit is taken with respect to the maps 
G(C3) — G(CH*) , 


which send WC Ci toW=WO0CCH@CHI= cet, Then BU, can be 
seen as the set, 


{W | W is a subspace of C® of dimension n}. 


B.1.2 DEFINITION. For every k € Z we define the sh¢ft operator by k coor- 
dinates 


t,: C8, Ce, 


to be tg(z); = 2:-x. These shift operators are continuous linear isomorphisms 
such that to = I and t, ot; = t; ot; =ty4; hold. 


The shift operator ¢, has the property of shifting the coordinates k spaces 
to the right. 
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B.1.3 DEFINITION. For each n we have a map gett : BU, —> BU, 41 that 
sends W CC® to C@t,(W) CC®. Then we define BU as 


BU = colim BU,. 


In order to compare this definition with an alternative way of stabilizing, 
we shall prove a lemma. But first we introduce the next definition. 


B.1.4 DEFINITION. Take W C Ci and let m be such that Cf Cc W. 
Then W/C7 denotes the orthogonal complement of C7’ in W; that is, if 
{en41,--+,€m} is the canonical basis for C?’, we complete it to an orthonormal 
basis {ep41,-..,€m;W1,--.,Wy} of W; then W/C? is spanned by {w1,..., wy}, 
and we have Cf ®(W/Cy’) = W. 


B.1.5 Lemma. There exists a homeomorphism 
@:BU—+BU , 
where BU = {W CC | dim W < co and Ch CW &h=0}. 
Proof: Take <€ BU, and let & be maximal with respect to the property 


Ci CW. We define ,(W) = t_,(W/Ck) € BU. Clearly, the map ©, : 
BU,, —> BU’ determines in the colimit the map ® that we seek. 


The map © is surjective, since if W ¢ BU and dimW = n, then W € 
BU, and &,(W) = W, because in this case kK = 0. (In fact, the map 
W:BU —-> BU such that W +> W is the inverse.) 


It also is injective, since if V € BU, and W < BU, satisfy 6,,.(V) = 
®,(W), then, provided that p and g are maximal for the properties Ch c V 


and Ci Cc W, respectively, we have that 
(B.1.6) t_o(V/C8) = t_q(W/C2). 


So the dimensions m — p and n — qg are equal. Without loss of generality we 
may assume that p < gq, so that in particular, we have g—-p=n—m-> 0. 
If we now apply t, and sum on the left with Cj on both sides of (B.1.6), we 
obtain on the left side 


Ch @tz-p(V/Ch) = CE? @Ci_, ® t,-p(V/Ch) 
C8? @ ty_p(CB@ V/CR) = C3? @ty (VY), 
which is the image of V in BU,,,,-p = BU,. And on the right side we get 
Ch ® to(W/C$) = W, 


so that 97,(V) = W, where jy, = jp_,o---0 gm", and therefore V and W 
represent the same element in BU. oO 
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B.1.7 DEFINITION. We define BU = {W | C2, CWC C4, | co < p< 


q < co}, which is covered by the subspaces BU’ = {We BU | Cec 
W and p is maximal} for p € Z. 


Clearly, the map W +> C°.,,®@W determines a homeomorphism BU’ > 


~~ 0 ~ hk 0 
BU . Likewise, W ++ t_,(W) determines a homeomorphism BU —> BU , 
so that we have a canonical homeomorphism 


BU x Z— BU 
given by the composite (W, k) > t,(W) € BU <= BU. By Lemma B.1.5 we 


have proved the following. 


B.1.8 Theorem. There evists a homeomorphism 


BU x Z—> BU. 


B.2.) PROOF OF THE 
BoTT PERIODICITY 
‘THEOREM 


In this section we shall prove the periodicity theorem in the complex case. To 
do this we shall construct a quasifibration p : E —+ U over the unitary group 
of infinite dimension, such that the total space E turns out to be contractible 
and the fiber is BU x Z (see 9.2.8). In this way we shall have a long exact 
sequence 


(B21) +++ —+ 0,(BU x Z) —> 1(E) — 1(U) 
—> 1_1(BU x Z) — m_\(E) +: , 
in which 7;(E) = 0 = m,;_;(E), and so we shall obtain for i > 1 that, 
(B.2.2) a(U) © m;_(BU x Z) & m_1(BU), 
and for 7 = 1 we shall get 
(B.2.3) m(U) &Z. 


As of now, as we proved in Chapter 9, we have (locally trivial) fibrations 
E,(C*°) —+ BU; with fiber U,, where the base spaces are the classifying 
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spaces of the unitary groups given by the colimits of Grassmann manifolds, 
and the total spaces are the corresponding colimits of Stiefel manifolds, such 
that, on passing again to the colimit, they determine a (locally trivial) fibra- 
tion EU —+ BU with fiber U and contractible total space EU and U as fiber 
(see [76]). 


On the other hand, let us consider PBU = {w : I BU | w(0) = ao}, 
the path space of BU, where zp € BU is the base point. 


From 4.3.16 we obtain the following particular case. 


B.2.4 Proposition. The path space PBU ts contractible and the map q : 
PBU —>+ BU given by q(w) = w(1) ts a Hurewicz fibration with fiber QBU.O 


The following is a proposition of a general character, which we include in 
this appendix for its particular interest here. 


B.2.5 Proposition. Let p: E —>+ B be a quasifibration with fiber F and 
pl: E' —s B a Hurewicz fibration with fiber F', such that the total spaces E 
and E" are contractible. Then there is a weak homotopy equivalence F —+ 
F", and the homotopy groups (or sets, as the case may be) satisfy m:_1(F) = 
u(B) = m1(F) fori > 1. 


Proof: Let x9 € B, eg € F C E, and ej € F’ C E’ be the base points. 
Since F is contractible, there exists a homotopy H : EB x [ —+ E such that 
H(e,0) = eo and H(e,1) = e for alle € E. Because p’: FE’ —+ Bisa 
Hurewicz fibration, we can complete the diagram 


7 
£0 


EB E 
BU” 

| ae p 

ExI—> : 


where e is the constant map with value e, in order to obtain the homotopy 
H. Defining y(e) = H(e,1), we therefore obtain a map y: E —> E’ that 


makes the triangle 
ia E! 
NO 
B 


commutative. In this way y determines by restriction a map yp : F —> F" 


E 


that we shall see is a weak homotopy equivalence. 


449 B PrRoor OF THE Bott PERIODICITY THEOREM 


Since p : E —+ B is a quasifibration, it has a long exact homotopy 
sequence, and because both FE as well as E’ are contractible, from the long 
exact sequences of each one of p and p’, we get isomorphisms 


n(B) = m1(F), m:(B) = mi(F’), 


which by the naturality of these sequences, namely, 


wi(E) wif B) T:-1(F) m-1(B) 


(2 | o-| os 


a(E!) —> 0B) — m1(F') —> ma(E) — "5 


determine the commutative triangle 


m,(B) 
m1(F) — ma). 
Consequently, F and F’ have the same weak homotopy type. ao 


B.2.6 Corollary. There exists a homotopy equivalence QBU ~ U and there- 
fore isomorphisms 1;2(U) © m_2(QBU) = m;_1(BU) for i > 2. 


Proof: This is obtained from Proposition B.2.5 and from the fact that both 
QBU and U have the homotopy type of CW complexes [54]. ia 


Then from (B.2.2) and B.2.6 we obtain the desired theorem. 


B.2.7 Theorem. (Bott periodicity) There is a homotopy equivalence BU x 
Z ~ QU; hence, for every i > 2, there evists an isomorphism 


mi(U) © aj-2(U) 


or, equivalently, 
Ti41(BU) = a4_1(BU). 
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Or put in other terms, again by (B.2.2) and B.2.6 we have that ;(BU x 
Z) = wiy1(U) & m4 1(QBU) = 7;(Q?BU); that is, we get an isomorphism 


a(BU x Z) & 1,(Q?BU), 
which implies the earlier version of the periodicity theorem 9.5.1. 


Having said this, in order to arrive at the proof of the existence of the 
desired quasifibration, we recall that an nn matrix C with complex entries is 
Hermitian if C = C*, where C* denotes, as before, the transposed conjugate 
matrix of C. If (—,—) denotes the canonical Hermitian product on C”, then 
C satisfies the identity (Cv,w) = (v,Cw) for arbitrary v,w € C”. This 
implies in particular that the eigenvalues of the matrix C are real. 


The set H,(C) of all the n x n Hermitian matrices has the structure of 
a real vector space. Let E,, be the topological subspace of H,,(C) consisting 
of those matrices whose eigenvalues lie in the interval J. The space E,, is 
contractible by means of the homotopy f : E,, x I —> E,, given by h(C,r) = 
(l—7)C,0<+7 <1, which begins with the identity map and ends with the 
constant map whose value is the zero matrix. 


Let Mrxn{C) be the complex vector space of complex n x n matrices and 
let GL,,(C) (general linear group) be the group of the invertible matrices in 
Maxn(C). We have a (differentiable) map 


exp : Maxn(C) —+ GL,(C) 


defined by 
Bi B? 
exp(B) = e® y z L+B+> OHS 
i=0 ~ : 


which satisfies the usual exponential laws precisely when the matrices in- 
volved in the exponents commute among themselves. After observing that 
(TBT-')" = TB°T-|, one can easily check the property 


mond: = 
ef BT _ pe T-! 


for any invertible operator T; moreover, for a diagonal matrix one has the 
property 


Let M%,,,(C) C Mnxn(C) be the real subspace of skew-Hermitian matri- 
ces, that is, of those matrices A such that A* = —A. If A is skew-Hermitian, 
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then (e4)* = e“” = e~4 and therefore 
(e4)'e4 =e4e4 = =1,. 
Consequently, the map exp defined above can be restricted to 
exp : Mz,.,,(C) — Un. 
We have an isomorphism H,(C) —> M%,,,(C) given by C++ 2miC. We 


define a map py, : E, —> U, by pa(C) = exp(2miC), so that the following 
diagram commutes: 


ME xn(C) > Un 
HA(C) /pn 


J 


B.2.8 Proposition. The map p,, is surjective. 


Proof: Suppose that U € U, is arbitrary. We can diagonalize this matrix by 
taking another matrix T € U, and forming the product T-'!UT. Since the 
eigenvalues of a unitary matrix have norm 1, we have that 
emit 0 
4 e2tide 
EOOL = . ; 
0 : eatin 


where 4; € J fori =1,2,...,n. Put 


and consider the matrix TDT~!. Because T € U,, we have that T-! = T*, 
and so (TDT—!)* = (DT*)* = TD*T* = TDT—!. This means that TDT-! 
is Hermitian, and so TDT-! € E,,. Thus we have that 


pATDT~) = eem(TDT) _ Tembyr-! _ peemiDp-1 
om = = = 


eemiAt 0 
ettide 


(B.2.9) =f . TU. 
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The third equality here is obtained from the fact that efAT Te*T—!, as 
shown above. oO 


Let us now analyze the fibers of p,. To do this suppose that we are 
given a matrix C € E, and let us consider the subspaces ker(C’ — I) and 


ker(p,(C) — I). 
If v € ker(C — I), then Cv = v, and we have that 


2 
Pr(C)v = (2°) y= (1 + 2niC + coo +.- -) v 


\2 
= Ty + 2niCv + Gail Aske 
(2ni)? 
om 


Qn)? ‘ 
= (142014! a toon ety ae, 


=v42niv+ 


ib srs 


Consequently, we have ker(C — I) C ker(p,(C) — I). In this way for each 
U € U, we can define a map g: p,'(U) —+ G{ker(U — I), the Grassmann 
space of all finite-dimensional vector subspaces of ker(U — I), by sending 
C €p;\(U) to the subspace ker(C — I) of ker(U — I). 


B.2.10 Lemma. The map g: pz'!(U) —+ G(ker(U —1)) is bijective. 


Proof: To show that g is surjective we take an arbitrary subspace V C 
ker(U — 1). We then wish to construct a matrix Cy € p,'(U) C E,, such 
that ker(Cy —1) = V. To do this we shall construct a matrix T that suit- 
ably diagonalizes U. Note that ker(U — I) is the subspace of eigenvectors 
of U with eigenvalue 1, which we denote by €;(U). Analogously, we have 
ker(Cy — I) = €;(Cy). So we have V C €,(U). 


Let {v1,...,Ur,%r41,+++,Ur¢s} be an orthonormal basis of €,(V) such that 
{v1,...,2,} is a basis of V. Since U is a unitary matrix, the orthogonal 
complement of €;(U) in C", namely €;(U)+, is a subspace invariant under U. 
This is so because if w € €,(U)+ and v € €,(U), then (Uw,v) = (w, U*v) = 
(w,Uv) = (w,v) = 0. In other words, U(E;(U)*) C &:(U)+, and so we can 
find an orthonormal basis {v,4541,-..,%}of €:(U)+ made out of eigenvectors 


of U whose eigenvalues are different from 1. 


Let T < U, be such that Te’ = v; fori = 1,...,n, where the e* denote 
the vectors in the canonical basis of C”. Then T-'UT = D is the diagonal 
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matrix 


1 


2M ntstt 


y» 
ll 


0 e2tiAn 


with r+s ones on the diagonal and the remaining eigenvalues different from 
lL 


Now put 


Artstl 
0 An 
with r ones on the diagonal followed by zeros in locations r +1 tor-+s. 


We are going to see that Cy = TDT~! is the desired matrix. Clearly, 
etiD — D, so that we have p,(Cy) = &™Ov = eF@mDIT* _ PeeiDP-! — 
TDT-! =U. On the other hand, we can immediately verify that E\(Cy) = 
T(E(D)). But €\(D) = {z € C” | 2; = 0 for r < j < n}, and since 
Te; = v; fori = 1,...,n and V is the subspace generated by v,...,v,, we 


have T(E\(D)) = V. 


In order to verify that the assignment C’ +> €\(C) is bijective, we have 
only to show that C = Cg,c). For this we observe that if C is Hermitian, 
hen A is an eigenvalue of C if and only if e?" is an eigenvalue of e?"'°, 
ndeed, let R € U, be such that D = R-'CR is a diagonal matrix. Then 
we have R7'e?tIOR = eX M2riOR _ Q2tiR CR _ QD which is a diagonal 
matrix with a diagonal entry e?™ for each diagonal entry \ of D. If now 
C1,Cy € E, satisfy e?™: = e?t!@2 and €,(C,) = &,(C), then C, = Cy. 
ndeed, let Ay,..., A, be the eigenvalues of C, and j11,..., jt, the eigenvalues 
of Cy. Since €,(C,) = E,(C2), we can suppose that A, = py = lforl<k< 
r = dim €;(C;) and moreover, A, #4 14 py when r < k <n. As we showed 
efore, e?™» and e?#» for 1 < k <n are the eigenvalues of e?"@! and e?'@, 


respectively. Consequently, e?"* = e?7i#* for all k, and by takingr << k<n 
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this implies that A, = u,.. Thus we have proved that A, = yy for all k, so 
that C, = C follows. 


In particular, if we apply what we have done to Ci = C and Cy = Cgyay, 
then we have that C = Ce, (a). oO 


We can summarize all the above in the following theorem. 


B.2.11 Theorem. Let E,, be the space of Hermitian n x n matrices whose 
eigenvalues lie in the unit interval and let p, : En —+ Un be given by pa(C) = 
eC Then E, is contractible, p,, is surjective, and the fiber over each matriz 
U €U, is homeomorphic to the Grassmann space G(E\(U)). o 


Let us now see two ways of stabilizing this result. The usual way is by 
taking the canonical embeddings p%,, : E, —> E,41 and 7,, : Un —> Uni 


Cc 0 

PrlC) = € Ent 
0 0 
U0 0 

T(U) = € Unt. 
0 I 


We immediately verify that we have a commutative diagram: 


given by 


and by 


Prt 


E, —> Ent 


| [owes 


Un ae Unit 


In this way we obtain a map p’ : colim, E,, —> colim,, U,, such that p!o p, = 
D\En = Pn: 

Let us now analyze the fibers of p’. It is clear that if UV € U,, then we 
have E,(7,(U)) = E,(U) ® C and Ex(p,(C)) = Ex(C) 0. So we have the 
following commutative diagram: 


n 
Pratt 


py (U) ——> paii(r(U)) 


«| |a 


GE) > GE) ©), 
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where 6(V) = V @0 defines the lower arrow. For example, if we take U = 
I, then we have 5: G(Cz) —> G(C§*'). In this way the fibers of f are 
homeomorphic to [[,.5 G-(C3°) = [],s5 BU-. 


The map Pp ¢ defined above has BU,, as fiber. Now let us construct a new 
map Pp: & —> U with fiber BU x Z. This new map p will be in some sense 
a completion of p’. We define an operator C in C%, to be Hermitian if 
(Cz,2') = (z,C2’) or, equivalently, if C = C*. Put 


E= {C | C is Hermitian, of finite type, and with eigenvalues in J}, 


where we understand by a Hermitian operator of finite type one for which 
there exist r < s such that Ce’ = 0 when i <r ori > ss. In other words, a 
Hermitian operator of finite type is represented by an infinite matrix of the 
form 


where C’ is an (s —r) x (s —r) Hermitian matrix that acts on CS. Notice 
that E is contractible, just as E,, is. 


Analogously, we define an operator U in C%,, to be unitary if (Uz,Uz') = 
(z,2') or, equivalently, if VUU* = I. Put 


t= {U | U is unitary and of finite type }, 


where we understand by a unitary operator of finite type one for which there 
exist r < s such that Ve’ = e’ when i <r ori > s. In other words, a unitary 
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operator of finite type is represented by an infinite matrix of the form 


0 


Qa 


0 


where U is an (s —r) x (s —r) unitary matrix that acts on CS. 
In order to simplify notation, we shall write these two matrices as 
On 35 0 Ee; 0 
Cc 5 U , 
0 ase 0 Te 


where 0” is the zero matrix and I”, is the identity matrix, each of these acting 
on CY” for —co < m < co and —oo < n < oo. For simplicity, we shall write 
0 or I when this does not cause confusion. 


We can define a map #: E —+ U by #{C) = exp(27iC). We then have 
the matrix identity 


We shall simply denote the identity matrix that acts on C®,, by I. Sup- 
pose that U € U. The space of eigenvectors of U with eigenvalue equal 
to 1, namely ker(U — I), is evidently given by C™., @ ker(U — Is) @ C& 
and therefore is isomorphic to C%,. Let us consider the grassmannian 
G.o(ker(U — 1) = {WC ker(U — 1) | C%, C W and dim(W/C%,,) < co}. 
We then have the following lemma. 


B.2.12 Lemma. For each U € U there exists a homeomorphism 


yu : BU Goo{ker(U — 1). ia 
Analogous to Lemma B.2.10 we have the following result. 


B.2.13 Proposition. if U < U, then p-'(U) ~ BU = BU x Z. 
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Proof: It is enough to prove that we have a homeomorphism 
gu : PU) 9 Gao(ker(U — 1). 
Let us first observe that if C’ € E, then Vo = ker(C—I) = ker(C—Is) C C8. 
So for C’ € p-!(U) we then define gu(C) = C",, ® Ve € Gao(ker(U — 1). 


To show that gy is surjective we start with an arbitrary We Goo(ker(U — 
1)) in the codomain. So we have that W = C™,, @ W with dim W < oo. 


Without loss of generality we can suppose that r° = r. Since W C 
ker(U — I) = C*.,, ® ker(U — Is) @ C®, by taking s sufficiently large we have 
that W C ker(U — Is) = €\(U) c Ce. 


As in Lemma B.2.10, let {v1,...,¥m} be an orthonormal basis of W, 
{Un41,+++;Um4+n} an orthonormal basis of the orthogonal complement of Ww 
in €,(0), and {Uminsi,+++;Vs—r} an orthonormal basis of the orthogonal 
complement of €,(U) in CS (which is invariant under U), this last basis 
being made up of eigenvectors with eigenvalues different from 1. 


If we define T < U by 


é ifi<r, 
Pel a % Be ifr<i<s, 
é ift>s, 


then we have that T-'UT = D is diagonal of the form 


r+min 
Ee ; 0 
e2Timinti 
e2tide—+ 
‘00 
0 Ig 
We now take 
OL, 0 
jrtm 
B 
tmnt 
oppo 
D= Amoi 
As-r 
0 0, 


and we define Cw = TDT~' so that we have p(Cw) = "Ow = TPMT = 
TDT—! = U. Moreover, we have gx(Cw) = C™., @ ker(Cyw — 1). Using 
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the same argument as in B.2.10, we show that ker(Cw —I) = W, and so 
gu(Cw) = W. 

Finally, the map gy is injective, since if C,; and Cp are matrices such that 
exp(2miC,) = exp(2miC,) = U and €,(C,) = ker(C; — 1) = ker(C, - 1) 
€,(C), then we can argue in the same way as in the corresponding part. of 
the proof of B.2.10 in order to prove that C; = C). oO 


To prove that p>: B—Gisa quasifibration, we shall apply the criterion 
given by Theorem A.1.19, for which we shall need two results. 


B.2.14 Proposition. The map Plo.-8,_ is trivial; that is, there exists a 
homeomorphism 


a: p\(U, — 0,1) 3 (0, - G1) x BU 
such that proj, oh =p. 


Proof: We shall analyze the case where 7 is even; the case where 7 is odd 
is analogous. Take C ¢ p-'(U,, — U,,_;) and put U = p(C) € U,, — U,-:. 


Therefore, we have 
—nf2 
y= (TP 9), 
0 U 


and —n/2 is maximal for this matrix. So 


where U’ is not of the form 


0 0 
0 Ul > 


so that ker(U — I) = Co? & ker(U') with —n/2 maximal. Therefore, 
ker(U — I) depends continuously on U. Consequently, the homeomorphism 
eu : Goo(ker(U —1)) —>+ BU of Lemma B.2.12 also depends continuously on 
U~. 


Suppose that h(C) = (p(C),~(C)), where y(C) = yu(gu(C)) and gy is 
as in the proof of B.2.13. Since both yy and gy are homeomorphisms that 
depend continuously on U, h also is a homeomorphism. im 


In the complex space C®,, let us take the canonical Hermitian inner 
product given by (z,2') = )>.<22,2/;. The canonical basis in this space, 
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panes the vectors e” such that e, = 67, is orthonormal, and the assignment 
e” +e" for r > 0 and e” + e4lI*! for r <0 gives an isomorphism 


(B.2.15) 5:C%, &C%. 


Through the isomorphism S we have an isomorphism U —> ie given 
by U + SUS in such a way that if G, is the image of U,, under this 
isomorphism, then t= colim,, Un. 


In order to verify the second condition of Theorem A.1.19, we have the 
following result. Its proof needs some elementary facts of differential topol- 
ogy. A general reference for these facts is [20]. 


B.2.16 Proposition. There is a neighborhood V,, of U,_, in U,, and a strong 
deformation retraction of V, onto U,_; that lifts to a strong deformation 
retraction of p-'(V») onto p-'(Un_1) in p-(U,). 


Proof: Since U,_; is a submanifold of U,,, we shall construct a tubular neigh- 
borhood V,, of the first in the second as follows. 


Recall H,,(C), the space of Hermitian n x n matrices, and define f : 
GL,,(C) —> H,,(C) by f(A) = A*A. One can easily verify that f is smooth 
and has I as a regular value; therefore, U,, = f—1{I) is a smooth manifold, 
and if W € U,, then the tangent space of U, at W, Tw(U,.), is the kernel 
of the differential of f at W; that is, 


Tw(Up) = {A € Mayn(C) | AAW = —WtA}. 


Now recall that there is a Hermitian product in M,.,(C), given by (A, B) = 
trace(AB*); thus, taking the real part of this product, we get an inner product 
Maxn(C) X Mnxn(C) —> R. The restriction of this inner product to each 
tangent space Tw(U,) C Mnyn(C) defines a Riemannian metric on U,,. Let 
i: Un-1 @ U, be the inclusion, such that i(U) = U @ J; then the differential 
di: Ty(Un-1) —+ Tyvy(U,) is an inclusion mapping a matrix R to R® 0; 


that is, 
; RO 
di(R) = a iH f 


One can easily check that the orthogonal complement of the space Ty(U,,-1) 
in Tyu)(U,,) is given by 


TuUmdt={(_ pay jg) € Moxa | 


by 
b=]: ect andte Rr}, 
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which is a real (2n — 1)-dimensional vector space. We denote by N = 
leted Ty(U,_1)+ the normal bundle of U,,_; in U,,. 


Any vector space basis of T,(U,,) provides a parallelization of U,, that 
defines a connection on it. This connection does not depend on the cho 
sen basis and determines a spray on U,. By [20], there exists ¢ > 0 such 
that Ne = {v € N | |lv|| < ¢} is an open neighborhood of the 0-section, 
and the exponential map associated to the spray, Exp : Nz; —> Un, is an 
embedding onto a neighborhood of U,,_; in U,,. Now, since the geodesics 
of this spray are the integral curves of the left-invariant vector fields, then 
Exp(A) = Ly exp((dLy)~'(A)), where A € Ty(U,-1)*, Ly : Un —> U;, is 
given by Ly(W) = UW, and exp is the usual exponential map defined above. 
Evaluating the differential of Ly, we obtain Exp(A) = U exp(U* A). 


Therefore, we have the following description of a tubular neighborhood 
V, = Exp(Nz) of Un_1 in Uy as 


{vae("(tu )) | 


U € Un-1, (6,t) € C™! x R and ||(6,2)|| < ef. 


In order to compute U exp (U* (oy 2), first note that 


pf Bf 0! Ue 
wu it) ~\wu it )- 


Set A(b,t) = (33 ay Assume b 4 0. To diagonalize this matrix one 


takes an orthonormal basis of eigenvectors and uses it to form a matrix. The 


nxn matrix A(b,t) has n — 2 eigenvalues equal to 0 and two eigenvalues 41, 


2, such that 
x, - t+ (-1)”/4|b/? +e. 
re a... 
2 


so that the matrix 


siae ton b b 
woe,t) = (@ m2 Mt a 
0,1) ie ses 0 AL HoAg 
where {v1,...,%-2} C C”~! is an orthonormal basis of the space b+ = {v | 


v Lb} CC! and p, = (bf? + |AL|?)-'”, is a unitary n x n matrix that 
satisfies 


D(b,t) = W(b, t)’ Alb, t)W(, t) = Re 0 
Ai 
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Since we can write 
D(b,t) = W(b,t)*UU* Alb, t)UU*W(b,t) and A(U*b,t) = U* Alb, t)U , 


then 
A(U*b,t) = U*W(,t) D(b, t)(U* Wb, t))* . 


Therefore, the points in the tubular neighborhood are of the form 
U exp(A(U*b, t)) == UU*W (8, t) exp( D(b, t))W (b, t)U = exp(A(d, t))U « 


Hence, every element in V, coming from the fiber over U in N- is right 
translation by U of an element coming from the fiber over I. It is thus 
enough to study the situation over the identity matrix. 


Since we may linearly deform the neighborhood N, to the zero section, 
simply by v + (1—r)v, 1 <7 < 1, we obtain a strong deformation retraction 
rr: V, —> V, such that 


ri (exp(A(b, t))U) = exp(A((1 — r)b, (1 —7)t))U. 


Observe that for 7 = 1, ri(exp(A(b,t))U) = exp(0)U = IU = U, so that 
it is a retraction of V,, onto U,,_;. 


In what follows, we define the lifting 7 : p-'(V,) —> p71{V,). Since 
fiberwise, p-'(V,) consists of spaces homeomorphic to the grassmannians 
Geol Ei(U)), U' € V,, we shall show how 77 acts on these spaces. It is clearly 
enough to study the case 7 = 0. 


Take U! = exp(A(b,t))U € V, and let Gy: = G..(E1(U')); we also 
have to show that the restriction of the lifting 7, 7 : Gupe —> Guoo = 
Go.(E(U)) is a homotopy equivalence. 


Since E)(exp(A(b,t))U) = vss i(exp(A(U*b,t)) and for b 4 0, t # 0, 
Ex(exp(A(U"d, t))) = ch) ? & CX», because e 4 1 4 ec, we have 
hat the grassmannians Gust and Gj, differ only by left multiplication 
by U. It is thus enough to study the case U = I, namely the map 7 : 
Goo( C59? © CX) — Gool(C%.). IEV c Ch" VP Ci» is a subspace, 
hen we define WV) = Vc C®., ie., the map induced by the inclusion 
ce D2 @ Che = C%,. The result now follows from the next proposition.O 


B.2.17 Proposition. The inclusion C_,,BCS G C&,, r<s € Z, induces 
a homotopy equivalence between the grassmannians 


a: Go(C",, BC”) — Goo(CX,,). 
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Proof: Take V € G..(C%,,) and decompose it as V = V; @ Va, where V; C 
C™,, and V2 Cc Cs, and define 8 : G..(C%,,) —+ Go(CL,, ® CY) such 
that 8(V) = V; @t._,Va, where t._, is the shift by s — r coordinates (see 
B.1.2). Then af(V) = Vi @t._.Ve C C%,, and Ba(W) = W, @t,_,W2 if 
W=W.iOW2 Cc CL, BC&. The proposition now follows immediately from 
the next lemma. ia 


B.2.18 Lemma. The map 7: Go.(C_,, ® C2?) —+ Go(C.,, ® CH), 7 < 
8 € Z, given by (V) =Vi @ti(V2), k > 0, where V= VW OV, Vi Cc C1,,, 
and Vo C C%°, ts homotopic to the identity. 

Proof: The homotopy h} = sin($7)I + cos(Zr)t; : C2 —+ CP,0< 7 < 
1, starts with ¢; and ends with the identity through monomorphisms, and 
Ak = ho... oh! (k times) is such that hi = t, and h* =I. Then h,(V) = 
V, @ h*(V2) is a homotopy, as desired. ia 


We have thus shown that 7} : p-1(V,,) —+ p71(U,_1) is fiberwise a homo- 
topy equivalence. This finishes the proof of B.2.16. It should be remarked 
that for s < 1, the deformation 7§ : p1(V,) —> p7{V,) is fiberwise a 
homeomorphism, since after identifying the fibers with the associated grass- 
mannians, it is the identity. This behavior is congruent with the first fact 
B.2.14 needed for the verification of the criterion A.1.19. 


Thus we have our main theorem, which, as already seen at the beginning 
of this section, implies Bott periodicity in the complex case. 


B.2.19 Theorem. Let E be the space of Hermitian operators of finite type 
on C® and let p : E —+ U be given by p(C) = exp(27iC). Then p is a 
quasifibration with fiber BU x Z and contractible total space E. oO 


B.2.20 REMARK. A proof along the same lines of the real periodicity theo- 
rem was given very recently by Behrens (see [15]). 
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